© The Author(s), under exclusive licence
to Springer-Verlag GmbH Germany, part of
manuscripta math. (2026) 177:19 Springer Nature 2026

®

Check for
updates

E. Baro @ - José F. Fernando @ - J. M. Gamboa
Locally injective semialgebraic mappings
Received: 18 March 2025 / Accepted: 5 February 2026

Abstract. We characterize locally injective semialgebraic maps between two semialgebraic
sets in terms of the induced homomorphism between their rings of (continuous) semialge-
braic functions.
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1. Introduction

In this article we characterize locally injective semialgebraic maps 7 : M — N in
terms of some finiteness properties of the induced homomorphism ¢, : S(N) —
S(M), f +— f om between their rings of continuous semialgebraic functions
S(N) and S(M).

To lighten notations we denote Specs(M) := Spec (S(M)) the set of prime
ideals of S(M) endowed with the Zariski topology. Our previous articles [4,7-14]
and [15] are devoted to study the relationship between 7 and its spectral counterpart

Specs () : Specs(M) — Specs(N), p > @5 (p),

and this article is a new step in our attempt to understand this relationship.
A subset M C R™ is said to be basic semialgebraic if it can be written as

M:={xeR": f(x) =0, g1(x) >0,...,g/(x) >0}
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for some polynomials f, g1,..., g¢ € R[x1, ..., x;]. The finite unions of basic
semialgebraic sets are called semialgebraic sets. A continuous function f : M — R
is said to be semialgebraic if its graph is a semialgebraic subset of R"*!. Usually,
semialgebraic function just means a function, non necessarily continuous, whose
graph is semialgebraic. However, since all semialgebraic functions occurring in this
article are continuous we will omit for simplicity the continuity condition when we
refer to them. Likewise, a continuous mapping & : M — N between semialgebraic
sets whose graph is semialgebraic will be called, simply, a semialgebraic mapping.

The sum and product of functions, defined pointwise, endow the set S(M) of
semialgebraic functions on M with a natural structure of commutative ring whose
unity is the semialgebraic function 1,, with constant value 1. In fact S(M) is an
R-algebra, if we identify each real number » with the constant function which just
attains this value. The most simple examples of semialgebraic functions on M are
the restrictions to M of polynomials in n variables. Other relevant ones are the
absolute value of a semialgebraic function, the distance function to a given semi-
algebraic set, the maximum and the minimum of a finite family of semialgebraic
functions, the inverse and the k-root of a semialgebraic function whenever these
operations are well-defined.

Each semialgebraic map # : M — N induces an R-algebras homomorphism
or : S(N) > S(M), g — g o m, and in this work we characterize the local
injectivity of 7 in terms of finiteness conditions imposed to this homomorphism.

Note that each homomorphism ¢ : S(N) — S(M) of rings with unity is a
homomorphism of R-algebras. To prove this observe that ¢(1y) = 1y, so for
every point x € M we have ¢(1y)(x) = 1)(x) = 1. Hence the map ¢, : R —
R, r — ¢(r)(x) is a field homomorphism with ¢, (1) = 1. Therefore ¢, is the
identity, that is, ¢(r)(x) = r forevery x € M and r € R, thatis, ¢(r) =r.

In Section 2 we introduce the terminology employed along the paper, whereas
the relationship between finiteness conditions of 7 and ¢, are collected in Section
3. A semialgebraic map 7 : M — N is said to be locally injective if there
exists a family U := {U; : i € I} of open semialgebraic subsets of M such that
M = Uie, U; and each restriction 7|y, : U; — N is injective. We will see in
Remark 4.6 that in case ¢, is a finite homomorphism, then 7 is locally injective
and the family U/ above can be assumed to be finite. However, local injectivity does
not implies injectivity. For example, 7 : R — R2, t > (12 —1,1(t*> — 1)) is anon
injective but locally injective semialgebraic map.

The main result of the paper is Theorem 4.5, where we prove that if ¢, :
S(N) — S(M) is a finite homomorphism, then the maps

Specs () : Specs(M) — Specs(N) and w : M — N

are proper, separated, locally injective and their fibers are finite sets. As a con-
sequence we deduce in Corollary 4.7 that a semialgebraic map 7 : M — N
between compact semialgebraic sets M and N is locally injective if and only if
or * S(N) => S(M) is finite.

Next we characterize in Corollary 4.13 the fact that ¢; : S(N) — S(M) is
integral, and to finish we obtain in Theorem 4.14 a result of a similar natura to
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Corollary 4.7, where the finiteness of the homomorphism ¢, : S(N) — S(M) is
substituted by the surjectivity of the map 7 and the condition ¢, is simple.

2. Preliminaries

Let us fix some notations and recall some basic results concerning semialgebraic
sets and functions. For each f € S(M) and each semialgebraic subset N C M, we
denote

AN(f)={xeN: f(x) =0} & Dn(f):=N\2Zn(N).

In addition, if N C M we denote Inty;(N) and Cly, (N), respectively, the interior
and the closure of N in M.

Lemma 2.1. Let N be a closed semialgebraic subset of a semialgebraic set M.
(1) There exists a function f € S(M) such that N = Zp(f).
(2) The restriction homomorphism S(M) — S(N), f +— f|n is surjective.

Proof. (1) It suffices to choose f := dist(-, N).
(2) This was proved by Delfs and Knebusch in [6, Thm. 3]. |

For our purposes it is useful to know that S(M) is a Gelfand ring, that is, each
prime ideal in S(M) is contained in a unique maximal ideal. This was proved e.g.
by Carral-Coste [5, Prop. 2]. We provide in Proposition 2.3 a distinct and more
elementary result. First we need an auxiliary lemma.

Lemma 2.2. Let M be a semialgebraic set and let f,g € S(M) with Zy(g) C
Intpr(Zar(f)). Then, there exists h € S(M) with f = gh and Zy(f) C Zpy(h).

Proof. The open semialgebraic subsets U := M \ Zy;(g) and V := Intp (Zp(f))
of M cover M and f|yny = 0. Thus,

f&x) -
h:M—>R, x> {38® ifxel,
0 ifxeV,
is a semialgebraic function satisfying f = gh and Zy;(f) C 2y (h). O

Proposition 2.3. (1) Let M be a semialgebraic set and let ay, ap be two comaximal
ideals in S(M). Then, its intersection a; N ay does not contain any prime ideal in
S(M).

(2) S(M) is a Gelfand ring.

Proof. The second part follows from the first one because two distinct maximal
ideals are comaximal. For the first part suppose, by the way of contradiction, the
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existence of a prime ideal p in S(M) contained in a; and a;. Consider the semial-
gebraic functions

0 if|t]>2,

0 ifr=<1/3,
t+2if -2 <1t <—1,
G :R>R,t— & H:R—->R, t— {6r—2if2 <6t <3,
1 if-1<r<l,
1 ifr>1/2,
2—tifl <t <2,

and define G, € S(R) by G,(t) = G (¢t + 4). Notice that the product GG, =0
and define h :=5H — 4 € S(R).

