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Abstract. We characterize locally injective semialgebraic maps between two semialgebraic
sets in terms of the induced homomorphism between their rings of (continuous) semialge-
braic functions.
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1. Introduction

In this article we characterize locally injective semialgebraic maps π : M → N in
terms of some finiteness properties of the induced homomorphism ϕπ : S(N ) →
S(M), f �→ f ◦ π between their rings of continuous semialgebraic functions
S(N ) and S(M).

To lighten notations we denote Specs(M) := Spec (S(M)) the set of prime
ideals of S(M) endowed with the Zariski topology. Our previous articles [4,7–14]
and [15] are devoted to study the relationship between π and its spectral counterpart

Specs(π) : Specs(M) → Specs(N ), p �→ ϕ−1
π (p),

and this article is a new step in our attempt to understand this relationship.
A subset M ⊂ R

m is said to be basic semialgebraic if it can be written as

M := {x ∈ R
m : f (x) = 0, g1(x) > 0, . . . , g�(x) > 0}
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for some polynomials f, g1, . . . , g� ∈ R[x1, . . . ,xm]. The finite unions of basic
semialgebraic sets are called semialgebraic sets. A continuous function f : M → R

is said to be semialgebraic if its graph is a semialgebraic subset of R
n+1. Usually,

semialgebraic function just means a function, non necessarily continuous, whose
graph is semialgebraic. However, since all semialgebraic functions occurring in this
article are continuous we will omit for simplicity the continuity condition when we
refer to them. Likewise, a continuous mapping π : M → N between semialgebraic
sets whose graph is semialgebraic will be called, simply, a semialgebraic mapping.

The sum and product of functions, defined pointwise, endow the set S(M) of
semialgebraic functions on M with a natural structure of commutative ring whose
unity is the semialgebraic function 1M with constant value 1. In fact S(M) is an
R-algebra, if we identify each real number r with the constant function which just
attains this value. The most simple examples of semialgebraic functions on M are
the restrictions to M of polynomials in n variables. Other relevant ones are the
absolute value of a semialgebraic function, the distance function to a given semi-
algebraic set, the maximum and the minimum of a finite family of semialgebraic
functions, the inverse and the k-root of a semialgebraic function whenever these
operations are well-defined.

Each semialgebraic map π : M → N induces an R-algebras homomorphism
ϕπ : S(N ) → S(M), g �→ g ◦ π , and in this work we characterize the local
injectivity of π in terms of finiteness conditions imposed to this homomorphism.

Note that each homomorphism ϕ : S(N ) → S(M) of rings with unity is a
homomorphism of R-algebras. To prove this observe that ϕ(1N ) = 1M , so for
every point x ∈ M we have ϕ(1N )(x) = 1M (x) = 1. Hence the map ϕx : R →
R, r �→ ϕ(r)(x) is a field homomorphism with ϕx (1) = 1. Therefore ϕx is the
identity, that is, ϕ(r)(x) = r for every x ∈ M and r ∈ R, that is, ϕ(r) = r .

In Section 2 we introduce the terminology employed along the paper, whereas
the relationship between finiteness conditions of π and ϕπ are collected in Section
3. A semialgebraic map π : M → N is said to be locally injective if there
exists a family U := {Ui : i ∈ I } of open semialgebraic subsets of M such that
M = ⋃

i∈I Ui and each restriction π |Ui : Ui → N is injective. We will see in
Remark 4.6 that in case ϕπ is a finite homomorphism, then π is locally injective
and the family U above can be assumed to be finite. However, local injectivity does
not implies injectivity. For example, π : R → R

2, t �→ (t2 − 1, t (t2 − 1)) is a non
injective but locally injective semialgebraic map.

The main result of the paper is Theorem 4.5, where we prove that if ϕπ :
S(N ) → S(M) is a finite homomorphism, then the maps

Specs(π) : Specs(M) → Specs(N ) and π : M → N

are proper, separated, locally injective and their fibers are finite sets. As a con-
sequence we deduce in Corollary 4.7 that a semialgebraic map π : M → N
between compact semialgebraic sets M and N is locally injective if and only if
ϕπ : S(N ) → S(M) is finite.

Next we characterize in Corollary 4.13 the fact that ϕπ : S(N ) → S(M) is
integral, and to finish we obtain in Theorem 4.14 a result of a similar natura to



Locally injective semialgebraic mappings Page 3 of 26    19 

Corollary 4.7, where the finiteness of the homomorphism ϕπ : S(N ) → S(M) is
substituted by the surjectivity of the map π and the condition ϕπ is simple.

2. Preliminaries

Let us fix some notations and recall some basic results concerning semialgebraic
sets and functions. For each f ∈ S(M) and each semialgebraic subset N ⊂ M , we
denote

ZN ( f ) := {x ∈ N : f (x) = 0} & DN ( f ) := N \ ZN ( f ).

