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Abstract

We present a full geometric characterization of the
one-dimensional (semialgebraic) images S of either n-
dimensional closed balls B, C R” or n-dimensional
spheres S" C R"*! under polynomial, regular, and reg-
ulous maps for some n > 1. In all the previous cases,
one can find a new polynomial, regular, or regulous map
with domain either El :=[-1,1] or S! such that S is
the image under such map of either B, :=[—1,1] or S'.
As a by-product, we provide a full characterization of

PID2021-122752NB-100 the images of S! C C = R? under Laurent polynomials

f € C[z,z!], taking advantage of some previous works
of Kovalev-Yang and Wilmshurst. We also alternatively
prove that all polynomial maps S¥ — S! are constant if
k>2.
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1 | INTRODUCTION

Amap f :=(fy,..., f) : R" > R™is a polynomial map if each of its components f; € R[x] :=
R[x;,...,%,] is a polynomial. Let T C R" and S C R™. We say that S is a polynomial image
of T if there exists a polynomial map f : R" — R"™ such that S = f(T). A rational map f :=
(f15 s fm) + R > R™isaregularmap on T C R" ifeach component f; € R(x,, ..., x,) isaratio-

nal function, that is, each f; := % is a quotient of polynomials, and the zero set of h; does not

meet T. A subset S of R™ is a regullar image of T if S = f(T) for some rational map f : R" --» R™
that is regular on T. A rational map f := (fy,..., f,,) : R" > R™ is a regulous map on T C R" if
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it extends to a continuous function on T and the complement of the set of poles of f meets T in
a dense subset of T. A subset S of R™ is a regulous image of T if S = f(T) for some rational map
f ¢ R"™ > R™ that is regulous on T

A semialgebraic subset S of R" is a set that admits a description as a finite boolean combination
of polynomial equalities and inequalities. By elimination of quantifiers, S is semialgebraic if it has
a description by a first-order formula possibly with quantifiers. Such a freedom provides semialge-
braic descriptions for topological operations. For instance: interiors, closures, borders, connected
components of semialgebraic sets are again semialgebraic sets. A map f : T — S between two
semialgebraic sets T C R" and S C R™ is semialgebraic if its graph is a semialgebraic set.

A celebrated theorem of Tarski-Seidenberg [1, Thm.1.4] states that the image of a semialge-
braic set T C R" under a semialgebraic map f : T — R™ (which include the case of polynomial,
regular, and regulous maps on T) is a semialgebraic subset S of R™. In an Oberwolfach week [23],
Gamboa proposed to characterize the (semialgebraic) sets of R™ that are polynomial images of R"
for some n > 1. During the last 25 years, we have approached this problem and obtained several
results in two directions.

* General properties. We have found conditions [4, 9, 16, 34] that a semialgebraic subset must
satisfy to be either a polynomial, regular, or regulous image of R™. The most remarkable one
states that the set of points at infinity of a polynomial image of R™ is connected [16]. The one-
dimensional polynomial and regular images of R” were fully described in [4]. In [7, Thm.17],
we proved the equality between the family of regular images of R? and the family of regulous
images of R?.

* Representation of semialgebraic sets as polynomial or regular images of R". We have performed
constructions to represent as either polynomial or regular images of R"” semialgebraic sets that
can be described by linear equalities and inequalities. In [4, 8, 11-15, 17-20, 35], we have analyzed
the cases of convex polyhedra and their interiors, together with their respective complements
and we have provided a full answer [20, Table 1].

In [26], Kubjas—Parrillo-Sturmfels proposed to describe explicitly the two-dimensional images
of g3 under a polynomial image f : R®> — R2. We have generalized the previous problem and
proposed in [21] to determine the semialgebraic subsets of R™ that are images of either an n-
dimensional closed ball B, C R" (of center the origin and radius 1) or an n-dimensional sphere
S™ ¢ R™! (of center the origin and radius 1) mainly under polynomial maps (but also under
regular maps). We have obtained full information for the case of unions of finitely many convex
polyhedra that provide semialgebraic sets connected by analytic paths [6, 21]. We have also treated
in [21] more demanding cases, but we feel far from obtaining a full answer for semialgebraic sets
of arbitrary dimension.

The class of semialgebraic maps with more tools to attack this type of problems is the Nash
category. This is the only case for which we have a full geometric characterization for the images
under Nash maps of affine spaces, closed balls and spheres [2, 3, 5]. Recall here that a Nash function
on an open semialgebraic subset U C R™ is an analytic function on U that satisfies a nontrivial
polynomial equation, that is, there exists a nonzero P € R[x, y] such that P(x, f(x)) = 0 for all
x € U.If S C R™ is a semialgebraic set, the ring N'(S) of Nash functions on S is the collection of
all functions on S that admits a Nash extension to an open semialgebraic neighborhood U of S in
R™ and it is endowed with the usual sum and product (for further details see [10]).

The interest of polynomial, regular, regulous, or Nash images of affine spaces, closed balls or
spheres arises because there are several problems in Real Algebraic Geometry that for such images
can be reduced to analyze them on the corresponding models: affine spaces, closed balls or spheres
[8,9, 11, 17]. Examples of such problems are:
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* optimization of polynomial, regular, regulous, or Nash functions on S (see also [33]),

* characterization of the polynomial, regular, regulous, or Nash functions that are positive
semidefinite on S (Hilbert’s 17th problem and Positivstellensatz),

* constructing Nash paths on semialgebraic sets connected by analytic paths [6].

1.1 | Invariants

Consider the families of models of semialgebraic sets: 2 :={R" : n > 1} (affine spaces), B :=
{En : n 21} (closed balls), and © :={S, : n > 1} (spheres). A semialgebraic set S C R™ is a
polynomial image of an affine space (resp. a closed ball or a sphere) if there exist an element
R" € AU (resp. En € B or S"! € @) and a polynomial map defined on R” such that f(R") = S
(resp. f (En) = Sor f(S"!) = S). The same definitions can be proposed for regular, regulous, and
Nash maps in the obvious way.

Let € be either 2, B or © and define for a set S C R™ the following invariants:
ps(S) :=inf{p > 1 : Sisapolynomial image of E € € and dim(E) = p},
rg(S) :=inf{r > 1 : Sisaregularimage of E € € and dim(E) = r},
rsg(S) :=inf{r > 1 : Sisaregulousimage of E € € and dim(E) = r},
ng(S) :=inf{n > 1 : SisaNashimage of E € € and dim(E) = n}.

In case a subset A C N is empty, we write inf(A) := +oo. If one of the previous invariant val-
ues +oo, then S is not an image of the corresponding type of semialgebraic maps. We have the
following initial inequalities:

max{rsg(S), ng($)} < re(S) < pe(S)

for each S ¢ R™ and each € € {2, B, &}. If any of the previous invariants is finite, then S is by
Tarski-Seidenberg theorem [1, Thm.1.4] a semialgebraic set and by [1, Thm.2.8.8] the dimension
dim(S) of S is less than or equal to any of them.

The closed ball 5, is the projection of the sphere S” and S" is a regular image of 5, (see [21,
Cor.2.9 & Lem.A.4]). In Example 2.2, we recall an explicit regular map f : R — R? such that
f (El) = S!. In addition, the closed ball En (and consequently the sphere S") is a regular image of
R" by [4, Lem.3.1] and [21, Cor.2.9 & Lem.2.10]. Obviously, as both En and S" are compact sets, R"
is neither a polynomial, regular, regulous, nor a Nash image of either 3, or S". In Lemma 2.1, we
show that the image of a compact subset of R” with nonempty interior under a polynomial map
cannot be a compact algebraic subset of R™ of dimension > 1. In particular, a sphere S™ cannot
be the image under a polynomial map of any closed ball En. In addition, polynomial images of
R" are either unbounded or a singleton [8, Rem.1.3(3)]. We deduce the following extra relations
between the invariants:

r9(S) < r8(S) = r&(S),

1S9(S) < 153(S) = 155(S),

189(S) £ 2 => 159((S) = rg((S) by [7, Thm.1.7] (see Remark 1.3(ii) below),
| pe(®) < pg(S).
Pe(S) < +o0 or pyr(S) < +o0, and S is not a singleton => pgy(S) = +o0,

per(S) < +o0 and S is not a singleton = py(S) = +00, pg(S) = +oo.
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TABLE 1 Notations: C:=Compact, I:=Irreducible, O:=Otherwise.

S Ror[0,+») (0,+c0) [01) (0,1) [01] S! Parabola  Non-rational curves
Pa(S) 1 2 +o0 +o0 +o0 +oo 1 +o0

(S 1 2 1 2 1 1 1 +00

sy (S) 1 2 1 2 1 1 1 +00

ng(S) 1 1 1 1 1 1 1(I) or +o0 (O)
p(S) +00 +00 +0o0 +00 1 +00 4o +00

r3(S) +00 +00 +00 +00 1 1 +00 +00

rsg(S) 4o +o00 +00 +00 1 1 +00 +o0

ny(S) +00 +00 +00 +00 1 1 +00 1(C,I)or +o0 (O)
ps(S) +o0 +00 +00 +o0 1 1 +o0 +00

r5(S) +00 +o0 +o0 +o0 1 1 +00 +o0

15g(S) 4o +o0 +o0 +00 1 1 +o0 +o0

ng(S) +o0 +o0 +o0 +o0 1 1 +00 1(C,I)or +o0 (O)

The invariants ngy(S), ng(S) and ng(S) only take the values dim(S) (if S is a Nash image) or +oo
(if S is not a Nash image) and have been computed in [4] and [2, 3] for each semialgebraic set
S C R™. It holds dim(S) < ny(S) < ng(S) = ng(S) for each semialgebraic set S C R™.