The ideals a; and ap being comaximal, there exist f; € a; and f> € a, such
that 1 = f1 + f2. Let g1, g2 € S(M) be defined by

g1:=Giohofi & gr:=Gyoho fi,

whose product g1g2 = 0 € p because G1G, = 0. Since p is a prime ideal, either
g1 €Eporgy €p. Sincep C a; Nap we obtain g; € az or g» € a;. We will get
a contradiction by showing that both statements are false. To that end it suffices to
check that 1 — g1 € ap and 1 — g € ay. Thus it is enough to see that

l—gi € LSM) & 1—g € fiSM). 2.1
Let us check first that

Zm(f2) Clnty (Zy (1 —g1)) & Zy(f1) CIntpy(Zy(1 — g2)). (2.2)

To prove the first inclusion note that the open subset U := fl_l((l /2, +00)) of
M contains Z,7( f2). Hence, it suffices to show that U C Zy(1 — g1). Indeed,
for every x € U we have H(f1(x)) = 1, thus A(f1(x)) = 1, which implies
g1(x) =Gi(1) =1.

Analogously, V = fl_l((—oo, 1/3)) is an open neighbourhood in M of
Zy (f1),anditisenoughtocheckthat V C Zy(1—g2). But H( fi(x)) = Oforevery
point x € V, so h(fi(x)) = —4. Consequently g>(x) = G2(—4) = G1(0) = 1,
which proves (2.2). Therefore, by Lemma 2.2, there exist u, v € S(M) such that

Zm(l—g1) CZyu), Zm(l—g) CZp),
l—g1=fiue pSM) & 1—-g = five iIS(M),

which proves equalities (2.1). O

(2.4) Induced spectral morphisms Let 7 : M — N be a semialgebraic map. All
through this article we denote

¢r :S(N) > SWM), f— fom.
This ring homomorphism induces a continuous map

Specs () : Specs (M) — Specs(N), p > @5 ' (p)
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where both spaces are endowed with the Zariski topology. Denote respectively s M
and Bs N the subspaces of Specs(M) and Specg (V) consisting of the maximal ideals
of S(M) and S(N). Let ry : Specs(N) — BsN be the retraction that maps each
prime ideal in S(N) to the unique maximal ideal containing it. It is proved in [2,
Prop. 1.6.2] and [19, Thm. 1.2] that r is a closed and continuous retraction. Thus,
the composition

Bsm :=rn o Specs(7)|gm : BsM — BsN
is continuous too. Given a function f € S(M) we will denote

Zspecs (M) (f) 1 =1{p € Specs(M) : f € p} & Zg p(f) = Zspecym)(f) N BsM,
DSpecS(M)(f) i={p eSpecs(M): f¢p} & Dgpu(f):= DSpecs(M)(f) NBsM.

For each x € M consider the maximal ideal m, := {f € S(M) : f(x) = 0} of
S(M),and let 5 : M — BsM, x — m,. We study very detailed in [12, Prop.
4.7] the pair (BsM, j ), which is a Hausdorff compactification of M that we call
the semialgebraic Stone—Cech compactification of M. Since jy(N) and j (M)
are respectively dense in BN and s M, the map B¢ is the unique continuous map
making the following square commutative:

MC&,BSM

1w

N(J>,35N

The difference BsM \ j pr (M) is the remainder of the compactification (8sM, J pr).
To finish this preliminary section we recall some elementary notions concerning
finiteness of ring homomorphisms and fix some notations.

Definition 2.5. (1) Given two rings (commutative with unity) A and B, and a ring
homomorphism ¢ : A — B we consider in B the structure of A-algebra given by
the multiplication a - b := ¢(a)b foreverya € A and b € B.

(2) For every ideal a in A we will denote aB the smallest ideal of B containing
¢(a), without any explicit mention to the homomorphism ¢.

(3) Itis said that ¢ is finite, or that B is a finite A-algebra, if B is a finitely generated
A-module, that is, if there exist finitely many elements by, ..., b, € B such that
B =Aby +---+ Ab,.

(4) An element b € B is integral over A if there exists a monic polynomial
p(t) € A[t] such that p(b) = 0. If every element in B is integral over A then it is
said that B is an integral A-algebra, or that ¢ is an integral homomorphism.

(5) It is said that B is a finitely generated A-algebra if there are by,...,b, € B

such that B := A[by, ..., b,], where A[b1, ..., b,] is the image of the evaluation
homomorphism
A[t],...,tn] - B7 p(t]a"'ﬂtn) g p(bl,-‘-abn)

In the case n = 1, 1i.e. B = A[b] for some b € B, then it is said that ¢ is simple
and that B is a simple A-algebra.
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Recall (see e.g. [1, Cor. 5.2]), that B is a finite A-algebra if and only if B is an
integral and a finitely generated A-algebra.

Remark 2.6. Consider the following commutative square of ring homomorphisms
with unity,

Al —— =B

l |

Ay ———— = By

and suppose that the homomorphism B; — Bj is surjective. Then, it follows
straightforwardly from the definitions that if B is a finite (resp. integral, simple or
finitely generated) A;-algebra then B; is a finite (resp. integral, simple or finitely
generated) Aj-algebra.

3. Finiteness of semialgebraic homomorphisms

Proposition 3.1. Let M C R™ be a semialgebraic set and let 3 : R — S(M) be
the ring homomorphism that maps each real number r to the constant function

jr)y: M —-> R, x> r,

which endows S (M) with an structure of R-algebra. Then, the following conditions
are equivalent:

(1) M is a finite set.

(2) S(M) is afinite ( equiv. integral, simple, finitely generated, noetherian, artinian)
R-algebra.

Proof. (1) = (2) Suppose first that M := {py, ..., pr} is a finite set with k
elements. Then the topology in M is discrete, and S(M) = R is a finite R-
algebra. Thus it is also an integral and finitely generated R-algebra. In addition, R
is an artinian (and so noetherian) ring. Let us prove that it is a simple R-algebra.

Pick k different real numbers ay,...,ar and let f € S(M) be the function
defined by f(p;) = a; fori =1, ..., k. Let us check that S(M) = R[ f]. Indeed,
each function Mo (s )

.. — aj
fi = = e RIf]
[1)i(ai —aj)

satisfies f;(p;) = 1 and f;(p;) = 0if i # j. Thus, each function g € S(M)
satisfies

k
g=>Y g(p)fi € RIf],
i=1
and so S(M) = R[ f] is a simple R-algebra. This proves (1) = (2).
To prove (2) = (1) recall that the Krull dimension of S(M) coincides with
dim (M), see e.g. [17, Prop. 1.4] or [14, Thm. 1.1]. As S(M) is artinian then
dim(M) = dim(S(M)) = 0, and M is finite. |
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Corollary 3.2. Let 1 : M — N be a semialgebraic map and suppose that the
induced homomorphism ¢, : S(N) — S(M) is either finite, integral, finitely
generated, simple. Then, the fibers of w are finite sets.