In addition, if N ⊂ M we denote IntM (N ) and ClM (N ), respectively, the interior
and the closure of N in M .

Lemma 2.1. Let N be a closed semialgebraic subset of a semialgebraic set M.
(1) There exists a function f ∈ S(M) such that N = ZM ( f ).
(2) The restriction homomorphism S(M) → S(N ), f �→ f |N is surjective.

Proof. (1) It suffices to choose f := dist(·, N ).
(2) This was proved by Delfs and Knebusch in [6, Thm. 3]. ��

For our purposes it is useful to know that S(M) is a Gelfand ring, that is, each
prime ideal in S(M) is contained in a unique maximal ideal. This was proved e.g.
by Carral-Coste [5, Prop. 2]. We provide in Proposition 2.3 a distinct and more
elementary result. First we need an auxiliary lemma.

Lemma 2.2. Let M be a semialgebraic set and let f, g ∈ S(M) with ZM (g) ⊂
IntM (ZM ( f )). Then, there exists h ∈ S(M) with f = gh and ZM ( f ) ⊂ ZM (h).

Proof. The open semialgebraic subsets U := M \ZM (g) and V := IntM (ZM ( f ))

of M cover M and f |U∩V ≡ 0. Thus,

h : M → R, x �→
{

f (x)
g(x)

if x ∈ U ,

0 if x ∈ V ,

is a semialgebraic function satisfying f = gh and ZM ( f ) ⊂ ZM (h). ��

Proposition 2.3. (1) Let M be a semialgebraic set and let a1, a2 be two comaximal
ideals in S(M). Then, its intersection a1 ∩ a2 does not contain any prime ideal in
S(M).
(2) S(M) is a Gelfand ring.

Proof. The second part follows from the first one because two distinct maximal
ideals are comaximal. For the first part suppose, by the way of contradiction, the
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existence of a prime ideal p in S(M) contained in a1 and a2. Consider the semial-
gebraic functions

G1 : R → R, t �→

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0 if |t | ≥ 2,

t + 2 if −2 < t < −1,

1 if −1 ≤ t ≤ 1,

2 − t if 1 < t < 2,

& H : R → R, t �→

⎧
⎪⎪⎨

⎪⎪⎩

0 if t ≤ 1/3,

6t − 2 if 2 < 6t < 3,

1 if t ≥ 1/2,

and define G2 ∈ S(R) by G2(t) = G1(t + 4). Notice that the product G1G2 ≡ 0
and define h := 5H − 4 ∈ S(R).

The ideals a1 and a2 being comaximal, there exist f1 ∈ a1 and f2 ∈ a2 such
that 1 = f1 + f2. Let g1, g2 ∈ S(M) be defined by

g1 := G1 ◦ h ◦ f1 & g2 := G2 ◦ h ◦ f1,

whose product g1g2 = 0 ∈ p because G1G2 = 0. Since p is a prime ideal, either
g1 ∈ p or g2 ∈ p. Since p ⊂ a1 ∩ a2 we obtain g1 ∈ a2 or g2 ∈ a1. We will get
a contradiction by showing that both statements are false. To that end it suffices to
check that 1 − g1 ∈ a2 and 1 − g2 ∈ a1. Thus it is enough to see that

1 − g1 ∈ f2S(M) & 1 − g2 ∈ f1S(M). (2.1)

Let us check first that

ZM ( f2) ⊂ IntM (ZM (1 − g1)) & ZM ( f1) ⊂ IntM (ZM (1 − g2)). (2.2)

To prove the first inclusion note that the open subset U := f −1
1 ((1/2,+∞)) of

M contains ZM ( f2). Hence, it suffices to show that U ⊂ ZM (1 − g1). Indeed,
for every x ∈ U we have H( f1(x)) = 1, thus h( f1(x)) = 1, which implies
g1(x) = G1(1) = 1.

Analogously, V := f −1
1 ((−∞, 1/3)) is an open neighbourhood in M of

ZM ( f1), and it is enough to check that V ⊂ ZM (1−g2). But H( f1(x)) = 0 for every
point x ∈ V , so h( f1(x)) = −4. Consequently g2(x) = G2(−4) = G1(0) = 1,
which proves (2.2). Therefore, by Lemma 2.2, there exist u, v ∈ S(M) such that

ZM (1 − g1) ⊂ ZM (u), ZM (1 − g2) ⊂ ZM (v),

1 − g1 = f2u ∈ f2S(M) & 1 − g2 = f1v ∈ f1S(M),

which proves equalities (2.1). ��
(2.4) Induced spectral morphisms Let π : M → N be a semialgebraic map. All
through this article we denote

ϕπ : S(N ) → S(M), f �→ f ◦ π.