As we have already pointed out in [8], there are some straightforward properties that a regular
image S C R must satisfy: it has to be pure dimensional, connected, semialgebraic, and its Zariski
closure has to be irreducible. Furthermore, S must be by [10, (3.1) (iv)] irreducible in the sense that
its ring NV'(S) of Nash functions on S is an integral domain.

1.2 | The one dimensional case

In this work, we focus our attention on the one-dimensional case and present a full geometric
characterization of the polynomial, regular, and regulous one-dimensional images of closed balls
and spheres. In fact, we compute the exact value of the invariants pg, rg, and rs¢ for all of them,
where € = B, ©. We will see in this work that in the one-dimensional case, the only possible
values for the invariants pg, I, and rsg (where € = B, @) are either 1 or +o0. In Table 1, we
illustrate the situation with several examples and compare the invariants pg, I, and rsg (Where
€ = B, ©) with the invariants py, Iy, ISy, and ng (where € = U, B, &), which were mainly
computed in [2-5, 7].

1.3 | Notations and terminology

Before stating our main results whose proofs are developed in Section 3, after the preparatory
work of Section 2, we recall some preliminary standard notations and terminology. We write K to
refer indistinctly to R or C and denote the hyperplane at infinity of the projective space KP" with
HY (K) := {x, = 0}. The projective space KP" contains K" as the set KP" \ HZ (K) = {x, = 1}. If
n = 1, the point of infinity of the projective line KP! is [0 : 1].

For each n > 1, denote the complex conjugation with

0, i CP" > CP", z:=[2y:2, ! 2, Z:=[Zy:2] ¢

N
pll

n
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Clearly, RP" is the set of fixed points of o,,. Aset A C CP" is called invariantifo,,(A) = A.Itiswell
known that if Z C CP" is an invariant nonsingular (complex) projective variety, then Z N RP" is
a nonsingular (real) projective variety. We also say that a rational map h : CP" --» CP™ is invari-
ant if hoo, = o,,0h. Of course, h is invariant if its components can be chosen as homogeneous
polynomials with real coefficients, so it provides by restriction a real rational map h|gpn : RP"
RP™,
Given a semialgebraic set S C R Cc RP™ C CP™, we denote its Zariski closure in KP" with

ClEpn (S). Obviously, CIZE,.(S) N RP™ = CIZ;,.(S) and CI*(S) = CIZ,,.(S) NR™ is the Zariski
closure of S in R™. Observe that CIZ,,(S) is an invariant algebraic set. In addition, Clpn(S)
denotes the closure of S in KP"” with respect to the quotient topology of KP" induced by
the canonical map 7z : K"™*1\ {0} = KP™, x 1= (X, X1, ..., X,) — [x] =[xy @ xq ¢ = 1 x,,]. We
endow the linear space K"*! for K = R or C with the Euclidean topology (in the case K = R, it is
induced by the Euclidean norm, whereas in the case K = C, it is induced by the norm associated to
its usual Hermitian inner product). The projective spaces KP™ (endowed with the previous topol-
ogy) can be embedded as real algebraic submanifolds of RM for some positive integer M large
enough [1, §.3.4.1 & Prop.3.4.6].

A complex rational curve is the image of CP! under a birational map, which is by [28, Prop.(7.1)]
in addition regular, because CP!' does not have singular points (see also Lemma 2.3). We denote
the set of points of the semialgebraic set S that have local dimension k with Sy, which is a semial-
gebraic subset of S. If k = dim(S), then S is in addition closed in S. A real rational curve is a real
projective irreducible curve C such that C(y) is the image of RP! under a birational map, which
by Lemma 2.3 is in addition a regular map.

We also deal with the irreducibility of analytic set germs. A set germ X , of KIP’Z is analytic if there
exist finitely many analytic functions f7, ..., f, on a neighborhood U of p (for instance, polynomial
or regular on {p}) such that X, is the set germ at p of the common zero set of f7, ..., f. An analytic
set germ X, is reducible if there exist analytic set germs X, , and X, , such that X, =X, ;U X, ,
and X P #X; p for i = 1,2. Otherwise, we say that X p is irreducible. The analytic closure of a set
germ S, of K[P’Z is the smallest analytic set germ X, that contains S,,.

1.3.1 | State of the art

We recall the geometric characterization of the one-dimensional polynomial images of affine
spaces proposed in [4, Thm.1.1 & Prop.1.2] (see also [9, Prop.2.1, Cor.2.2]) and the description of
those with py = 1.

Theorem 1.1. Let S C R™ be a one-dimensional semialgebraic set. The following conditions are
equivalent.

(i) pa(s) <2

(i) py(S) < +oo.

(iii) S is irreducible, unbounded and CIZ,.(S) is an invariant rational curve such that the set of
points at infinity CI3;,,(S) N HZ (C) is a singleton {p} and the analytic set germ CI{,.(S),, is
irreducible.

We also have: py(S) = 1 if and only if py(S) < +o0 and S is closed in R™.
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6 0f25 | FERNANDO

The counterpart of the previous results in the regular setting, already proved in [4, Thm.1.3 &
Prop.1.4], consists of the full geometric characterization of the one-dimensional regular images of
affine spaces and the description of those with ry; = 1.

Theorem 1.2. Let S C R™ be a one-dimensional semialgebraic set. The following conditions are
equivalent:

(i) ry(S) <2
(if) T9((S) < +o0.
(iii) S is irreducible and CIf;,,.(S) is a rational curve.

We also have: ry(S) = 1 if and only if rg(S) < +oc0 and either

(1) Clgpm(S)=Sor
(2) Clgpm(S)\ S = {p} is a singleton and the analytic closure of the set germ S, is irreducible.

Remarks 1.3.

(i) There is no one-dimensional semialgebraic set S C R™ with py (S) = 2 and ryg(S) = 1, see [4,
Cor.1.5].
(ii) LetS C R™ be a semialgebraic set of dimension 1. We claim: ry;(S) = 15g((S).
As regular functions are regulous functions, rsy (S) < ryg(S). Let us check: If rsy (S) < +o0,
then ry(S) < +oo. This implies the equivalence: rsy(S) < +oo if and only if rg(S) < +oc0. By

Theorem 1.2, we have to prove: CI%;,,(S) is a rational curve and S is irreducible.

Let n>1 and f : R" - R™ be a regulous map such that f(R") =S. By [4, Lem.2.2(i) &
Lem.2.3(i)], there exists a rational function g € R(xy,...,%,) and a regular map h : R - R™
such that f = hog. Then, S C T := im(h). By [4, Lem.2.2(ii)], the Zariski closure CIZ7;, (T) is a
rational curve. As S is one-dimensional and CIZ;,.(T) is irreducible, CIZT,, (S) = CIZE,.(T) is a
rational curve.

To prove that S is irreducible, it is enough to show by [5, Main Thm.1.4 & Lem.7.3] that S is
connected by analytic paths. Pick two different points y;,y, € S and let x;, x, € R" be such that
f(x;) = y; fori =1,2. Consider the line L C R”" that passes through x;,x, andletp : R — R" be
an affine parameterization of L such that there exist values t; < t, in R satisfying ¢(t;) = x; fori =
1,2. The map fop : R — R™ isregulous, so by [22, Cor.3.6], f is a regular map, and consequently,
itis an analytic map. Thus, a := (f °§0)|[zl,t2] : [t;,t,] = Sisananalytic path that connects y, and
¥, 50 S is connected by analytic paths.

Suppose next thatry (S) < +oo0. By Theorem 1.2, we have rsy;(S) < 19((S) < 2. Ifrsg(S) = 2, then
2 =1859((S) < 19((S) < 2,50 189(S) = 19((S) = 2. Assume next rsg(S) = 1. As the regulous maps on
R coincide by [22, Cor.3.6] with the regular maps on R, we deduce ryg (S) = rs¢(S) = 1.

In the Nash case, we have the following two conclusive results proved in [2, 3, 5].

Theoreml.4 [5, Prop.1.6]. Let S C R™ be a one-dimensional semialgebraic set. The following
conditions are equivalent:

(i) ng(S) = 1.

(i) ng(S) < +oo.
(iii) S isirreducible.
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Theoreml.5 [2, Prop.1.20], [3, Thm.1.10]. Let S C R™ be a one-dimensional semialgebraic set. The
following conditions are equivalent:

(i) ng(S) =1
(i) ng(S) =1.
(iii) ng(S) < +oo.
(iv) ng(S) < +o.
(v) S isirreducible and compact.