Proof. Pick a point p € N and consider the fiber P := 7~ !(p), which is a
closed semialgebraic subset of M. By Lemma 2.1 the homomorphism S(M) —
S(P), f + flp is surjective. Consider the commutative square

S(N) — 2 = S(m)

L,

S{ph =R —2——=S(P)

where the vertical arrows are the restriction mappings and j transforms each real
number 7 into the constant function that only attains the value r. Applying Remark
2.6 it follows that S(P) is a finite R-algebra and, by Proposition 3.1, the fiber P is
finite. O

Corollary 3.3. Let 1 : M — N be a surjective semialgebraic map where N is
finite, and let ¢ : S(N) — S(M) be the induced homomorphism. Then, the
following conditions are equivalent:

(1) The set M is finite.

(2) The homomorphism ¢, is finite.
(3) The homomorphism @y is integral.
(4) The homomorphism ¢, is simple.

(5) The homomorphism ¢, is finitely generated.

Proof. Notice that R — S(N) — S(M). Thus, if M is finite it follows from
Proposition 3.1 that S(M) is a finite, integral, simple and finitely generated R-
algebra, so it is a finite, integral, simple and finitely generated S(N)-algebra. This
proves that condition (1) implies conditions (2), (3), (4) and (5).

Conversely, suppose that one among conditions (2), (3), (4) and (5) holds. Then,
by Corollary 3.2, the fibers of & are finite. Hence, N being finite, the same holds
for M. |

Proposition 3.4. Let 7 : M — N be a closed and surjective semialgebraic map.
Let Y be a closed semialgebraic subset of N and let us denote X = 7~ (Y).
Suppose that the map

Tlmx : M\ X —> N\Y
is injective. Then, the homomorphism ¢, : S(N) — S(M) is finite ( resp. integral,

finitely generated or simple) if and only if ¢ : S(Y) — S(X), g+ go (7w|x) is
finite ( integral, finitely generated or simple).
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Proof. The only if part follows at once from Remark 2.6 because we have a com-
mutative square

S(N) — 7~ S(M)

L,

SY)— " L S(x)

where the vertical arrows are the restriction homomorphisms, which are surjective

by Lemma 2.1 because X and Y are, respectively, closed subsets of M and N. For
the converse, denote

JX):={feSM): X CZmu(f)} & J¥):={geS(N):Y CZn(g)}
Claim. The equality ¢, (J(Y)) = J(X) holds.

Proof of the claim. Forg € J(Y)andx € X wehave(x) € Y and (¢, (g))(x) =
(g om)(x) = g(r(x)) = 0, which proves the inclusion ¢, (J(Y)) C J(X).
Conversely, let f € J(X) and define the function

g:N—->R, v~ f(u), whereu € n_l(v) is arbitrary.

Let us prove that g € S(V). To check that g is a well defined function it suffices to
see that for every point v € N the function f is constant on the (nonempty) fiber
7 (v). Incase v € N \ Y there is nothing to check because 7 '(v)isa singleton.
On the other hand, if v € Y and u € 7~ (v) c 7~ 1(¥Y) = X we have f(u) = 0.
To prove that g is continuous note that the triangle

M—=sN

N

is commutative. Thus, the preimage g~ (C) = 7 (f~!(C)) of a closed semialge-
braic subset C of R is a closed subset of N because f is continuous and 7 is a
closed semialgebraic map. To see that g is a semialgebraic function, and therefore
g € S(N), it suffices to check that its graph I'(g) is a semialgebraic subset of
N x R. Indeed, the mapping

p:M—> NxR, x = (7(x), f(x))

is semialgebraic and, since ¥ : M — N is surjective, I'(g) = p(M) is a semialge-
braic set.
Thus g € S(N) and, in fact, g € J(Y) because given y € Y there exists, since
7 is surjective, apoint x € X suchthaty = m(x),s0 g(y) = g(7w(x)) = f(x) =0.
Moreover, ¢, (g) = g o = f and the equality ¢, (J(Y)) = J(X) is proved.
Oclaim
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Suppose now that @, is a finite homomorphism and let us prove that ¢, is finite
too. Let g1, ..., g € S(X) be such that

SX)=8M)g1+---+S5X)gr.

The constant function G, : M — R, x > 1 belongs to S(M) and, by Lemma
2.1 (2), there exist Gy, ...,G, € S(M) with G;|x = g; for1 <i < r. Letus
check the equality

SM)=8(N)Gi + - +S(N)G, + S(N)Gr41.

Given F' € S(M) its restriction f := F|x € S(X). Thus, there exist iy, ..., h, €
S(Y) such that

f=0z(hgi+ -+ @x(hy)gr = (hiom|x)gr+ -+ (hy om|x)gr. (3.3)

For1 <i <rlet H; € S(N) with H;|y = h;. By (3.3) we have

F = (Hiom)G; € J(X).

i=1

Since we have proved that ¢, (7 (Y)) = J (X) there exists a function H,4+1 € J(Y)
with

,
F = (Hiom)G; = ¢z (Hr41) = Hyy1 0 = (Hrp1 07)Gryp1.
i=1

In other words,

r+1 r+l1
F = Z(H,- on)G; = Z%(Hi)c;,» € S(N)G 1+ +S(N)G, +S(N)Gry1.

i=1 i=1

Next, suppose that @, is a simple homomorphism and let us prove that ¢, enjoys
this property too.

Let f € S(X) such that S(X) = S(Y)[f] and let F € S(M) with F|x = f.
We will see that S(M) = S(N)[F].Foreach H € S(M) itsrestrictionh := H|x €
S(X). Hence, there exists a polynomial p € S(Y)[t] such that 7 = p(f). Write

n
p(t) := Zgit"_i, where g; € S(Y)
i=0
and, for 0 < i < n,let G; € S(N) with G;|ly = g;. As Z;':Og?n(g,-)f”_i =
p(f) = h we have

H=Y 0(GOF" " =H=Y (Giom)F" " € J(X) = ¢« (J(Y)).

i=0 i=0
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Therefore there exists G € J(Y) C S(N) such that

n
H =Y 0(G)F"" =1 (G).
i=0
Consequently, the polynomial P(t) := (G, +G) + Zl":_(} Git" " € S(N)[t] and
H = P(F).