This ring homomorphism induces a continuous map

Specs(π) : Specs(M) → Specs(N ), p �→ ϕ−1
π (p)
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where both spaces are endowed with the Zariski topology. Denote respectively βs M
and βs N the subspaces of Specs(M) and Specs(N ) consisting of the maximal ideals
of S(M) and S(N ). Let rN : Specs(N ) → βs N be the retraction that maps each
prime ideal in S(N ) to the unique maximal ideal containing it. It is proved in [2,
Prop. 1.6.2] and [19, Thm. 1.2] that rN is a closed and continuous retraction. Thus,
the composition

βsπ := rN ◦ Specs(π)|βs M : βs M → βs N

is continuous too. Given a function f ∈ S(M) we will denote

ZSpecs(M)( f ) : = {p ∈ Specs(M) : f ∈ p} & Zβs M ( f ) := ZSpecs(M)( f ) ∩ βs M,

DSpecs(M)( f ) : = {p ∈ Specs(M) : f /∈ p} & Dβs M ( f ) := DSpecs(M)( f ) ∩ βs M.

For each x ∈ M consider the maximal ideal mx := { f ∈ S(M) : f (x) = 0} of
S(M), and let jM : M ↪→ βs M, x �→ mx . We study very detailed in [12, Prop.
4.7] the pair (βs M,jM ), which is a Hausdorff compactification of M that we call
the semialgebraic Stone–Čech compactification of M . Since jN (N ) and jM (M)

are respectively dense in βs N and βs M , the map βsπ is the unique continuous map
making the following square commutative:

M

π

jM
βs M

βsπ

N
jN

βs N

The difference βs M \jM (M) is the remainder of the compactification (βs M,jM ).
To finish this preliminary section we recall some elementary notions concerning

finiteness of ring homomorphisms and fix some notations.

Definition 2.5. (1) Given two rings (commutative with unity) A and B, and a ring
homomorphism ϕ : A → B we consider in B the structure of A-algebra given by
the multiplication a · b := ϕ(a)b for every a ∈ A and b ∈ B.
(2) For every ideal a in A we will denote aB the smallest ideal of B containing
ϕ(a), without any explicit mention to the homomorphism ϕ.
(3) It is said that ϕ is finite, or that B is a finite A-algebra, if B is a finitely generated
A-module, that is, if there exist finitely many elements b1, . . . , bn ∈ B such that
B = Ab1 + · · · + Abn .
(4) An element b ∈ B is integral over A if there exists a monic polynomial
p(t) ∈ A[t] such that p(b) = 0. If every element in B is integral over A then it is
said that B is an integral A-algebra, or that ϕ is an integral homomorphism.
(5) It is said that B is a finitely generated A-algebra if there are b1, . . . , bn ∈ B
such that B := A[b1, . . . , bn], where A[b1, . . . , bn] is the image of the evaluation
homomorphism

A[t1, . . . ,tn] → B, p(t1, . . . ,tn) �→ p(b1, . . . , bn)

In the case n = 1, i.e. B = A[b] for some b ∈ B, then it is said that ϕ is simple
and that B is a simple A-algebra.
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Recall (see e.g. [1, Cor. 5.2]), that B is a finite A-algebra if and only if B is an
integral and a finitely generated A-algebra.

Remark 2.6. Consider the following commutative square of ring homomorphisms
with unity,

A1 B1

A2 B2

and suppose that the homomorphism B1 → B2 is surjective. Then, it follows
straightforwardly from the definitions that if B1 is a finite (resp. integral, simple or
finitely generated) A1-algebra then B2 is a finite (resp. integral, simple or finitely
generated) A2-algebra.

3. Finiteness of semialgebraic homomorphisms

Proposition 3.1. Let M ⊂ R
m be a semialgebraic set and let j : R ↪→ S(M) be

the ring homomorphism that maps each real number r to the constant function

j(r) : M → R, x �→ r,

which endows S(M) with an structure of R-algebra. Then, the following conditions
are equivalent:
(1) M is a finite set.
(2)S(M) is a finite ( equiv. integral, simple, finitely generated, noetherian, artinian)
R-algebra.

Proof. (1) �⇒ (2) Suppose first that M := {p1, . . . , pk} is a finite set with k
elements. Then the topology in M is discrete, and S(M) = R

k is a finite R-
algebra. Thus it is also an integral and finitely generated R-algebra. In addition, R

k

is an artinian (and so noetherian) ring. Let us prove that it is a simple R-algebra.
Pick k different real numbers a1, . . . , ak and let f ∈ S(M) be the function

defined by f (pi ) = ai for i = 1, . . . , k. Let us check that S(M) = R[ f ]. Indeed,
each function

fi :=
∏

j �=i ( f − a j )
∏

j �=i (ai − a j )
∈ R[ f ]

satisfies fi (pi ) = 1 and fi (p j ) = 0 if i �= j . Thus, each function g ∈ S(M)

satisfies

g =
k∑

i=1

g(pi ) fi ∈ R[ f ],

and so S(M) = R[ f ] is a simple R-algebra. This proves (1) �⇒ (2).
To prove (2) �⇒ (1) recall that the Krull dimension of S(M) coincides with

dim (M), see e.g. [17, Prop. 1.4] or [14, Thm. 1.1]. As S(M) is artinian then
dim(M) = dim(S(M)) = 0, and M is finite. ��
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Corollary 3.2. Let π : M → N be a semialgebraic map and suppose that the
induced homomorphism ϕπ : S(N ) → S(M) is either finite, integral, finitely
generated, simple. Then, the fibers of π are finite sets.