1.4 | Main results

The main results of this article, which will be proved in Section 3, are the following. We begin
with the invariants corresponding to regular and regulous cases.

Theorem 1.6. Let S C R™ be a one-dimensional semialgebraic set. The following conditions are
equivalent:

(i) rgs) =1.
(i) rg(S) < +oo.
(iii) rsg(S) = 1.
(iv) rsg(S) < +oo.
) rg(S) =1
(vi) rg(S) < +oo0.
(vii) 15&(S) = 1.
(viii) rsg(S) < +o0.
(ix) S is irreducible, compact and CIZ,, (S) is a rational curve.
We present next the results for the polynomial case. We begin with the invariant corresponding
to closed balls, which is simpler.

Theorem 1.7. Let S C R™ be a one-dimensional semialgebraic set. The following conditions are
equivalent:

(1) pp(S)=1.
(i) pg(S) < +oo.
(iii) S isirreducible, compact and CI¢,, (S) is an invariant rational curve such that the set of points
at infinity CI¢5,,(S) N HZ(C) is a singleton {p} C HZ (R) and the analytic set germ CIZ,,,(S),
is irreducible.

The case of polynomial images of spheres presents the following peculiarity, which contrast
with the polynomial images of affine spaces: The family of polynomial images of the circle S' is
larger than the family of the polynomial images of the spheres S* of dimension k > 2. This state-
ment is deduced from Theorem 1.8 and Proposition 1.12 below. In fact, the reader can check
using the quoted two results that S' is an example of a one-dimensional semialgebraic set,
which is a polynomial image of S', but it is not a polynomial image of S* for each k > 2. (Hint:
Cléa[;z(Sl) NHZ(C)={[0:1:1i],[0:1: —i]}). We denote along this article i := V-1

We characterize next the images of S! in R” under polynomial maps.
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FIGURE 1 Gerono’s leminiscate

Theorem 1.8. Let S C R™ be a one-dimensional semialgebraic set. The following conditions are

equivalent:
(i) pe(S) =1
(ii) S is irreducible, compact and the Zariski closure Cléagm (S) is an invariant rational curve such

that one of the following three situations hold:
€] ClZ m(S) NHT(C) = {p} is a singleton (which belongs to H”' (R)) and the analytic set germ
lzarm (S), is lrreduczble
) ClZ m(S) NH7Z(C) ={p} is a singleton (which belongs to HZ(R)), the analytic set
germ CIZ3,, (S)p has exactly two irreducible components that are conjugated, and S =
Clgpm (S)(D
?3) Clzarm(S)n H?”(C) ={q,q} (where the points q,q & H”.(R)), the analytic set germs

Cléaujr,wl (S)4 and CI¢;,, (S)g are irreducible and conjugated, and S = CIg,,(S)q).

Remarks and Examples 1.9. Let S C R™ be a one-dimensional semialgebraic set.

®

(ii)

(iii)

We will prove in Lemma 2.7 that if CI¢;, (S) N HZ(C) = {p} and CI¢3;,,(S), is irreducible,
then CIZ,,.(S) N R™ is unbounded (case (ii.1) above)
An example of this situation is S :=[—1,1] X {0} C R?. We have ClzarZ(S) ={x, =0},
lzarz(S) NH2(C)={p:=[0:1:0]}and Clzarz(S)p {x, = 0}p is irreducible.
We W111 prove in Lemma 2.8 that if Cléegm(S) NH7(C) = {p} is a singleton and the ana-
Iytic set germ CI;,,(S),, has exactly two irreducible components that are conjugated, then
Cl@ém (S) N R™ is bounded (case (ii.2) above).
An example of this situation is Gerono’s leminiscate S :={x] —x? +x] = 0} C R?

(Figure 1). Then CIZ,(S) = {x2(x; —x) +x] =0}, CIEL(S)n H? (Cz) {p =0 : O D1}

and Clzar2 (S), has two conjugated irreducible components parameterized by o := [1

— 2
t:1l]and @ 1= [-1—= =1t 1]. Observe that Clé‘gz(s) is the rational curve parameter—
1-t
ized by
I : CP' — CIAL(S), [ty @ 1] = [(65 +£1)7 1 t] — 5 & 2808 (t] — )]

and S is the image of S! under the polynomial map f : R? — R?, (x,y) = (x, xy).

If CIgR.(S)NHZ(C) ={q,q} (with g #¢q) and the analytic set germs CI;,(S), and

Clgpm(S)g are 1rreduc1ble and conjugated, then CIZ;,, (S) N R™ is bounded (case (ii.3) above).
As CIZZ.(S)NHZ(C) ={q,q}, we have CIZ;.(S)NHZ(R)=@, so CIZ5.(S) =

Clpm (S) NR™ is compact.
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An example of this situation is S := {x* + x; — 1 = 0} C R%. Then, CIZL(S) = {x +x} -
x; = 0}, CIE,(S)n H2(C)={q :=[0:1:1i],g :=[0:1: —i]}and the analytic set germs
Clgpn(S)q and CIEL,. (S)7 are irreducible, nonsingular, and conjugated. We have used that

Clzar2 (S) is a nonsingular invariant (complex) projective algebraic set.

1.41 | Images of the unit circumference under Laurent polynomials

The polynomial images of S' in R? coincide with the images of S' under Laurent polynomials
f € C[z,z ] in one variable z with coefficients in C. We refer the reader to [25, Thm.2.1] (whose
proof strongly relies on [36]) for a result that explores the algebraic structures of such images. This
result is not fully conclusive, but it is crucial to analyze situations (ii.2) and (iii.3) of Theorem 1.8.
As a consequence of Theorem 1.8, we provide the full characterization of the images of S! under
Laurent polynomials completing the valuable information provided in [25, Thm.2.1].

Corollary 1.10. Let S C C = R? be a one-dimensional semialgebraic set. The following conditions
are equivalent.

(i) There exists a Laurent polynomial f € C[z,z~!] such that f(S') =
(ii) S is irreducible, compact and the Zariski closure ClZ 2(S) is an invariant rational curve such
that one of the following three situations hold:
(1) Clzar2 (S) N H? .(©) = {p} is a singleton (which belongs to H?2 % (R)) and the analytic set germ
IZ"“2 (S), is lrreduable
) CléanZ(S) N H? 2(C) ={p} is a singleton (which belongs to H? 2 (R)), the analytic set germ
IZ‘”2 (S) b has exactly two irreducible components that are conjugated andS = ClZa 2(S)(l)
3) Clzarz(S) NHZ (C) ={q,q} (where q,q & H2 (R)), the analytic set germs Clzarz(s)q and
CIZ‘“2 (S)g are 1rreduc1ble and conjugated, and S = Clzarz(S)(D

Remark 1.11. In reference to [25, Thm.2.1], observe that in case (ii.1) the Zariski closure Clzar2 ®)n
R? is unbounded (use Lemma 2.7), so the difference Clzarz(S) \ S is an infinite (one-dimensional
semialgebraic) set (because S is compact), whereas in cases (ii.2) and (ii.3), the Zariski closure
Cléa[;z (S) N R? is bounded (use Lemma 2.8 and Remark 1.9(iii)) and the difference leRa[FrDZ(S) \S =
Cl%apfz(S)(o) is a finite set (maybe empty).

1.4.2 | Images of the unit spheres of higher dimension

As a consequence of Theorem 1.7 and Proposition 1.12, if we consider spheres S* for some k > 2
instead of the circumference S', one realizes that the polynomial images of S* coincide with those
of a closed interval. By [37, Thm.2], all polynomial maps f : S? — S! are constant. Consequently,
by [1, Lem.13.1.1], all polynomial maps f : S — S! are constant for each k > 2

Proposition 1.12. Let S C R™ be a one-dimensional semialgebraic set. The following conditions are
equivalent.

(i) S is the image of S* under a polynomial map f : R3 — R™,
(i) S is the image of S under a polynomial map f : R¥*1 — R™ for some k > 2
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10 of 25 | FERNANDO

(iii) S is irreducible, compact, CI¢5, (S) N R™ is unbounded and CIZ3.,,(S) is an invariant rational
curve such that the set of points at infinity Clgpfm (8) N HZ(C) is a singleton {p} and the analytic

set germ Clggm S p IS irreducible.

Remarks 1.13. Proposition 1.12 alternatively proves that all polynomial maps f : S¥ — S! are
constant if k > 2 (see also [37, Thm.2] and [1, Lem.13.1.1]).

2 | MAIN TOOLS

In this section, we present the main tools used to prove the results proposed in this article. We
will use usual concepts of (complex) Algebraic Geometry such as rational map, regular map, nor-
malization, and so on, and refer the reader to [28, 29, 32] for further details. We begin proving that
compact algebraic sets of dimension > 1 are not images of compact subsets K C R” with nonempty
interior under polynomial maps.

Lemma2.1.LetX C R™ beacompactalgebraicsetand f := (f,,..., fn) : R" = R™apolynomial
map. Let K C R" be a compact set with non-empty interior in R" such that f(K) C X. Then, f(K) is
a singleton contained in X.