Arguing analogously one proves that if ¢, is a finitely generated homomorphism
the same holds true for ¢;. So to finish it suffices to see that ¢, is an integral
homomorphism whenever @, is so. Given F € S(M) its restriction f := F|x is
integral over S(Y), that is, there exist g1, ..., g, € S(Y) such that

n
") G =0,
i=1
Forl <i <nletG; € S(N)suchthatG;|y = g;. Then F"+> |, o (GHF" ' €
J(X). Since J(X) = ¢ (T (Y)) there exists G € J(Y) C S(N) such that

F"+ Y ¢n (GOF"™ = ¢1(G).
i=1
Thus P(F) = 0, where
n—1 )
P(t) == t"+ Y Git" 4+ (G, — G) € S(N)[t]
i=1

is a monic polynomial, so F' is integral over S(N). O
Corollary 3.5. Let 1 : M — N be a surjective semialgebraic map such that

Y :={y € N : Card(w~1(y)) > 1} is a finite set. Then, the following statements
are equivalent:

(1) The set X := = (Y) is finite.

(2) The homomorphism ¢, is finite.

(3) The homomorphism ¢y, is integral.

(4) The homomorphism @5 is simple.

(5) The homomorphism ¢, is finitely generated.

Proof. Notice that Y being finite it is a closed semialgebraic subset of N and, by
its definition, the restriction

Tlmx : M\ X —> N\Y

is injective. It follows from Proposition 3.4 that the ring homomorphism ¢, is finite
(resp. integral, simple or finitely generated) if and only if the ring homomorphism

gr 1 SY) > S(X), g > go(mlx)

is finite (resp. integral, simple or finitely generated). Each one of these conditions
is equivalent, by Corollary 3.3, to the finiteness of X, as wanted. O
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Next we apply the results above to semialgebraic compactifications of locally
compact semialgebraic sets.

Definition 3.6. (1) A semialgebraic compactification of a semialgebraic set M is
a pair (X, j) where X is a compact semialgebraic set and j : M — X is a
semialgebraic homeomorphism onto its image j (M), which is a dense subset of
X. We denote 3*X := X \ j(M) the remainder of the compactification (X, j) of
M.

(2) Given two semialgebraic compactifications X1, j1) and (X3, j») of a semial-
gebraic set M, we say that (X2, j2) dominates (X1, j1), and we write (X1, j1) <
(X2, j2), if there exists a semialgebraic map 7 : Xo — X suchthat w0 jo» = 3.
Notice that 7 is surjective since its image is a compact subset of X that contains its
dense subset 7 (j2(M)) = j1(M). Moreover, the equality 7 o jo = j| determines
7 because for every point p € X5 there exists a sequence {x,} C M such that
p =lim, ,0{j2(xs)}, and

7(p) = lim {w(32()} = lim (31(x0)}.
Then S(X3) is an S(X1)-algebra with the structure endowed by the homomorphism
or :S(X1) > SX2), f— fom.

As 7 1(0*X ) = 0* X» by [12, Lemma 4.3], the semialgebraic mapping 7 |5+ x, :

9*X, — 0*X is surjective. Therefore, S(0*X7) is an S(3* X 1)-algebra with the
structure endowed by the homomorphism

3*@r : S(*X1) — S(0*X2), [ fo(mlyx,).

It was proved in [12, Cor. 4.14] that if M is a locally compact semialgebraic
set and (X, j) is a semialgebraic compactification of M then the residue 0*X is a
closed semialgebraic subset of X. Thus, the next Corollary 3.7 applies in this case.

Corollary 3.7. Let (X1, j1) and (X2, J2) be two semialgebraic compactifications
of a non compact semialgebraic set M such that (X, j2) dominates (X1, 1) and
0*X 1 is a closed subset of X|. Then, S(X») is a finite ( resp. integral, simple or
finitely generated ) S(X1)-algebra if and only if S(0* X») is a finite ( resp. integral,
simple or finitely generated) S(9*X1)- algebra.

Proof. Letm : X, — X be the unique semialgebraic map satisfying 7 o jo» = Ji.
As we have just remarked, 71 (8*X ) = 9* X». In addition, the restriction

Tl m-t@exy) P X2\ @ X)) = 32(M) —> X1\ 3" X1 = 31(M)

is injective because both j| and j, are injective mappings. Hence the result follows
from Proposition 3.4 o
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Corollary 3.8. Let (X1, j1) and (X2, J2) be two semialgebraic compactifications
of a semialgebraic set M such that (X2, j2) dominates (X1, 31).

(1) If S(X?7) is a finite, integral, simple or finitely generated S(X1)-algebra, then
the fibers of the unique semialgebraic map w : Xy — X1 such that w o jo = ji
are finite.

(2) Suppose that the union of the fibers of m with more than a point is a finite set.
Then S(X») is a finite and a simple S(X1)- algebra.

Proof. (1) This is a particular case of Corollary 3.2.

(2) Denote Y := {y € X : Card(x~'(y)) > 1}. By hypothesis 7 ~!(¥) is finite
and, since 7 is surjective, Y is finite too. Then, the conclusion follows at once from
Corollary 3.5. O

Corollary 3.9. Let (X1, j1) and (X2, 32) be two semialgebraic compactifications
of a semialgebraic set M such that (X», j2) dominates (X1, j1) and the remainder
0* X1 is a finite set. Then, the following conditions are equivalent:

(1) The remainder 9* X» is finite.

(2) S(X3) is a finite S(X1)-algebra.

(3) S(X») is integral over S(Xy).

(4) S(X3) is a finitely generated S(X1)-algebra.
(5) S(X3) is a simple S(X1)-algebra.

Proof. Let w : X, — X be the unique semialgebraic map such that 7 o j, =
j1. By [12, Lemma 4.3], 7 1(09*X)) = 9*X>, so Tlorx, : 0% Xy — 0% X isa
surjective semialgebraic mapping. Since 9* X is finite, and S(3* X») isan S(3* X 1)-
algebra with the structure endowed by the homomorphism

@z 1 S(3"X1) > S0 X2), f > fo(mlyx,).

the finiteness of 9*X» is equivalent, by Corollary 3.3 to any, and so all of the
following conditions:

i) The homomorphism 9%, is finite; ii) 0*¢, is integral; iii) 9*¢, is simple and
iv) 0% is finitely generated. To finish it suffices to apply Corollary 3.7 because
9* X1 being finite it is a closed subset of X. O

4. Locally injective semialgebraic mappings

Proposition4.1. Let 7 : M — N be a semialgebraic map such that the ring
homomorphism ¢, : S(N) — S(M) is integral. Then
(1) The spectral map

Specs () : Specs(M) — Specs(N)

is proper and separated, that is, each pair of points in the same fiber admit disjoint
open neighborhoods in Specg(M).



Locally injective semialgebraic mappings Page 13 of 26 19

(2) Specs (w) maps maximal ideals of S(M) into maximal ideals of S(N). Thus the
restriction

Bst := Specs(m)|gm : BsM — BN

is a well defined proper map and it is unique making commutative the square

M(%IBSM

A

N(i>,35N

(3) The map 7 is proper with finite fibers.

Proof. (1) Since ¢, is integral the spectral map Specs(r) is closed, by [1, Thm.
5.10]. In addition, it is proved in [24, 5.23.3] (see also [11, Lemma 3.8]), that its
fibers are compact.