Proof. Pick a point p ∈ N and consider the fiber P := π−1(p), which is a
closed semialgebraic subset of M . By Lemma 2.1 the homomorphism S(M) →
S(P), f �→ f |P is surjective. Consider the commutative square

S(N )
ϕπ S(M)

S({p}) = R
j S(P)

where the vertical arrows are the restriction mappings and j transforms each real
number r into the constant function that only attains the value r . Applying Remark
2.6 it follows that S(P) is a finite R-algebra and, by Proposition 3.1, the fiber P is
finite. ��

Corollary 3.3. Let π : M → N be a surjective semialgebraic map where N is
finite, and let ϕπ : S(N ) → S(M) be the induced homomorphism. Then, the
following conditions are equivalent:

(1) The set M is finite.

(2) The homomorphism ϕπ is finite.

(3) The homomorphism ϕπ is integral.

(4) The homomorphism ϕπ is simple.

(5) The homomorphism ϕπ is finitely generated.

Proof. Notice that R ↪→ S(N ) → S(M). Thus, if M is finite it follows from
Proposition 3.1 that S(M) is a finite, integral, simple and finitely generated R-
algebra, so it is a finite, integral, simple and finitely generated S(N )-algebra. This
proves that condition (1) implies conditions (2), (3), (4) and (5).

Conversely, suppose that one among conditions (2), (3), (4) and (5) holds. Then,
by Corollary 3.2, the fibers of π are finite. Hence, N being finite, the same holds
for M . ��

Proposition 3.4. Let π : M → N be a closed and surjective semialgebraic map.
Let Y be a closed semialgebraic subset of N and let us denote X := π−1(Y ).
Suppose that the map

π |M\X : M \ X → N \ Y

is injective. Then, the homomorphism ϕπ : S(N ) → S(M) is finite ( resp. integral,
finitely generated or simple) if and only if ϕ̃π : S(Y ) → S(X), g �→ g ◦ (π |X ) is
finite ( integral, finitely generated or simple).
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Proof. The only if part follows at once from Remark 2.6 because we have a com-
mutative square

S(N )
ϕπ S(M)

S(Y )
ϕ̃π S(X)

where the vertical arrows are the restriction homomorphisms, which are surjective
by Lemma 2.1 because X and Y are, respectively, closed subsets of M and N . For
the converse, denote

J (X) := { f ∈ S(M) : X ⊂ ZM ( f )} & J (Y ) := {g ∈ S(N ) : Y ⊂ ZN (g)}.
Claim. The equality ϕπ(J (Y )) = J (X) holds.

Proof of the claim. For g ∈ J (Y ) and x ∈ X we have π(x) ∈ Y and (ϕπ (g))(x) =
(g ◦ π)(x) = g(π(x)) = 0, which proves the inclusion ϕπ(J (Y )) ⊂ J (X).
Conversely, let f ∈ J (X) and define the function

g : N → R, v �→ f (u), where u ∈ π−1(v) is arbitrary.

Let us prove that g ∈ S(N ). To check that g is a well defined function it suffices to
see that for every point v ∈ N the function f is constant on the (nonempty) fiber
π−1(v). In case v ∈ N \ Y there is nothing to check because π−1(v) is a singleton.
On the other hand, if v ∈ Y and u ∈ π−1(v) ⊂ π−1(Y ) = X we have f (u) = 0.
To prove that g is continuous note that the triangle

M
π

f

N

g

R

is commutative. Thus, the preimage g−1(C) = π( f −1(C)) of a closed semialge-
braic subset C of R is a closed subset of N because f is continuous and π is a
closed semialgebraic map. To see that g is a semialgebraic function, and therefore
g ∈ S(N ), it suffices to check that its graph �(g) is a semialgebraic subset of
N × R. Indeed, the mapping

ρ : M → N × R, x �→ (π(x), f (x))

is semialgebraic and, since π : M → N is surjective, �(g) = ρ(M) is a semialge-
braic set.

Thus g ∈ S(N ) and, in fact, g ∈ J (Y ) because given y ∈ Y there exists, since
π is surjective, a point x ∈ X such that y = π(x), so g(y) = g(π(x)) = f (x) = 0.
Moreover, ϕπ(g) = g ◦ π = f and the equality ϕπ(J (Y )) = J (X) is proved.