Proof. Let B C K be a nonempty open ball. We claim: The Zariski closures of both f(R") and f(J3)
coincide.

If g € R[xy, ..., X, ] satisfies g(f($3)) = 0, then (gof)|z = 0, so by the Identity Principle, gof =
0 on R" and g(f(R™)) = 0. Thus, CI**(f(R™)) C CI**(f(B)) C CI**(f(R")), so CI**(f(R")) =
CI™(f(B)).

As f(B) C f(K) C X and X is an algebraic set, f(R") C CI**"(f(R")) = CI”*(f(B)) C X. As X
is bounded, we deduce f(R") is bounded, so it is by [8, Rem.1.3(3)] a singleton (contained in X),
as required. O

We will use freely along this work the existence of regular maps f : R" — R"*! such that
fB,) =s" (see [21, Cor.2.9 & Lem.A.4]). We recall here an explicit regular map f : R — R? such
that f(13;) = S! for the case n = 1.

Example 2.2. Let us show that S' and RP! are regular images of [—1, 1]. Since RP! is the image

of S! via the canonical projection 7z : S! — RP!, it is enough to prove that S! is a regular image
of [-1, 1]. To that end, we may take for instance the regular map

2 2 _1\2 2 _
FiRoS, e 2t (=1 P 2t -1 ’
t2+1 t2+1 t2+1 2+1

which satisfies f (El) = f([-1,1]) = S’. The previous map f is the composition of the inverse of
the stereographic projection

2t t2-1
TR->SLt- [ —=—— ——
4 <t2+1t2+1>
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ON THE ONE DIMENSIONAL POLYNOMIAL, REGULAR AND REGULOUS IMAGES 11 of 25

of S! from (0,1) with
g:C=R>*>C=R? z=x+iy=(x,y) ~ 2 = (x* — y%,2xy).

We recall the following useful and well-known fact concerning the regularity of rational maps
defined on a nonsingular curve [28, Prop.(7.1)] that will be used several times. As a straightforward
consequence of the following result applied to Z = CP!, the reader can deduce (alternatively to
[22, Prop.3.5]) that each regulous map f : R — R™ is in fact a regular map.

Lemma 2.3. Let Z C CP" be a nonsingular projective curve and F : Z --> CP™ a rational map.
Then, F can be (uniquely) extended to a regular map F' : Z — CP™. Moreover, if Z, F are invariant,
then also F' is invariant.

2.1 | Normalization of an algebraic curve

A main tool to prove the results of this article will be the normalization of either affine or projec-
tive algebraic curves X of either C" or CP". We refer the reader to [32, Ch.I1.§5] and [29, II1.§9] for
a detailed exposition. Let X be an either affine or projective algebraic curve X of either E! :=C"
or CP" and denote the set of singular points of X with Sing(X). The normalization (X, IT) of X isa
pair constituted by a nonsingular algebraic set X C [Efé and a (birational) regular map IT : X — X
such that the restriction IT| R\ (Sing(x)) X \ ITI"1(Sing(X)) — X \ Sing(X) is a biregular diffeo-
morphism. The normalization is unique up to a biregular diffeomorphism. Recall that all fibers
of IT : X — X are finite and if x € X is a nonsingular point, then the fiber of x is a singleton. If X
is a complex algebraic curve, the cardinal of the fiber of a point x € X coincides with the number
of irreducible components of the analytic set germ X,. If [T7'(x) := {z,, ..., z,}, the irreducible
components of the analytic set germ X, are (X, ), ..., TI(X,, ).

Denote the complex conjugation of E{. with o,,. If X is an invariant complex algebraic curve, we
may assume that both X and IT are also invariant. To prove this, one can construct (X, IT) as the
desingularization of X via a finite chain of suitable invariant blowing-ups.

Denote with [Eg‘ either R™ or RP™, let X C [E%? be a real algebraic curve and denote Y :=
Cl?},f (X). Let (Y ¢ EX, II) be an invariant normalization of Y. We claim:

() IHZ:=YNnEXandZ := Clzar(X) then TI(Z) = Z ).

Proof. Pick anonsingular point z € Z. Then, there exists a unique pointw € Y such that II(w) = z.
AsIIisinvariant, Il(oy (w)) = 0,,(II(w)) = 0,,(2) = z,so0w = o} (w) € Z (because the fiber of z is
a singleton). Thus, Za) \ Sing(Z) C TI(Z). As I|; is proper and Zqy \ Sing(Z) is dense in Z(;), we
have Z(l) C II(Z). As Y is an invariant nonsingular projective algebraic curve, and the intersection
Z:=Yn [Ek is a nonsingular projective real algebraic curve, so it is pure dimensional of dimen-
sion 1. As H 1(Sing(Y)) is a finite set and HlY\H’l(Slng(Y)) Y \ IT"'(Sing(Y)) — Y \ Sing(Y) is a
biregular isomorphism, we deduce that II(Z \ TI~(Sing(Y))) C Z ) (because Z is pure dimen-
sional of dimension 1 and IT~!(Sing(Y)) is a finite set). As Zq) is a closed semialgebraic set,
Z \ TI"(Sing(Y)) is dense in Z and II|; is continuous, we deduce II(Z) C Z, so II(Z) = Z),
as required. O
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12 of 25 | FERNANDO

We recall the following result concerning normalizations of invariant rational curves.

Corollary 2.4. Let X C CP™ be an invariant rational curve. Let T : X — X be an invariant nor-
malization of X, where X C CP" is an invariant non-singular algebraic curve. Then CP! and X are
biregularly diffeomorphic, so we may assume X = CP'.

Proof. As X is an invariant rational curve, X is the image of CP! under an invari-
ant birational (regular) map ¢ : CP! — X. Thus, there exists a birational map ¢ :=
(I =10\ sing)) 0P ly-1(x\sing(x)) between CP! and X. As both CP! and X are nonsingular, we
deduce by Lemma 2.3 that 1 extends to CP! as a regular map and 1~ extends to X as a regular
map too. Consequently, CP! and X are biregularly diffeomorphic, so we may assume X = CP!, as
required. O

The following two results borrowed from [4] (without proof) are crucial to prove the main
results stated in the Introduction.

Lemmaz2.5 [4, Lem.2.2]. Let f : R — R™ be a nonconstant rational map and S := f(R). Then

(i) f can be (uniquely) extended to an invariant regular map F : CP' — CP™ such that F(CP') =
C12 . (S).
cpm

(ii) Cl@ljfm(s) is an invariant rational curve and if (CP',1I) is an invariant normalization of

CIZ5(S), there exists an invariant surjective regular map F : CP' = CP' such that F = TIoF.
(iii) If f is polynomial, we may choose I1 and F such that 7 :=Tl|, and f := F|y are polyno-
mial. In particular, CI¢;,,,(S) N HZ (C) is a singleton p and the analytic set germ CI¢5;,,.(S), is

cpm cpm
irreducible.

Lemma2.6 [4, Lem.2.3]. Let f := (f;,..., fm) : R" = R™ be a nonconstant rational map such
that its image f(R™) has dimension 1. Then

(i) f factors through R, that is, there exist a rational function g € R(x) and a rational map h :
R — R"™ such that f = hog.
(ii) If f isin addition a polynomial map, we may also assume that g and h are polynomial.

2.2 | Branches at infinity of a real algebraic curve

We prove next two announced results in the Introduction (Remarks 1.9). Although they are surely
well known, we have not found any explicit reference to them in the literature, so we provide
explicit proofs of them here. For K = R or C, we denote the ring of convergent power series in one
variable and coefficients in K with K{t} and its field of fractions with K({t}).

Lemma 2.7. Let S C R™ be a semialgebraic set of dimension 1. If Clé’gm(s) NH"(C) = {p} and
Clgam(S),, is irreducible, then CI¢;, (S) N R™ is unbounded.