Let us prove now that Spec (;r) is a separated map. Let ¢ be a prime ideal in

S(N) and let py, py be two distinct points in the fiber X := Specs(yr)_1 (q) over
q. We claim that it does not exist a prime ideal p € Spec, (M) contained in p; and
p>. Otherwise, by [7, 2.4.2], the set of prime ideals in S(M) containing p form a
chain, which is false because, by [1, Cor. 5.9], p; ¢ p2 and p> ¢ p;. Hence by [24,
5.23.7], there exist open disjoint neighborhoods Uj of p1 and U; of p; in Specs (M),
as claimed.
(2) Let (BsM, ji) and (BsN, j ) be, respectively, the semialgebraic Stone—Cech
compactifications of M and N. The closed map Specs(m) transforms the closed
points of Specs (M) into closed points of Specs(N). Thus, if ry : Specs(N) — BN
denotes the retraction that maps each prime ideal in S(N) to the unique maximal
ideal containing it, we have

Bsm = rn o Specs()|gm = Specs ()| gom -

Since BsM and BsN are compact and Hausdorff spaces Ssm is a proper map. Its
uniqueness making commutative the square in the statement follows at once from
).

(3) Let us prove that (Bsm) ™' (3n(N)) = 3u(M). The inclusion 3y (M) C
(Bsm) "' (FN(N)) is an straightforward consequence of the commutativity of
the square above. Conversely, given m € (Bsm) ' (3§ (N)) the maximal ideal
n:= B (m) liesin j§ (N), i.e., there exists a point y € N such thatn = m,. Thus
S(N)/n =R and, since n = ¢, L(m), we have an algebraic field extension

R=8(N)/n— S(M)/m,

because ¢, is an integral homomorphism. By [22, III.1] or [23, Thm. 5.12] S(M)
is a real closed ring, so the quotient S(M)/m is a real closed field and the equality
S(M)/m = R holds. This implies, by [12, Cor. 3.11], that there exists a point
x € M such that m = m, = jy(x) € Jy(M). Therefore,

Bs |5y - TM(M) — Fn(N)
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is a proper map too, and the same holds for
7 =3y 0BTl oim: M — N.
Finally, the finiteness of the fibers of & follows at once from Corollary 3.2. O

Remark 4.2. By cell decomposition, for every semialgebraic mapw : M — N
whose fibers are finite —as in Proposition 4.1- there exists an integer k > 0 such
that the fibers of ;v have, at most, k elements (see also [3, Thm. 9.3.2]).

The next examples show that local injectivity is somehow related to integral
extensions.

Examples 4.3. (1) Let 1 : M — N be a closed semialgebraic map. Suppose
that there exists a finite cover {M; : 1 < i < k} of M by closed semialgebraic
subsets such that each restriction |y, : M; — N is injective. Then the induced
homomorphism ¢, : S(N) — S(M) is integral.

Indeed, note that N; := mw(M;) is a closed semialgebraic subset of N, because
7 is a closed semialgebraic map, and 7|y, : M; — N; is a closed and continuous
semialgebraic bijection. Thus it is a semialgebraic homeomorphism. Consequently,
forevery f € S(M) thefunction g; := f|y, 0(7T|M,-)_1 : N; — Rissemialgebraic
and, since N; is a closed semialgebraic subset of N, there exists, by Lemma 2.1
(2), a semialgebraic extension G; : N — R of g;. Now, for each point x € M there
exists an index 1 < i < k such that x € M;; thus G;(w(x)) = gi(w(x)) = f(x),
and henceforth the equality

k
[[(f=Giomy=0
i=1

shows that f is integral over S(NV).

(2)Let M := (a, b) C Rbeanopeninterval, wherea € RU{—oco}andb € RU{oo},
and let ¥ : M — R be a non constant closed Nash function. Let 7’ : M — R
be its derivative, whose zeroset Zys(7’) is finite. Otherwise it would be an 1-
dimensional semialgebraic set, and so it should contain an open subset V of M.
By the Identity Principle 7’ = 0, i.e., 7 would be constant, and this is false. Let
Zym (") :=={ay, ..., as} and consider the closed subsets of M

My :=(a,a1]l, Mi:=lay,azl,...,Mp_1:=lae—1,ae] & M;:=]lag,b).

For 0 < i < /£ the restriction 7|y, is monotone, hence injective, and it follows
from (1) that the homomorphism ¢, : S(R) — S(M) is integral. This applies,
for instance, to non constant polynomial maps 7= : R — R, since they are closed
Nash maps. Notice that ¢, is not necessarily finitely generated. To check this
consider the Nash function 7 : M := R — R, r — t>. We have just proved that
or + SR) —> S(M) is integral. If, in addition, it were finitely generated, then
it would be finite and, by the next Theorem 4.5, the function & would be locally
injective at 0 € R, which is false.

(3) The Nash function 7 : R — R, t > «/1 + 2 — ¢ is not a closed map because

7(R) = (0, +00) is not a closed subset of R. Thus, by Proposition 4.1 (3), the
induced homomorphism ¢, is not integral.
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Before proving that finite homomorphisms between rings of semialgebraic func-
tions are induced by locally injective semialgebraic maps we formulate Nakayama’s
Lemma as we will need for our purposes.

Lemma 4.4. (Nakayama) Let (A, my) and (B, mp) be local rings and let  :
A — B be a finite homomorphism of local rings such that the homomorphism
W A/mg — B/y(my)B defined by (a+my) = ¥ (a)+¥ (ma)B is surjective.
Then, v is surjective too.

Proof. 1t suffices to prove that B = (my)B + im and apply [1, Cor. 2.7],
because my is the Jacobson radical of A. Given b € B there exists a € A such that
b+ y(my)B =y¥(a)+ ¢y (my)B,ie.,b— v(a) € Y(my)B, as wanted. |

We are ready to state and prove the main result of this work.

Theorem 4.5. Let 7 : M — N be a semialgebraic map such that the ring homo-
morphism ¢, : S(N) — S(M) is finite. Then the maps

Specs(m) : Specs(M) — Specs(N), Bsm : BsM — BN & mw: M — N
are proper, separated, locally injective and their fibers are finite sets.

Proof. Since ¢, is finite it is integral, and it follows from Proposition 4.1 (1),
that the map Specs(mw) : Specs(M) — Specs(N) is proper and separated. The
properness of 7 and Bgm has been proved in Proposition 4.1. In addition, since ¢,
is finite it follows from [1, Ex. 4, Ch. 8] that the fibers of Specs () are finite. Since
the fibers of m and Bgm are subsets of the fibers of Specs (), they are finite too. In
addition they are Hausdorff spaces since M and ;M are so.