��Claim
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Suppose now that ϕ̃π is a finite homomorphism and let us prove that ϕπ is finite
too. Let g1, . . . , gr ∈ S(X) be such that

S(X) = S(Y )g1 + · · · + S(Y )gr .

The constant function Gr+1 : M → R, x �→ 1 belongs to S(M) and, by Lemma
2.1 (2), there exist G1, . . . , Gr ∈ S(M) with Gi |X = gi for 1 ≤ i ≤ r . Let us
check the equality

S(M) = S(N )G1 + · · · + S(N )Gr + S(N )Gr+1.

Given F ∈ S(M) its restriction f := F |X ∈ S(X). Thus, there exist h1, . . . , hr ∈
S(Y ) such that

f = ϕ̃π (h1)g1 + · · · + ϕ̃π (hr )gr = (h1 ◦ π |X )g1 + · · · + (hr ◦ π |X )gr . (3.3)

For 1 ≤ i ≤ r let Hi ∈ S(N ) with Hi |Y = hi . By (3.3) we have

F −
r∑

i=1

(Hi ◦ π)Gi ∈ J (X).

Since we have proved that ϕπ(J (Y )) = J (X) there exists a function Hr+1 ∈ J (Y )

with

F −
r∑

i=1

(Hi ◦ π)Gi = ϕπ(Hr+1) = Hr+1 ◦ π = (Hr+1 ◦ π)Gr+1.

In other words,

F =
r+1∑

i=1

(Hi ◦ π)Gi =
r+1∑

i=1

ϕπ(Hi )Gi ∈ S(N )G1 + · · · + S(N )Gr + S(N )Gr+1.

Next, suppose that ϕ̃π is a simple homomorphism and let us prove that ϕπ enjoys
this property too.

Let f ∈ S(X) such that S(X) = S(Y )[ f ] and let F ∈ S(M) with F |X = f .
We will see thatS(M) = S(N )[F]. For each H ∈ S(M) its restriction h := H |X ∈
S(X). Hence, there exists a polynomial p ∈ S(Y )[t] such that h = p( f ). Write

p(t) :=
n∑

i=0

git
n−i , where gi ∈ S(Y )

and, for 0 ≤ i ≤ n, let Gi ∈ S(N ) with Gi |Y = gi . As
∑n

i=0 ϕ̃π (gi ) f n−i =
p( f ) = h we have

H −
n∑

i=0

ϕπ(Gi )Fn−i = H −
n∑

i=0

(Gi ◦ π)Fn−i ∈ J (X) = ϕπ(J (Y )).
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Therefore there exists G ∈ J (Y ) ⊂ S(N ) such that

H −
n∑

i=0

ϕπ(Gi )Fn−i = ϕπ(G).

Consequently, the polynomial P(t) := (Gn + G)+∑n−1
i=0 Gitn−i ∈ S(N )[t] and

H = P(F).
Arguing analogously one proves that if ϕ̃π is a finitely generated homomorphism

the same holds true for ϕπ . So to finish it suffices to see that ϕπ is an integral
homomorphism whenever ϕ̃π is so. Given F ∈ S(M) its restriction f := F |X is
integral over S(Y ), that is, there exist g1, . . . , gn ∈ S(Y ) such that

f n +
n∑

i=1

ϕ̃π (gi ) f n−i = 0.

For 1 ≤ i ≤ n let Gi ∈ S(N ) such that Gi |Y = gi . Then Fn+∑n
i=1 ϕπ(Gi )Fn−i ∈

J (X). Since J (X) = ϕπ(J (Y )) there exists G ∈ J (Y ) ⊂ S(N ) such that

Fn +
n∑

i=1

ϕπ(Gi )Fn−i = ϕπ(G).

Thus P(F) = 0, where

P(t) := tn +
n−1∑

i=1

Git
n−i + (Gn − G) ∈ S(N )[t]

is a monic polynomial, so F is integral over S(N ). ��
Corollary 3.5. Let π : M → N be a surjective semialgebraic map such that
Y := {y ∈ N : Card(π−1(y)) > 1} is a finite set. Then, the following statements
are equivalent:

(1) The set X := π−1(Y ) is finite.

(2) The homomorphism ϕπ is finite.

(3) The homomorphism ϕπ is integral.

(4) The homomorphism ϕπ is simple.

(5) The homomorphism ϕπ is finitely generated.

Proof. Notice that Y being finite it is a closed semialgebraic subset of N and, by
its definition, the restriction

π |M\X : M \ X → N \ Y

is injective. It follows from Proposition 3.4 that the ring homomorphism ϕπ is finite
(resp. integral, simple or finitely generated) if and only if the ring homomorphism

ϕ̃π : S(Y ) → S(X), g �→ g ◦ (π |X )

is finite (resp. integral, simple or finitely generated). Each one of these conditions
is equivalent, by Corollary 3.3, to the finiteness of X , as wanted. ��
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Next we apply the results above to semialgebraic compactifications of locally
compact semialgebraic sets.