Proof. Consider the complex conjugation o, : CP" — CP™. Both the Zariski closure CIZ,.(S)
and H7(C) are invariant (under the complex conjugation o,). Observe that o,(p) €
CIEEn(S)NHZ(C) = {p}, so p = 0,,(p) and p € HZ(R). After an invariant projective change
of coordinates that keeps invariant the hyperplane at infinity H”'(C), we may assume that
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ON THE ONE DIMENSIONAL POLYNOMIAL, REGULAR AND REGULOUS IMAGES | 13 of 25

p=[0:1:0:--:0]. Consider the chart {x; # 0} of CP™ and identify it with C™, so p =
(0, ...,0). As CIZ5, (S), is irreducible, there exist, after a linear change of coordinates in C™, by
Riickert’s parameterization [31, Prop.3.4]:

* irreducible monic polynomials P; € Ci{xo}x j] of degree d; > 1such that P j(O, X j) = xjj for j =
2,...,m,

* polynomials Q; € C{x}[x,] of degree < d, for j =3,...,m,

* an open (small enough) neighborhood U C C™ of the origin,

such that

Q;(x9.X2) f

ClEen(S)NU ={(xg, X3, e, X)) €U & Py(X,X,) = 0,X; = TWE or j=3,..,m}

C {(x9, X35 r X)) €U : Pj(xo,xj) =0forj=2,..,m}

where A, € C{x,} \ {0} is the discriminant of P,. By Newton-Puiseux theorem [31, Prop.4.5],
there exist o, € C{t} and an integer # > 1 such that a,(0) = 0 and P,(t*, a,) = 0. Define « =

Q7.8
A, (87)

e C({t} for j=3,..,m. As Pj(tf,ocj(t)) =0and P; € C{XO}[xj] is a monic polynomial

such that P;(0,x;) = x?’ , we have a; € C{t} (because C{t} is integrally closed in C({t}), as it is
a unique factorization domain) and « j(O) =0 for j =2,...,m. We may assume that each «a;_ is
defined on a disc D C C centered at the origin. The fibers of « 1= [t : 1 :a, : = : a,,] : D —
CIZ,, (S) are (complex) analytic subsets of D. As « is nonconstant, we deduce that a~1(a(z)) have
dimension 0 for each z € D. We conclude by [30, Ch.VIIL.Prop.3, pag.131] that CI¢5,. (S) p = im(a),,
because Clé}fm S p is an irreducible analytic set germ of dimension 1.

As S C R" is a semialgebraic set, Cléauf,m (S) is invariant and there exist finitely many homoge-
neous polynomials Fy € R[x,%;, ..., X,,] such that CI¢(;,.(S) = {F; =0,...,F; = 0}. Write a; :=
2 g>0jqt? where each a;; € Cand define §; 1= 3 . a;,t9. As

0= F (7,1, (%), ..., &, (%)) = Fk<E", LY @t Za—quq>

g0 g0

= F (8,1, Bo(E)s s B,

wededucef :=[t" :1:8,: :B,]:D— Cl@l;m(S) and 8(0) = p € HY(R). Asim(a), is an
irreducible analytic set germ of dimension 1, also im(g),, is an irreducible analytic set germ of
dimension 1. As Cléegm (S)p is irreducible, im(cx)p =im(B) b

Consequently, for each t € D \ {0}, there exists s € D \ {0} such that t* = s and a(t) = B(s).
In particular, there exists an #" root of unity ¢(t, s) such that s = ¢(¢,s)t and a(t) = B (¢, s)t).
As there are only ¢ possible values of {(t, s), we deduce taking a sequence in D converging to the
origin and the Identity Principle that there exists an #th root of unity { that does neither depend on
t nor on ssuch thata(t) = B({t)fort € D,soa(t) = f({t). Thus, ajq = @gq foreachj =2,..,m
and each g > 0. Write each nonzero a;, = p;,6;, Where p;, € R is a positive real number and
04 € Cis a complex number of module 1. Consequently, p;,6,;4 = que_qu“q. As pj, # 0, we have
g = @g 7 and (multiplying the previous equality by 6,;,) we deduce sz.q = {9.Let{ € Cbesuch
that £2 = ¢, so sz.q = &% = (£9)* for j = 2,..,m and each g > 0 such that a;, # 0. Thus, there
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exist €, € {—1,+1} such that 6, =¢; q"g’q for each j = 2,...,m and each g > 0 such that a;; # 0.
Ifaj, =0, wedefinep;, :=0ande¢;, :=1,50a;, = pjq Jqé’ We deduce

< > Z %arq é:q ijq qu = ijqgthq € R{t}

q>0 g0 g0

for each j=2,..,m and ( ) =¢et’ for some ¢ € {—1,1}, because (£9)? =¢7 =1. Conse-
quently, there exists § >0 such that y 1= af 5) 2 [-6,8] = CIEL.(S) NRP™ and y(0) =

HZ (R). As CIZE, (S) N HZ (R) = {p}, we concludeim(y) \ {p} C CIZ3,.(S) N R™,s0 CIEE,.(S) N [Rm
is unbounded, as required. O

Lemma 2.8. Let S C R™ be a semialgebraic set of dimension 1. If CIZ3,.(S) N H”(C) = {p} and

the analytic set germ Clzarm (S)p, has exactly two irreducible components that are conjugated, then
CIZE,(S) NR™ is bounded.

Proof. As S C R" is a semialgebraic set, CI7;,, (S) is invariant and there exist finitely many homo-
geneous polynomials F,...,F € IR[xO,xl, ..., X,] such that CIZ,.(S) = {F; = 0,. =0}. As

CIZT, (S) NH™(C) = {p}, we deduce Fy(p) = F(p) =0 for k =1,...,s. Thus, p € c1Z ()N
H?”(C) = {p},sop =p € HZ(R).IfT := CIZ;,.(S) N R™ is unbounded D € Clppn(T). We embed
RP™ as a real algebraic subset of R(’”“)z, see [1, §3.4.2]. By the Nash curve selection lemma [1,
Prop.8.1.13], there exists a Nash map « : [—1,1] - RP" such that «(0) = p and «((0,1)) C T. As
CI%5n (S) is a real algebraic set and «((0, 1)) € CIZ;,.(S), we deduce by the Identity Principle that
a([-1,1]) c CIZE.(S).
Let D C C be a disc centered in the origin such that there exists a holomorphic extension 3 :
D = CIg5.(S) of a|(_¢) for some 0 < & < 1. As the components of « are real analytic functions,
the coefficients of the Taylor expansions at the origin of the components of § are real numbers.
The fibers of 8 are (complex) analytic subsets of D. As § is nonconstant, we deduce 871 (3(z)) have
dimension 0 for each z € D. By [30, Ch.VIL. Prop.3, pag. 131], the set germ im(f),, C CIE5,.(S),, is
a (complex) analytic set germ of dimension 1. In fact, it is irreducible, because D is an irreducible
(complex) analytic set. As CI;,,(S), has dimension 1, im(f),, is one of the irreducible components
of the (complex) analytic set germ CI{,.(S),,. As the coeff1c1ents of the Taylor expansions at the
origin of the components of 8 are real numbers, im(g),, is invariant under conjugation, which is
a contradiction, because CIZ;,, (S ) has exactly two irreducible components that are conjugated.
Consequently, CIZ5,,.(S) N R™ is bounded as required. O

3 | PROOFS OF THE MAIN RESULTS

The main purpose of this section is to prove Theorems 1.6, 1.7, and 1.8. We also prove Corollary 1.10
and Proposition 1.12 at the end of the section.

3.1 | Proof of Theorem 1.6

The chain of implications (i) = (v) = (vii) = (iii)) = (i) = (ii) = (vi) = (viii) = (iv)
follows from the existence of regular surjective maps between B, and S"” C R"*! for each n > 1
and vice versa and the fact that a regulous map on a nonsingular algebraic curve is a regular map.
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We prove next (iv) = (ix). By [10, (3.1)(iv)] and [22, Thm.3.11], we deduce that S is irreducible
and as f is continuous and B is compact, also S is compact. Now let f : R" --» R be a ratio-
nal map such that f extends continuously to B and f (B ) =S. By Lemma 2.6, there exist a
rational function ¢ € R(x) and a rational map h : = (— s —’:) : R - R™ such that f = hog. By

Lemma 2.5, we deduce that CIZ7,,.(S) is a rational curve

Let us prove (ix) = (i). Let IT : CP! — CI%,,(S) be the normalization of CI%,,(S). By §2.1(s),
we have II(RP') = CIZ,. (S)q). If S = CIZ,.(S) 1), then S is by Example 2.2 a regular image of S!

and consequently a regular image of Bl. On the other hand, if S # CIZ,.(S) (1), we may assume
(after a projective change of coordinates in RP!) that the image of the point at infinite [0 : 1] of
RP! under IT belongs to CIZ,.(S)) \ S. By [10, Cor.3.5], there exists an interval I C R = RP! \
{[0 : 1]} that is the one-dimensional part of IT~!(S) N RP!. As S is compact and IT|p1 is proper,
the interval I is compact, so we may assume [ = [—1,1] = El. Thus, S is a regular image of El,
as required.