To prove that Specs(), Bs7t and m are locally injective maps it suffices to
demonstrate the following:

(4.a). For every m € BsM there exists f € S(M) such that m € U :=
Dspecs(m) (f) and the restriction Specs()|y : U — Specs(N) is injective. Once
this is proved, every ideal p € Specs(M) is contained in a maximal ideal m of
S(M), so f ¢ p, that is, U is an open neighbourhood of p in Specs(M), which
proves that Spec(7r) is locally injective. In addition, also the maps

Bsm lungm = Specs(m)lunpm : UN BsM — BN & wlunm = Bswlunm : UNM — N

are injective, so both Sy and 7 are locally injective.
Let us prove (4.a). Denote n := Specs(7r)(m) € BsN, and let us show first that:

Claim. The induced homomorphism of local rings

Vi A:=8S(N)n = B:i=S(M)m, LN ﬁ"ﬂ(h)’
v @z (v)

is finite, i.e., B is a finitely generated A-module via .
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Proof of the Claim. Note that the canonical homomorphism p : S(M) —
S(M)m, h — h/1 is surjective. In fact, consider the ideal ker(p) of S(M),
which is clearly contained in m. Let us show that m is the unique maximal ideal
in S(M) that contains ker(p). Indeed, if m; # m is another maximal ideal
in S(M) such that ker(p) C my, and since SsM is a Hausdorff space, there
exist f, g € S(M) with m € Dspec ) (f) and my € Dspec,(m)(f) such that
2)Specs(M)(f) N DSpecS(M)(f) = &. Thus

Z’Specs(M)(fg) = Z'Specs(M)(f) ) Z'Specs(M)(g)
= (Specs(M) \ ®Specs(M) (f)) U (Specs(M) \ ‘DSpecs(M) (8)
= Specs(M) \ (DSpecs(M) (Hn DSpecs(M) (g)) = Specs(M),

which means that fg = 0 because S(M) is a reduced ring. Since f ¢ m this
implies that p(g) = 0, which is a contradiction because g ¢ m;.

In particular, if p : S(M) — S(M)/ker(p) denotes the natural projection,
then p(u) is a unit in S(M)/ ker(p) for every u € S(M) \ m. Therefore we can
define the homomorphism

I S(M)m — S(M)/ker(p) : £ > (f +ker(p)(u + ker(p)) ™",

which is an isomorphism whose inverse is defined as 2~ (f + ker(p)) = % This
shows that p is surjective and in fact S(M)/ ker(p) ~ S(M)y, is alocal ring whose
unique maximal ideal is m/ ker(p).

We are ready to prove that the homomorphism ¢ : A — B is finite. Consider
the multiplicatively closed set T := S(N) \ n. By [1, Cor. 3.4] the finiteness of ¢,

implies that the homomorphism

oz (h)

S(N)n = T7'S(N) — ¢ (T)"'S(M), B
@ (1)

is finite too. On the other hand, since p : S(M) — S(M)y, is surjective, the map

o= (8)

0 (T)'S(M) > S(M), £ >
v oz (V)

is a well defined and surjective homomorphism. Thus the homomorphism ¢ :
S(N)y — S(M)y, is finite since it is the composition of the finite homomorphism
S(N)n = ¢x(T)"'S(M) and the surjective homomorphism ¢, (T)~'S(M) —
S(M)m.

OClaim

Next we are going to prove that i is surjective. Let my := nA and mp =
mB be, respectively, the unique maximal ideals in the local rings A and B. Then
maB C mp, and we will prove right now that ./m4B = mp. To that end it
suffices to see that mp is the unique prime ideal of B that contains m4 B. Let p be
a prime ideal in B that contains m4 B. Then p C mp and, using [1, Cor. 5.9], to
prove that p = mp it is enough to see that both prime ideals lie over m4 via the
integral homomorphism . But my C ¥~ (¥ (m4)B) C ¥~ (p) and, since m is
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maximal, we have m4 = xp—l (p), whereas my = 1//_1 (mp) because n = (pgl (m).
Consequently,

m=mpNSM)=/muBNSM) C J/maBNSM)=+/nBNSM).
(4.4)

This implies m = v/nB N S(M) because m is maximal. We will show now that

m=nBNSM). 4.5)

To prove it note that, by the finiteness of ¢, there exist fi, ..., f; € S(M) such
that

SM) = fiS(N) +---+ frS(N). (4.6)

On the other hand the field homomorphism
¢:km)=S(N)/n—>k(m) :=SM)/m, g+ni—> (gomw)+m

is finite because ¢, is so. Thus « (m) is an algebraic extension of « (n) and both are
real closed fields, which implies that ¢ is surjective. Hence, for every 1 < j <r
thereexist g; € S(NV) suchthat f; +m = (gjom)+m,soh; 1= fj —(gjom) e m.

By equality (4.4) there exists a positive integern € Z suchthat " € nBNS(M)
for 1 < j < r. On the other hand, for each function f € S(M) there exist
£1,...,£, € S(N) such that

f=) " fi-Wom) = (hj+(gjom))-(Ljom) =D hj-(Ljom)+»  gjljom.
j=1 j=1

j=1 j=1
In other words,
SM)=hSWN)+---+hSN)+ hy41S(N), 4.7

where h, 1 = 1.
Let m > n(r 4+ 1) be an odd positive integer. We claim that A € nB N S(M)
for every h € m. To see this observe that there exist g1, ..., g,+1 € S(N) such that

.
h=2 hj-(gjom)+(gr10m),
Jj=1

hence

,
@n(q@ry1) =gry10m Zh_zhj “(gjom) em,
j=1

that is, g,4+1 € go;l(m) = n. Thus,

"t = (Zh, “(gjom)+(gr+1 on))m enBNS(M)
j=1
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because it is a sum whose summands contain either a factor h;j withr; > nora
power of g, 41 o 7.

We are ready to check equality (4.5), where the inclusion nB N S(M) C m
is evident. Conversely, let f € m. Since m is odd there exists &1 € S(M) such
that " = f € m. Thus & € m and, as we have just proved, this implies that
f=h"enBNS(M). Consequently mqy B = mp because

mpg=mB=0MBNS(M))B CnB=myB C mg.

Thus, the homomorphism v : A — B is surjective since it satisfies the hypothesis
in Nakayama’s Lemma 4.4; 1/ induces a surjective homomorphism

¢ ;:E; A/my =k(m) > B/myB = B/mB = k(m).