Definition 3.6. (1) A semialgebraic compactification of a semialgebraic set M is
a pair (X,j) where X is a compact semialgebraic set and j : M → X is a
semialgebraic homeomorphism onto its image j(M), which is a dense subset of
X . We denote ∂∗ X := X \ j(M) the remainder of the compactification (X,j) of
M .

(2) Given two semialgebraic compactifications X1,j1) and (X2,j2) of a semial-
gebraic set M , we say that (X2,j2) dominates (X1,j1), and we write (X1,j1) �
(X2,j2), if there exists a semialgebraic map π : X2 → X1 such that π ◦j2 = j1.
Notice that π is surjective since its image is a compact subset of X1 that contains its
dense subset π(j2(M)) = j1(M). Moreover, the equality π ◦j2 = j1 determines
π because for every point p ∈ X2 there exists a sequence {xn} ⊂ M such that
p = limn→∞{j2(xn)}, and

π(p) = lim
n→∞{π(j2(xn))} = lim

n→∞{j1(xn)}.

ThenS(X2) is anS(X1)-algebra with the structure endowed by the homomorphism

ϕπ : S(X1) → S(X2), f �→ f ◦ π.

As π−1(∂∗ X1) = ∂∗ X2 by [12, Lemma 4.3], the semialgebraic mapping π |∂∗ X2 :
∂∗ X2 → ∂∗ X1 is surjective. Therefore, S(∂∗ X2) is an S(∂∗ X1)-algebra with the
structure endowed by the homomorphism

∂∗ϕπ : S(∂∗ X1) → S(∂∗ X2), f �→ f ◦ (π |∂∗ X2).

It was proved in [12, Cor. 4.14] that if M is a locally compact semialgebraic
set and (X,j) is a semialgebraic compactification of M then the residue ∂∗ X is a
closed semialgebraic subset of X . Thus, the next Corollary 3.7 applies in this case.

Corollary 3.7. Let (X1,j1) and (X2,j2) be two semialgebraic compactifications
of a non compact semialgebraic set M such that (X2,j2) dominates (X1,j1) and
∂∗ X1 is a closed subset of X1. Then, S(X2) is a finite ( resp. integral, simple or
finitely generated ) S(X1)-algebra if and only if S(∂∗ X2) is a finite ( resp. integral,
simple or finitely generated ) S(∂∗ X1)- algebra.

Proof. Let π : X2 → X1 be the unique semialgebraic map satisfying π ◦j2 = j1.
As we have just remarked, π−1(∂∗ X1) = ∂∗ X2. In addition, the restriction

π |X2\π−1(∂∗ X1)
: X2 \ π−1(∂∗ X1) = j2(M) → X1 \ ∂∗ X1 = j1(M)

is injective because both j1 and j2 are injective mappings. Hence the result follows
from Proposition 3.4 ��
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Corollary 3.8. Let (X1,j1) and (X2,j2) be two semialgebraic compactifications
of a semialgebraic set M such that (X2,j2) dominates (X1,j1).
(1) If S(X2) is a finite, integral, simple or finitely generated S(X1)-algebra, then
the fibers of the unique semialgebraic map π : X2 → X1 such that π ◦ j2 = j1
are finite.
(2) Suppose that the union of the fibers of π with more than a point is a finite set.
Then S(X2) is a finite and a simple S(X1)- algebra.

Proof. (1) This is a particular case of Corollary 3.2.
(2) Denote Y := {y ∈ X1 : Card(π−1(y)) > 1}. By hypothesis π−1(Y ) is finite
and, since π is surjective, Y is finite too. Then, the conclusion follows at once from
Corollary 3.5. ��
Corollary 3.9. Let (X1,j1) and (X2,j2) be two semialgebraic compactifications
of a semialgebraic set M such that (X2,j2) dominates (X1,j1) and the remainder
∂∗ X1 is a finite set. Then, the following conditions are equivalent:
(1) The remainder ∂∗ X2 is finite.

(2) S(X2) is a finite S(X1)-algebra.

(3) S(X2) is integral over S(X1).

(4) S(X2) is a finitely generated S(X1)-algebra.

(5) S(X2) is a simple S(X1)-algebra.