3.2 | Proofof Theorem 1.7

We first prove the equivalence (i) <= (ii). The implication left to right is clear. Let us prove the
converse. Let f := (f1,..., f},) : R" — R" be a polynomial map such that f(gn) = S.AsSisone
dimensional, its Zariski closure Z in R™ is also one dimensional. As the interior in R" of En is
nonempty, we deduce by the Identity Principle f(R") C Z. By Lemma 2.6, there exist a polynomial
function g € R[x] and a polynomial map h : R — R™ such that f = hog. Consequently, f (En) =
h(g(En)). As En is compact and connected, Q(En) is a compact (nontrivial) interval I of R and,
after a change of coordinates in R, we may assume I = [—1, 1]. Thus, S is a polynomial image of 3.
Let us prove (i) = (iii). Let f : R — R™ be a polynomial map such that f([-1,1]) = S and
define T := f(R). As S is one dimensional, its Zariski closure Z in R" is also one dimensional.
As the interior in R of [—1, 1] is nonempty, we deduce by the Identity Principle T = f(R) C Z,
so T is also one dimensional. By Theorem 1.1, we have that T is irreducible, unbounded and
CIEEn(S) = CIE,,(Z) = CIE,,(T) is an invariant rational curve such that the set of points at infin-
ity Clzarm(S) NH7(C) is a singleton {p} and the analytic set germ c1%ggm(5)p is irreducible. In
addition, S is by [10, (3.1)(iv)] irreducible and compact, because [—1, 1] is irreducible and compact.
We prove next (iii) = (i). As the set of points at infinity CIZ‘“m (S) N HZ(C) is a singleton {p}
and the analytic set germ Clé‘ﬁpr,m S) pis irreducible, the intersection Cléfpfm (S) N R™isby Lemma2.7
unbounded. Thus, the one-dimensional component T of Clzarm (S) N R™ is unbounded. In addi-
tion, T is irreducible and CIZ,.(T) = CIZ;,,(S) is an invariant rational curve such that the set
of points at infinity Clé‘gm(T) NHZ(C) is a singleton {p} and the analytic set germ Clé‘gm(T)p
is irreducible. Let IT := [IT; : - : H ml @ CPL — Clzarm(T) be an invariant normalization of the
rational curve CIZ<,,(T) such that II([0 : 1]) = p € H”(C). We claim: IT| is a polynomial map.
As IT is invariant, we may assume that the components IT; of IT are real homogeneous polyno-
mials of certain common degree d. Thus, I|gp: : RP! — CI%,,(T) is a real polynomial map. As

Clgem (T) N HZ(C) = {p} and the analytic set germ CIE;,.(T), is irreducible,

{1, = 0} = TT"'(CI%,,(S) NH(C)) = TT'({p})

is a singleton (see §2.1). As II([0 : 1]) = p, we deduce {II;, = 0} = {[0 : 1]}. Thus, II; = Atg for
some 1 € R\ {0} and, in fact, we may assume 1 = 1. Consequently, II| is a polynomial map
(recall that R = {t, = 1}), as claimed.
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As S is irreducible, there exists by [10, Thm.3.15] a one-dimensional connected component I
of II71(S) N RP! such that TI(I) = S. As TI([0 : 1]) = p, we deduce I C R. As II is proper and S
is compact, I C R is compact. We conclude that I is a nontrivial compact interval. Thus, after a
change of coordinates in R, we may assume [ :=[-1,1] = El, soS = H|R(El) is a polynomial
image of El, as required.

3.3 | Polynomial maps on the circle and complex laurent polynomials
Before proving Theorem 1.8, we recall that the restriction to S! C R? of a polynomial map

= (g, 3,) : R? > R? coincides with the restriction to S' C C = R? of a Laurent polynomial
I € C[z,z7']. Namely, if g; := Y, , a;,xky’ and g, 1= ks by, xky?, then

N ) L
=kz,);‘(akf+ibkf)<z-;z> <%> Z(akf+1bkf)( 22) (22—1—5) eClz,z ],

wherez = x + iyand zz = 1. Conversely,if [ = Y a,zF € C[z,z~']isa Laurent polynomial
for some integers m, n > 0 and «; := a; + ib; where q;, b, € R for each k, the restriction I'[: :
S! — C equals

n n m n m
Y oz =Y oz + Y a7 = Y e + ib) + iy + Y (ay +ib_)(x — i),

k=—m k=0 k=0 k=0 k=0

Considering the real and imaginary parts of the previous expression, we find g¢;, g, € R[x, y] such
that the polynomial map g := (g;, g,) : R* — R? satisfies g|s1 = I'|<1 after identifying C = R?.

3.4 | Proof of Theorem 1.8

(i) = (ii) Suppose first S is a polynomial image of S'. As S! is compact, S is a compact
semialgebraic set and by [10, (3.1)(iv)] S is irreducible.
Let g :=(gy,.» ) - R? = R™ be a polynomial map, where g; € R[x;, %, ], such that g(S!) =

X X

S. Let d := max{deg(g;) : i =1,..,m}and define Gl- = gl(— —)xd fori=1,..,mand G, :=

xg. Consider the polynomial map G :=[G, : G; : -+ : G, ] : tI?[P>2 -> CP™ and its restriction to
X :={x} +x} —x} = 0} C CP?, which is the Zariski closure of S' in CP2. By Lemma 2.3, G|
extends to X as a (unique) invariant regular map that we denote with G. As G is continuous for
the Zariski topology, we deduce G(X) C CIZ;,.(S). By [28, Prop.(2.31)], it contains a nonempty
Zariski open subset of CI¢;,,(S). As G is proper and CIZ;, (S) is irreducible, we conclude by [28,
Thm.(2.33)] G(X) = CIZ5.(S).

Consider the parameterization ® : CP' — X, [t, : t;] = [t] +t7 : 2tyt; : t] — t7], which

is the regular extension to CP! of the inverse of the stereographic projection

2t t2-1
Ro>Shte | —=—,——
4 <1+t2 1+t2>
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whose image is S'\ {(0,1)}. Consider the composition F :=[F, : -+ : F,,] = Go® : CP! -
CIZ5,.(S), which is surjective, and observe that F, = (t] + tf)d. The gcd(F,, ..., F,,) is an invari-

ant divisor of (tg + t%)d. After dividing each F; by such greatest common divisor, we assume
Fy = (t + t3) for some integer p > 1 and gcd(F,, ..., Fp,) = 1.

Let (Y c CPK,II) be an invariant normalization of Y := CI&5m (S). The composition IT-loF :
CP! > Y defines an invariant rational map that can be extended to an invariant surjective regular
map F : CP! — Y such that F = IToF. Observe that Y is by [28, Cor.(7.6), Cor.(7.20)] a nonsingu-
lar curve of arithmetic genus 0, that is, a nonsingular rational curve [28, Cor.(7.17)]. Consequently,
we may take Y = CP! and CIEn(S) is an invariant rational curve. Thus, II(RPY) = ClEpm Sy
(see §2.1()).

Write IT :=~(H0, w, ) and F := (F,, F,) where IT,, Fj € R[xy, x; ] are homogeneous polyno-
mials and F,, F; are relatively prime. We claim: One of the following situations hold:

(1) F is an invariant projective change of coordinates in CP', so we assume F = T and I, =F, =
(XS + X%)p .

(2) After an invariant projective change of coordinates in CP', we have IT, = x, for somee > 1 and
Fy=(x2+x2)" where£ > 1and p = Ze.

(3) After an invariant projective change of coordinates in CP', we have I1, = (x{ + x7)%, F) —
iFy = 4, (% + ix)K, Fy 4+ iF, = 1,(x, — ix,)¥ for some positive integers ey, k such that p =
ke, and some 1, € C \ {0}.

Observe first that F is not constant, because it is surjective. Factorize

e

i=1
where u € R\ {0}, a; €{0,1}, b, € C, b; = 1 if a; = 0 and (a;, b;) # (0,0) for i = 1, ..., m. Denote
p; = Fi(1,%;) € R[x,] and observe

H(aipl —bipy) = Ty(po, 1) = Fo(1, %)) = (1 +xP)P = (1 + ix))P(1 — ix))P. (€RY)
i=1

We proceed in several steps:

STEP 1. Suppose first a; = 1and b, € C \ R. As all the involved rational maps are invariant, we
may assume a, = 1 and b, = b;. As p,, p; are relatively prime (and at least one of them is non
constant), we deduce:

P1 —Db1po = =1(1 +ix;)",
p1 = bipy = 41 (1 - ix)
forsomek; >1and A, € C\ {0}.
Otherwise, either k; = 0, which is a contradiction, because at least one between p,, p; is not

constant, or (1 + x2) divides both p; — byp, and p; — b;py, so (1 + x2) divides both p, and p;,
which is a contradiction, because p,, p; are relatively prime. We have the system:

p1 —bipg = =1 (1 +ixy)",
p; — bypo = A, (1 — ix))f.
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Consequently,

A +ix)h - 4,0 —1x)k b, (1 + %)M — b4, (1 — ix)
= —— and p; = —— .
bl - bl bl - bl

(3.2)

Po

STEP 2. Suppose that there exists a root [a; : b;] € CP! of I different from [1 : b;] and [1 :
b,]. Then, a;p; — bspy = 4;(1 + ix)ks(1 - 1X1)k§ for some k;, k; > 0 and A5 € C \ {0}. Suppose
first k; > 0 and consider the system:

P —bypo = =1(1 +ixy)*,
a;p; — bspy = Ay(1 + ix, )51 — ix,)s.

Then, p,, p; share the irreducible factor 1 + ix;, which is a contradiction. Consequently, k; = 0.
If k; > 0, we consider the system:

P — bipg = =1(1 —ix;)",
as;p; — bypy = 43(1 — iX1)k3,

and we conclude that py,p; share the irreducible factor 1 — ix;, which is a contradiction.
Consequently, kg = 0and a;p; — bspy = 45. By (3.2),

A3(by — by) = (asp; — b3po)(by — by) = (a3by2; — bsA )1 + %)t — (azb 4, — bsd;)(1 — ix))".