In this way we have a commutative square

S(N) — 2~ s(m)

o,

SNy —=SM)n

where ¢, is finite and ' is surjective. Let f1, ..., f, € S(M) satisfying equality
(4.6). As v is surjective there exist iy, ..., h, € S(N)and g1, ..., 8 € S(N)\n

such that, for1 <i <r,
hi oTr

f‘i_

Bl giom
Denote p; := h; - ]_[j#i gj € S(N). Then

,

pioT

g=[JeieSM\n & fi=".

i=1 gorm

Thus f := gonw € S(M) \ m and we claim that the homomorphism
uomw

fn

is surjective. Indeed, given ¢ € S(M) y there exist v € S(M) and a positive integer

~ u
Or : S(N)g — S(M) ¢, o —

k such that ¢ := # Write
v= filuyom)+- -+ fr(u, om),
for some uy, ..., u, € S(N). Then
(= ¥ _ Ximifiwiom) ¥l (piomwiomn)
1k 1k (g o )kt

Therefore,

¢ = Z;k# € S(N)g and (¢ =¢.
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Finally, U := Dspec,ar) (f) = Spec(S(M) ¢) is aneighbourhood of m in Specs (M)
and the map

Specs(m) |y = Spec(@y) : U — Spec(S(N)g) < Specs(N)
is injective, as claimed. O

Remark 4.6. 1t follows from the proof of the previous Theorem 4.5 that given a
semialgebraic map w : M — N such that the induced homomorphism ¢, :
S(N) — S(M) is finite, there exists a subset { f; : i € I} C S(M) such that

BsM = UDﬂsM(fi) & ﬂsﬂlDﬂSM(,ﬁ) : Dp.m(fi) — BsN isinjective for each i € [I.
iel
In addition we may assume that / is finite because Ss M is compact. Thus {Dy(f;) :

i € I} is a finite cover by open semialgebraic subsets of M and each restriction
T Dy Du(fi) = N is injective.

Corollary 4.7. Let M C R™ and N C R" be compact semialgebraic sets. Then,
a semialgebraic map @ : M — N is locally injective if and only if the induced
homomorphism ¢, : S(N) — S(M) is finite.

Proof. Suppose first that 7 is locally injective. For each point x € M there exists an
open ball B, C R™ centered at x such that the restriction 7 |c,,(B,) : Cly(Byx) —
N isinjective. As Cly (B, ) is compact this implies that 77 |y, (3 ) is a semialgebraic
homeomorphism onto its image 7 (Clys (B, )). Hence, the ring homomorphism

S@(Cly(Bx))) — SCly(Bx)), f> fom

is an isomorphism. In addition, the restriction homomorphism S(N) —
S (Clp(By))) is surjective by Lemma 2.1 (2). Therefore, the map

S(N) — S(Cly(By), f > flaly(Br) © Tlcly (B,

is surjective too. Since M is compact there exist finitely many points xi, ..., x, € M
such that M C |J;_; By,. For 1 < i < r the difference M \ By, is a closed
semialgebraic subset of M and, by Lemma 2.1 (1), there exists f; € S(M) with
M\ By, = Zp(fi). In fact, changing f; by fi2 we may assume that f; (x) > 0 for
every point x € M. This together with the inclusion M C (J;_, By, implies that
Zm(f) = @, where f := ) ;_, f;. Consequently each quotient g; := % e S(M)
and all reduces to prove the equality

S(M) =g1S(N) + - -+ + & S(N).

Givenh € S(M)and1 <i <r,its restrictionh|c1M(gxl_) € S(Cly (By,)) and there
exists #; € S(N) such that u; |ﬂ(ClM(gxi)) o ”|C1M(3x,-) = h|ClM(’BX,-)~ Therefore,

h-fi=fi-wjom) for 1 <i <r,
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which implies

h.fzh.Zfi=Zh-fi=Zfi-(uion’).
i=1 i=1 i=1

Dividing both members by f, that is a unit in S(M), and since % = g; we get

h=2<?>'(“i°”) => gi-wom) e gSN)

i=1 i=1

+---+ g SN).
The converse follows straightforwardly from Theorem 4.5. O

Examples 4.8. (1) Let S” C R™*! be the unit sphere and let P"(R) be the n-
dimensional real projective space. Both are compact real algebraic sets, hence
semialgebraic; for the case of the projective space see [3, Thm. 3.4.4], where it

is proved that P"(R) can be understood as a real algebraic subset of R". As the
canonical projection

7:S" = PY(R), x := (x0,..., %) — [x0:- - xn]

is a locally injective semialgebraic map the homomorphism ¢, : S(P"(R)) —
S(S™) is, by Corollary 4.7, finite. In particular it is integral and finitely generated.
However it is not simple. Otherwise there would exist 2 € S(§") such that S(S") =
S(P"(R))[]. By Borsuk-Ulam theorem, [20, Thm. 57.3] there exists a point p € S"
such that #(p) = h(—p). Consider the semialgebraic function

g:S" >R, x |lx—p|.

Then there exist a positive integer d and functions fy, ..., fz € S(P"(R)) such
that

g= (foom)+ (fiomh+ -+ (faom)h?.

Since 7(—p) = n(p) and g(—p) = 2|pll # 0 whereas g(p) = 0, we get a
contradiction:

d d
0#g(=p) =Y (fiom)(—=p)h'(—=p) =Y _(fi o m)(p)h'(p) = g(p) =0.
i=0 i=0

(@) Leti:=+—land7:C — R? z:=x+1iy+ (x,y). Fix a positive integer
n and consider the analytic map ¢ : C — C, z — z". The semialgebraic map

7TZ=‘L’O¢>0‘L'_1 ‘M :=R?>—> N :=R?

is not locally injective at the origin, and it follows from Theorem 4.5 that the
induced homomorphism ¢, : S(N) — S(M) is not finite. However ¢, is an
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integral homomorphism. To prove this, let f € S(M) and consider the elementary
symmetric forms in n variables

0i(X1, ..., %) 1= (= 1)/ Z Xiy o Xi; € L[x1, ... %),

I<ij<--<ij<n

For every pointz € N \ {(0,0)} let 7~ '(z) :={z1,...,2a) CM.For1 < j <n
define the function

Si(f): N\{©0,0)} = R, 2= 0;(f(zi)), ..., f(zi,)-

Since (S;(f)o7)|c\(o} : C\{0} — Cisalocally bounded analytic function, S; ( f)
admits, by [18, Cor. 12.3], a continuous extension that we also denote S (f) : N —
R. This function is semialgebraic, see the Appendix in [4]. Hence,

P(t):=t"+ ) S;(NHt"/ e S(N)I[t]
j=1

is a monic polynomial and P(f) = 0, or, more precisely,
n .
F1 43S o) 1T =0,
j=1
which proves that f is integral over S(N).

The previous Example 4.8 (2) leads us to look for a criterion that characterizes
that the homomorphism ¢, : S(N) — S(M) is integral, which we will do in
Corollary 4.13. But first we need to do some work.

Lemma 4.9. Let M C R™ be a semialgebraic set and let fi, ..., f, € S(M).
Consider the polynomial

p(t) = t"+ Y fit" 7 e S(M)[t],
j=1

and suppose that for each point x € M the polynomial

pr(t) 1= t" + ) fi(0)t"/ e Rlt]
j=1

splits in R[t] as a product of ( non necessarily distinct ) factors of degree 1. Then,
there exist g1, ..., g, € S(M) such that

n

p(t) = [ —g).

j=1
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Proof. For every point u := (uy,...,u,) € R" let ¢1(u), ..., ¢, (u) be the real
parts of the complex zeros of the polynomial

n
a(t) == t"+ Y u;t" I e Rlt]
j=1

listing each according to its multiplicity and indexed so that {1 (1) < --- < &, (u).
It was proved in the Appendix of [4] that each ; € S(R").