Proof. Let π : X2 → X1 be the unique semialgebraic map such that π ◦ j2 =
j1. By [12, Lemma 4.3], π−1(∂∗ X1) = ∂∗ X2, so π |∂∗ X2 : ∂∗ X2 → ∂∗ X1 is a
surjective semialgebraic mapping. Since ∂∗ X1 is finite, andS(∂∗ X2) is anS(∂∗X1)-
algebra with the structure endowed by the homomorphism

∂∗ϕπ : S(∂∗ X1) → S(∂∗ X2), f �→ f ◦ (π |∂∗ X2),

the finiteness of ∂∗ X2 is equivalent, by Corollary 3.3 to any, and so all of the
following conditions:

i) The homomorphism ∂∗ϕπ is finite; ii) ∂∗ϕπ is integral; iii) ∂∗ϕπ is simple and
iv) ∂∗ϕπ is finitely generated. To finish it suffices to apply Corollary 3.7 because
∂∗ X1 being finite it is a closed subset of X1. ��

4. Locally injective semialgebraic mappings

Proposition 4.1. Let π : M → N be a semialgebraic map such that the ring
homomorphism ϕπ : S(N ) → S(M) is integral. Then
(1) The spectral map

Specs(π) : Specs(M) → Specs(N )

is proper and separated, that is, each pair of points in the same fiber admit disjoint
open neighborhoods in Specs(M).
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(2) Specs(π) maps maximal ideals of S(M) into maximal ideals of S(N ). Thus the
restriction

βsπ := Specs(π)|βs M : βs M → βs N

is a well defined proper map and it is unique making commutative the square

M

π

jM
βs M

βsπ

N
jN

βs N

(3) The map π is proper with finite fibers.

Proof. (1) Since ϕπ is integral the spectral map Specs(π) is closed, by [1, Thm.
5.10]. In addition, it is proved in [24, 5.23.3] (see also [11, Lemma 3.8]), that its
fibers are compact.

Let us prove now that Specs(π) is a separated map. Let q be a prime ideal in
S(N ) and let p1, p2 be two distinct points in the fiber X := Specs(π)−1(q) over
q. We claim that it does not exist a prime ideal p ∈ Specs(M) contained in p1 and
p2. Otherwise, by [7, 2.4.2], the set of prime ideals in S(M) containing p form a
chain, which is false because, by [1, Cor. 5.9], p1 �⊂ p2 and p2 �⊂ p1. Hence by [24,
5.23.7], there exist open disjoint neighborhoods U1 of p1 and U2 of p2 in Specs(M),
as claimed.
(2) Let (βs M,jM ) and (βs N ,jN ) be, respectively, the semialgebraic Stone–Čech
compactifications of M and N . The closed map Specs(π) transforms the closed
points of Specs(M) into closed points of Specs(N ). Thus, ifrN : Specs(N ) → βs N
denotes the retraction that maps each prime ideal in S(N ) to the unique maximal
ideal containing it, we have

βsπ = rN ◦ Specs(π)|βs M = Specs(π)|βs M .

Since βs M and βs N are compact and Hausdorff spaces βsπ is a proper map. Its
uniqueness making commutative the square in the statement follows at once from
(2).
(3) Let us prove that (βsπ)−1(jN (N )) = jM (M). The inclusion jM (M) ⊂
(βsπ)−1(jN (N )) is an straightforward consequence of the commutativity of
the square above. Conversely, given m ∈ (βsπ)−1(jN (N )) the maximal ideal
n := βsπ(m) lies in jN (N ), i.e., there exists a point y ∈ N such that n = my . Thus
S(N )/n = R and, since n = ϕ−1

π (m), we have an algebraic field extension

R = S(N )/n ↪→ S(M)/m,

because ϕπ is an integral homomorphism. By [22, III.1] or [23, Thm. 5.12] S(M)

is a real closed ring, so the quotient S(M)/m is a real closed field and the equality
S(M)/m = R holds. This implies, by [12, Cor. 3.11], that there exists a point
x ∈ M such that m = mx = jM (x) ∈ jM (M). Therefore,

βsπ |jM (M) : jM (M) → jN (N )



   19 Page 14 of 26 E. Baro et al.

is a proper map too, and the same holds for

π = j−1
N ◦ βsπ |jM (M) ◦ jM : M → N .

Finally, the finiteness of the fibers of π follows at once from Corollary 3.2. ��
Remark 4.2. By cell decomposition, for every semialgebraic map π : M → N
whose fibers are finite –as in Proposition 4.1– there exists an integer k > 0 such
that the fibers of π have, at most, k elements (see also [3, Thm. 9.3.2]).

The next examples show that local injectivity is somehow related to integral
extensions.

Examples 4.3. (1) Let π : M → N be a closed semialgebraic map. Suppose
that there exists a finite cover {Mi : 1 ≤ i ≤ k} of M by closed semialgebraic
subsets such that each restriction π |Mi : Mi → N is injective. Then the induced
homomorphism ϕπ : S(N ) → S(M) is integral.