We substitute x; = 0, x; = i and x; = —i and obtain:

Ay(by = by) = (a5by2, = bsdy) = (asbydy — bsdy),
Ay(by = by) = ~(asby Ay = by2,)2%,
A3(b; —by) = (asb; 4, — by2,)21.
Thus, using second and third equations, we have (a3b_1/11 — b)) = —(aibl/l_l— b3/1_1). Using

now the first equation, we deduce /13(b_1 —-b)) = 2(a3E/11 — b3A,). As A5(b; — by) # 0, we have
azb;A; — bsA, # 0. Thus,

2(asb, A, — bydy) = (azb A — byA))((1 + ix)M + (1 — ix))K1)

w 2= 1+1ix)" + (1 —1ix)k.

If we substitute x, = 2i, we deduce 2 = (—1)%1 + 31, which only holds if k; = 1. This means by
(3.2)

(1 +1x;) = 4,(1 — ix,) b A, (14 ix,) — by 4,(1 — ix,)
pO — 1 1_ 1 1 and pl — 171 1_ 11 1 , (3‘3)
bl_bl bl_bl
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so[F, : F;] : CP' - CP! is an invariant projective change of coordinates. We may assume, after
changing IT by F, that IT = F, which corresponds to situation (1) above.
STEP 3. Assume next that no root [a; : by] € CP! of I, is different from either [1 : b;] or [1 :

b,]. Thus, the degree e of I, is even, say e = 2¢,, and
I, = u(x; — byxp)0(x; — b_lxo)ef).

After an invariant projective change of coordinates in CP! that maps|[1 : b;]to[1 : i]and[1 : b_l]
to [1 : —i], we may assume IT, = u(x(z) + xf)%, IIy(pg,P1) = u(p(z) + pf)eo =1+ X%)p and

p1 — ipo = =1 (1 +ixy)",
p; +1ipy = 4, (1 — ix )k,

Consequently,

{% ~ 1Py = Lo + 1x)", (3.4)
F, +iF, = 2,(x, — ix))k.
As TIy(Fy, F)) = (x2 + x%)P, we have ke, = p. This means that we are in situation (3) above. In
Remark 3.1, we will use (3.4) to better understand the regular map F.

STEP 4. Assume next the roots of IT, belong to RP!. Suppose after interchanging the variables
Xg, X if necessary thata; = 1and [1 : b;] # [a, : b,]. Asp; € R[x,] fori = 0,1, we have by (3.1)
the system:

Py —bipo = =1 (1 +x)",
a;p; — bypy = A,(1 + %),

forsome4;,4, € R\ {0}and k, k, > 0. Asp,, p, are relatively prime, we deduce that eitherk; =0
or k, = 0. Suppose that there exists [a; : b;] € RP! different from [1 : b;] and [a, : b,]. Then,
there exists 4; € R \ {0} such that

asp; — bspy = 4;(1 + X%)I%

for some k; > 0. As p, and p, are relatively prime, we deduce that in the triple ky, k,, k5, there
are two integers, which are zero. This implies solving the corresponding linear system that p,
and p, are constant, which is a contradiction. Thus, IT;, has only two different roots [1 : b;] and
[a, : b,] of multiplicities e, and e; such that e, + e; = e. Consequently, after an invariant projec-
tive change of coordinates in CP! that maps [1 : b;] to [1 : 0] and [a, : b,] to [0 : 1], we may
assume II;, = xgoxil (Whereweo,’e~1 > 0). We have (X(Z) + X%)P =F,= HO(FO,E) = FSOF?, which
is a contradiction, because F, F; € R[x,x,] are relatively prime. Thus, II, = u(a;x; — b;x,)°
and after an invariant projective change of coordinates in CP!, we may assume II, = uxg. As
=(x +x)P =F, = F¢, we conclude that F, = (x2 + x2)” for some # > 1 such that p = Ze. This
corresponds to situation (2) above.

We deduce H‘I(Cléﬁpfm (S) N HZ(C)) is either equal to [0 : 1] (in situation (2)) or to{[1 : i],[1 :
—11} (in situations (1) and (3)). We distinguish several cases:
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CASE 1. IT"H(CIZ,.(S) N H7(C)) = {[0 : 1]}. Then CI%;, (S)NH™(C) = {p :=TI([0 : 1])},s0it
is a singleton that belongs to H”: (R). As CI¢5;,,.(S), = T(cp? [o: 1]) the analytic set germ CI¢(;,,.(S),
is irreducible. Consequently, by Lemma 2.7, CI55,.(S) 1) N Rm is unbounded.

CASE 2. TI"L(CIZ5,(S)NH™(C)) = {[1 : 1],[1 : —i]} and TI([1 : i]) = TI([1 : —i]). Then,

CIES»(S) NHZ(C) = {p :=TI([1 : i])}, so it is a singleton that belongs to H” (R), because p =
(1 : i) = H(al([ :i])) = 0, (II([1 : i])) = 0,,(p). Observe that CIZE,.(S), = H(C[P’b:ij) U

zar

l'[(<[2[FD1 ) so the analytic set germ CIZp,,
con]ugated that is, cm(l'I(tC[P’1 )) = 1'[(01(0]3’1 )) = 1'I(C|]3’1 ) because IT is invariant. In

this case, II(RP!) = CIZ,, (S)(D C R™ (see §2. 1( )) 1s compact by Lemma 2.8.
CASE 3. H_l(Clzarm(S)ﬂHg(C)) ={[1:iL[1: —iltandq :=TI([1 : i) #II([1 : —i]) =g

Then CIZ;,.(S) NH”(C) = {q,q} and ¢,q & H"(R). Observe that Clﬁpfm(s)q = H(CPB:i]) and

lzarm (S)q 1'[(0:[I3>l .]) are irreducible and conjugated, because II is invariant, so

) p has exactly two irreducible components that are

0 (CEEL(S)g) = 0, (TP, ) = TI(oy(CPL ) = TI(CP,,_, ) = CEAL, (S);.

In this case, II(RP') = CIZF,.(S)q) € R™ (see §2.1(+)) is compact, because CIZ5, (S) N H” (R) =
a.

It remains to show for CASES 2 and 3 that S = CI;;,.(S)(1). We have already proved in both cases
that TI(RP!) = CIZL,.(S)) € R™ is compact, so CIZ,.(S) N R™ = CIZL, (S)q) U (CIEE,.(S) ) N
R™) is a compact set. As S = g(S!) C ClZpm(S) NR™ is a pure dimensional semialgebraic set of
dimension 1, we deduce S C CI5,.(S) ).

Denote Z := CI5,(S) N C™, which is an irreducible algebraic set of C" of dimension 1, and
let p : C™ — C? be an invariant generic projection such that Z’ := p(Z) c C? is an algebraic
curve and the restriction p|, : Z — Z’ is (surjective and) generically 1-1. To construct such a
projection use Finiteness of Noether’s normalization [24, Thm.1.5.19] and algebraicity of generic
projections [24, Lem.2.1.6, Thm.2.2.8]. As p|, is invariant and generically 1-1, only finitely many
points of Z \ R™ are mapped onto Z’ N R? (because conjugated points have conjugated images).
Thus, as Z N R™ = CIZ;,(S) NR™ is a compact set and (Z' N [RZ)(I) \ p(Z \ R™) is dense in the
pure dimensional semialgebraic set (Z’ N R?);), we deduce (Z' N R?);) C p(Z NR™) C Z' NR2.
Consequently, (Z' n Rz)(l) is a compact set, so Z’' N R? is a compact (real) algebraic set.

Consider the polynomial map pog : R*> - R? and let I' € C[z,z!] be a Laurent polyno-
mial such that T'(S!) = (pog)(S!) after identifying C with R? (see §3.3). We have I'(S!) =
(pog)(SY) C p(Z NR™) C Z' N R?, which is a compact set. By [25, Thm.2.1], the difference (Z’' N
R2) \ (pog)(Sh) is a finite set (maybe empty), so p(Z N R™) \ p(g(S)) is also a finite set (maybe
empty). As p|, is generically 1-1, we deduce that (Z N R™) \ g(S!) is a finite set, so (Z N R™)q) \
g(Sh) is a finite set. As S! is compact and (Z N R™)(y is pure dimensional of dimension 1, we
conclude: S = g(S') = (Z N R™)(y) = CIEL,.(S) ).

(ii) = (i) As ClZ m(S) is an invariant rational curve, there exists by Corollary 2.4 an invari-

ant normahza‘uonl‘[ =[I, : - : 1I,,] : CP! - Clzarm(S) which is a surjective regular map. In
particular, II(RP') = CIZ,,(S);) (see §2.1(+)). We distinguish three cases:

CaSE L. CIE,.(S)NHZ(C) = {p} is a singleton and the analytic set germ CI¢,(S), is
irreducible. Thus, we may assume

{Il, = 0} = I (CIZ%;,.(S) N HZ(C)) = {[0 : 1]}
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Consequently, II, = Atg for some d > 1 and some 1 € R \ {0} (recall that IT is invariant), so we
may assume A = 1. This means that the restriction

| : R=RP'\ {[0 : 1]} - CIA,.(S) N R™

is a polynomial map. As S is irreducible and one dimensional, S C CIZ,, Sy \ HZ(R) = TI(R)
(the last equality holds, because IT~'(CIZ:,(S) ) NHZ(R)) = {[0 : 1]}). As S is irreducible,
the one-dimensional component I of II7'(S) is by [10, Thm.3.15] connected, I C R (because
H‘l(ClﬁFfm (S)NHZ(C)) ={[0 : 1]}) and TI(I) = S. As S is compact and IT is proper, also I is com-
pact, so I is a compact interval. After an affine change of coordinates, we may assume I = [—1,1].
As I is a polynomial image of S', the same happens to S.