Now notice that, for every point x € M, the roots in C of the polynomial p, (t)
are the real numbers ¢;(f;(x)). Since py is a monic polynomial this means that

px(t) = H(t —¢j(fj(x))) forevery pointx € M.
j=l

Hence gj :=¢jo fj e SM)forl < j <nandp(t) = H}}:1(t - gj). O

Corollary 4.10. Let & : M — N be a semialgebraic map and let g € S(M) be
integral over S(N) via the induced homomorphism ¢, : S(N) — S(M). Then,
there exist anintegerk > Qandhy, ..., hy € S(N) such thatnl;zl(g—hjon) =0.

Proof. Since g is integral over S(N) there exist an integer k > O and f1, ..., fi €
S(N) such that

S+ (fiomg -+ (ficiomg+ (from) =0.

Consider the semialgebraic map

¢:N—RE ys (i), ..., ).

Then, with the notations in Lemma 4.9, g(x) € {¢;(¢(mw(x))) : 1 < j < k} for
each point x € M or, equivalently, the functions /; := ¢; o ¢ € S(IN) satisfy the
equality in the statement. O

Definition 4.11. Let M C R™ be a semialgebraic set. A subset F C S(M) sepa-
rates points of M if for each pair of distinct points p, g € M there exists a function

f € F suchthat f(p) # f(q)-

Proposition 4.12. Let 71 : M — N be a closed semialgebraic map. Suppose

that there exist f1, ..., fr € S(M) such that each f; is integral over S(N) via
o and S(N)[ f1, ..., fr] separates points of M. Then, there exists a finite cover
{My, ..., M,} by closed semialgebraic subsets of M such that each restriction

wlp; : M; — N is injective. In particular, ¢ is an integral homomorphism.

Proof. Notice that the last part is the immediate consequence of the first one and
Example 4.3 (1). To prove the first one notice that, by the previous Corollary 4.10,
for 1 <i < k there exist g;1, ..., gir; € S(N) such that

£
[[¢fi =gijom)=0.

j=1
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Denote h;j := f; — gijonm € S(M) and Z;; := Zpy(h;;) for 1 < i < k and
1 < j < ¢;. Each Z;; is a closed semialgebraic subset of M and, for fixed i, we
have M = Uf’:] Z,'j.

Let X be the set of all k-tuples J := (ji, ..., jx) with 1 < j; < ¢; and let

k k
hy =Y hi, € S(M) & My :=Zy(hy) =) Zu(hij).
i=1 i=1
Observe that for every point x € M and each index i with 1 < i < k there
exists an index j; with 1 < j; < {; such that x € Z;;,. Thus x € M,, where
J := (Jj1,--., jx)- In other words, the family {M; : J € X} is a finite cover by
closed semialgebraic subsets of M, and all reduces to check that each restriction
wlm,; + My — N is injective. Suppose, by the way of contradiction, that there
exist two distinct points p, g € M with 7(p) = n(q). Since S(N)[f1, ..., fx]
separates points there exists a polynomial
p(x1, ..., Xg) = Zui, ..... ikxivlll = S(N)[x1, ..., %kl

ik
such that the function
f=pfi,.... fi) = Z(’/lil,...,ik Oﬂ)fi]:i] ---fivik e S(M)
satisfies f(p) # f(q). But for each multiindex (i1, ..., ix) one has

(uil aaaaa ik O]T)(p) = Uiy, ..., ik(ﬂ(P)) = uil....,ik(n(q)) = (uil ,,,,, i 077)(61),

so there exists some index i with 1 < i < k such that f;(p) # fi(q). Since
D, q € Mjy we know that h;;; (p) = h;j;(g) = 0, that is,

Ji(p) = gij;, (m(p)) = gij; (7w(q)) = fi(q),
a contradiction. O

Corollary 4.13. Letw : M — N be a closed semialgebraic map. Then, the induced
homomorphism ¢ : S(N) — S(M) is integral if and only if there exists a finite
cover {M; : 1 < i < k} by closed semialgebraic subsets of M such that each
restriction |y, : M; — N is injective.

Proof. The “if part” follows straightforwardly from Example 4.3 (1). For the “only
if” part suppose that M C R™ and choose

fi:M—>R, x:=((x1,...,xp) —x;, fori=1,...,m.
AS f1,..., fm € S(M) and S(N)[ f1, ..., fx] separates points of M, the conclu-
sion follows from Proposition 4.12. O

We finish the paper with an application of Corollary 4.10. Namely, it will allow
us to determine the local injectivity of a semialgebraic map = : M — N between
compact semialgebraic sets under the weakest hypothesis that ¢, is simple (instead
of finite), provided that 7 is also surjective.
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Theorem 4.14. Let m : M — N be a surjective semialgebraic map between the
compact semialgebraic sets M and N such that the induced homomorphism ¢ :
S(N) — S(M) is simple. Then 7 is locally injective.

Proof. By Corollary 4.7 it is enough to prove that ¢, is finite. By the hypothesis
there exists a function g € S(M) such that S(M) = S(N)[g] and, using [1, Prop.
5.1], it suffices to see that g is integral over S(N). We may assume that g(x) > 0 for
every x € M. Indeed, since M is compact there exists 7 := min {g(x) : x € M},
and the function g — r + 1 is positive on M and S(N)[g] = S(N)[g —r + 1]. In
addition, using again the compactness of M, there exists € > 0 such that g(x) < &
for each x € M. Since Zy;(g) = & also the quotient L e s(M) = S(N)[gl, and
there exist an integer n > 0 and fy, ..., f;, € S(N) with

1
. (foor)+(fiom)g+ (from)g® + -+ (fum1 0om)g" ' + (fuom)g".

Dividing both members by g" we get

1 1\" 1 n—1 1 n—2
e =(f007T)(—> +(f10ﬂ)<—) +(f2077)<—>
8 8 8 8

1
+"'+(fn—l°77)<§>+(fn°”)'

Therefore L is integral over S(N) and, by Corollary 4.10, there exist g, ..., h, €
S(N) satistying
n 1
[T(5-#ior)=0.
j=0 8

Hence, for each x € M there exists j with 0 < j < n such that i (7 (x)) = (ﬁ.
: — o1 1 _
The function £; := max {h}, -} € S(N) has empty zeroset and o) = gx) <

B 8()
Consequently, g is integral over S(N), because

e. Thus hj(m(x)) > 1, thatis, £;((x)) = - or, equivalently, g(x) = W

n

H(g_éjlon)zo'

Jj=0 m|
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