CASE 2. CIZ;,(S) N HZ(C) = {p} is a singleton that belongs to H” (R), the analytic set germ
CIERn(S), has exactly two irreducible components that are conjugated and S = CIg,,(S)y)-

CASE 3. CIE5,.(S) N HZ(C) = {q,q} (Where g, & H.(R)), both germs CIf(,,(S), and CIE,. (S)7
are irreducible and conjugated and S = CIZp,.(S) )

We prove both CASES 2 and 3 simultaneously. Recall that IT := [T, : -+ : II,,] : CP! —>

CIE,»(S) is an invariant normalization of CIZ;,.(S). Both in CASES 2 and 3 we may assume

{Iy = 0} = T (CIEL, (S) NHZ(C)) = {[1 = 1],[1 & —1]}.
AsIIisinvariant, we deduce I, := A(x, + ix;)P(xy — ix))P = A(Xé + x%)P forsomeinteger p > 1
and some 1 € R \ {0}, so we may assume 4 = 1. As all the components of IT are homogeneous

polynomials of the same degree, we deduce that such degree is 2p. In addition, by §2.1(«), we

have II(RP') = CIZ5,. (S)q) = S.

Consider the regular map
v {Xf+x§—xg =0} = CP, [x, 1 x; @ %] =[x : x,],
which is surjective, it is well defined and ¥(S') = RP!. Define
F:=[Fy: 1 F,]=To¥ : {x] + x] — x] = 0} > CP"

2p

and observe that F, = (x] + x5)P = X(Z)p on the set {x? + x3 — x? = 0}, 50 we may assume F;, = x .

AsS! = {xf + x% — X(Z) = 0,x, = 1}, the restriction map
fi=Flg :=[1:F :..:F,]:S'>R™
is the restriction of a polynomial map to S and f(S') = II(RP') = S, as required.
Remark 3.1. The invariant regular map F := (F,, F;) : CP! — CP! of (3.4) satisfies
ﬁo = i%(xo + ixl)kl — izzl(x0 — ixl)kl

= _ 2 . X .
Fp=3(x+ ix )k + S (xo — ixp)kr,
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We have F|gpi : IRIPi—» RPL, [x @ %] = [-S(A,(xo + ix)k) RA, (xp + ix;)k1)] and we

may assume that 4,1, = 1. We refer the reader to [27, Ch.VIIL§2] for the concept and main

properties of the topological degree of a continuous map f : S' — S'. Consider the regular

maps ¥ : S! - RP!, (x,y)~ [x : y], which has topological degree 2, ¢ : RP! — S!, [z, :
2 2

]+ §;+Zg , —tzztottlz) which has topological degree 1 (because it is a homeomorphism), and the

composiotioln

goFlgpop 1 S' o SL, (x,y) = x + 1y =1 z > 42225 = Px + 1)
= (m(/lf(xo + ix1)2k1), 3(/1%()50 + ixl)zkl),

which has topological degree 2k,. Consequently, F|yp1 : RP! — RP! has topological degree
k=1

Proof of Corollary 1.10. It is enough to apply Theorem 1.8 for m = 2 using the equivalence between
the restrictions to S! of Laurent polynomials in C[z,z~!] and polynomial maps R?> — R? already
seen in §3.3. |

Proof of Proposition 1.12. The implication (i) = (ii) is clear, so let us prove (ii) = (iii). Let k > 2
and let f : Rk*! — R™ be a polynomial map such that f(Sk) =S. Let F : CK*1 — C™ be the
(invariant) polynomial extension of f to C**1. Let Y :={x} + - +x}, —x; = 0} C CP**! be
the Zariski closure of S¥ in CP**!, which is a nonsingular complex projective algebraic set, and
letX := ClZdrm (S), which is irreducible, because S is by [10, (3.1)(iv)] an irreducible semialgebraic
set. As F is continuous for the Zariski topology, F is a polynomial map and F(S¥) = S, we deduce
F(Y nCK*1) ¢ X n C™. By Chevalley’s elimination theorem [28, Thm.(2.31)], F(Y n CK*1) is an
invariant constructible subset of X N C™. As S has (real) dimension 1, the intersection X n C™
has (complex) dimension 1. As X is irreducible, there exists an invariant (nonempty) finite set
E Cc CP™ such that X nH™(C) c Eand F(Y nCF*) =X \ E c c™.

Let H C R¥*! be any two-dimensional plane through the origin. Then, H N S¥ is a circle of
center the origin and radius 1 and there exists an affine isomorphism 7 : S' - H N SK. As F is
nonconstant (and for each pair of points of S¥, there exists a two-dimensional plane through
such points and the origin), there exists H such that f|y s : HN sk — S is nonconstant, so

= f(H n S¥) is a one-dimensional semialgebraic subset of S. As S and T are by [10, (3.1)(iv)]
1rreduc1ble both have dimension 1 and T C S, we deduce X = CIZ,.(S) = CIZ;, (T). As T is the
image of S! under g := fo7, we conclude by Theorem 1.8 that the Zariski closure X = CIg5nm (T)
is an invariant rational curve such that one of the following three cases hold:

(1) CIZE.(T) N HZ(C) = {p} is a singleton (which belongs to H”(R)) and the analytic set germ
Clgpm(T) p is irreducible.

2 Clzarm(T) NHT(C) = {p} is a singleton (which belongs to H”(R)), the analytic set germ
Clgpm(T), has exactly two irreducible components that are conjugated, and T = Cliz;,, (T)(y)-

3) Clzarm (T)NHZ(C) ={q,q} (where g,q & HZ(R)), the analytic set germs Cléa[;m (T), and

zar zar
pm pm 1)
Clgpm(T)g are irreducible and conjugated, and T' = Clgp, (T) )

Let us discard cases (2) and (3). In such cases, T C S C ClI55n(S)) = Clgpn(T)q) = T,s0T = S =

Cligem(S)q)y.
LetX :={x] +x;—x; =0} CCP?andletG : X --» Clzarm (T) be the regular extension of g to
X. Consider the parameterization ® : CP' — X, [t, : t;] = [t] + 3 : 2t%; : t7 —t7]and the
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composition P := Go® : CP! — CI%,,(S). Let IT : CP! — X be an invariant normalization of X

and let P : CP' — CP! be an invariant regular map such that P = IToP (see the beginning of the
proof of Theorem 1.8 for further details concerning the construction of the previous regular maps).
The restriction P|gp1 : RP! — RP! is either idpp1 and has topological degree 1 or Plgp1 # idgp:
and has by Remark 3.1 topological degree > 1.

By §2.1(+), we have II(RP') = CIZ,.(S)q) = S. As I : CP! — X is a proper finite map and
E # @ is invariant, we deduce that E’ := II"!(E) is also an invariant finite (nonempty) set and
Il : CP' \ E' - X \ E is proper, finite, and surjective. Thus, IT|cp1\pr : CP' \ E' = X \ E is the
normalization of X \ E. As Y n C**! is nonsingular, it is a normal affine complex algebraic set. By
the universal property of normalization [32, Ch.2.§5.Thm.5(ii), pag.130], there exists an invariant
regular map F* : Y N CK*! — CP! \ E’ such that F|ycir1 = H|cpr\groF". Let E : X > Y be a
regular extension of 77 : S' — S* and observe that [ToP = FoEo® = IToF*oEo® outside a finite
subset of CP!, so P = F*oEo® outside a finite subset of CP'. We have P|gp1 = F*|cc0no®|pp: :
RP! - S! - Sk — RP!. Fixa point ¢ € RP! and consider the induced chain of homomorphisms
between the homotopy groups (see [27, Ch.I1.§4] for further details)

(Plpp), = (F'lsr),0m,0(®|ppr), : 1 (RPY, ¢) = 7,(S, ®(c)) = m,(S% n(®(c))) = m,(RP', P(c)).

As ,(S%,7(®(c))) = 0, we deduce (P|gp1), = 0, which is a contradiction, because P|gp1 has
topological degree > 1, as we have explained above.

Consequently, only case (1) is possible and assertion (iii) holds.

We finally check (iii)) = (i). By Theorem 1.7, there exists a polynomial map ¢ : R - R such
that g([—1,1]) = S. The projection p : R? - R, (x,y,z) — x satisfies p(S?) = [—1, 1]. Thus, the
composition f := gop : R3 — R™ is a polynomial map such that (gop)(S?) = g([-1,1]) = S, as
required. O
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