Indeed, note that Ni := π(Mi ) is a closed semialgebraic subset of N , because
π is a closed semialgebraic map, and π |Mi : Mi → Ni is a closed and continuous
semialgebraic bijection. Thus it is a semialgebraic homeomorphism. Consequently,
for every f ∈ S(M) the function gi := f |Mi ◦(π |Mi )

−1 : Ni → R is semialgebraic
and, since Ni is a closed semialgebraic subset of N , there exists, by Lemma 2.1
(2), a semialgebraic extension Gi : N → R of gi . Now, for each point x ∈ M there
exists an index 1 ≤ i ≤ k such that x ∈ Mi ; thus Gi (π(x)) = gi (π(x)) = f (x),
and henceforth the equality

k∏

i=1

( f − Gi ◦ π) = 0

shows that f is integral over S(N ).
(2) Let M := (a, b) ⊂ R be an open interval, where a ∈ R∪{−∞} and b ∈ R∪{∞},
and let π : M → R be a non constant closed Nash function. Let π ′ : M → R

be its derivative, whose zeroset ZM (π ′) is finite. Otherwise it would be an 1-
dimensional semialgebraic set, and so it should contain an open subset V of M .
By the Identity Principle π ′ ≡ 0, i.e., π would be constant, and this is false. Let
ZM (π ′) := {a1, . . . , a�} and consider the closed subsets of M

M0 := (a, a1], M1 := [a1, a2], . . . , M�−1 := [a�−1, a�] & M� := [a�, b).

For 0 ≤ i ≤ � the restriction π |Mi is monotone, hence injective, and it follows
from (1) that the homomorphism ϕπ : S(R) → S(M) is integral. This applies,
for instance, to non constant polynomial maps π : R → R, since they are closed
Nash maps. Notice that ϕπ is not necessarily finitely generated. To check this
consider the Nash function π : M := R → R, t �→ t2. We have just proved that
ϕπ : S(R) → S(M) is integral. If, in addition, it were finitely generated, then
it would be finite and, by the next Theorem 4.5, the function π would be locally
injective at 0 ∈ R, which is false.

(3) The Nash function π : R → R, t �→ √
1 + t2 − t is not a closed map because

π(R) = (0,+∞) is not a closed subset of R. Thus, by Proposition 4.1 (3), the
induced homomorphism ϕπ is not integral.
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Before proving that finite homomorphisms between rings of semialgebraic func-
tions are induced by locally injective semialgebraic maps we formulate Nakayama’s
Lemma as we will need for our purposes.

Lemma 4.4. (Nakayama) Let (A,mA) and (B,mB) be local rings and let ψ :
A → B be a finite homomorphism of local rings such that the homomorphism
ψ : A/mA → B/ψ(mA)B defined by ψ(a+mA) = ψ(a)+ψ(mA)B is surjective.
Then, ψ is surjective too.

Proof. It suffices to prove that B = ψ(mA)B + im ψ and apply [1, Cor. 2.7],
because mA is the Jacobson radical of A. Given b ∈ B there exists a ∈ A such that
b + ψ(mA)B = ψ(a) + ψ(mA)B, i.e., b − ψ(a) ∈ ψ(mA)B, as wanted. ��

We are ready to state and prove the main result of this work.

Theorem 4.5. Let π : M → N be a semialgebraic map such that the ring homo-
morphism ϕπ : S(N ) → S(M) is finite. Then the maps

Specs(π) : Specs(M) → Specs(N ), βsπ : βs M → βs N & π : M → N

are proper, separated, locally injective and their fibers are finite sets.

Proof. Since ϕπ is finite it is integral, and it follows from Proposition 4.1 (1),
that the map Specs(π) : Specs(M) → Specs(N ) is proper and separated. The
properness of π and βsπ has been proved in Proposition 4.1. In addition, since ϕπ

is finite it follows from [1, Ex. 4, Ch. 8] that the fibers of Specs(π) are finite. Since
the fibers of π and βsπ are subsets of the fibers of Specs(π), they are finite too. In
addition they are Hausdorff spaces since M and βs M are so.

To prove that Specs(π), βsπ and π are locally injective maps it suffices to
demonstrate the following:

(4.a). For every m ∈ βs M there exists f ∈ S(M) such that m ∈ U :=
DSpecs(M)( f ) and the restriction Specs(π)|U : U → Specs(N ) is injective. Once
this is proved, every ideal p ∈ Specs(M) is contained in a maximal ideal m of
S(M), so f /∈ p, that is, U is an open neighbourhood of p in Specs(M), which
proves that Specs(π) is locally injective. In addition, also the maps

βsπ |U∩βs M = Specs(π)|U∩βs M : U ∩ βs M → βs N & π |U∩M = βsπ |U∩M : U ∩ M → N

are injective, so both βsπ and π are locally injective.
Let us prove (4.a). Denote n := Specs(π)(m) ∈ βs N , and let us show first that:

Claim. The induced homomorphism of local rings

ψ : A := S(N )n → B := S(M)m,
h

v
�→ ϕπ(h)

ϕπ (v)
,

is finite, i.e., B is a finitely generated A-module via ψ .



   19 Page 16 of 26 E. Baro et al.

Proof of the Claim. Note that the canonical homomorphism ρ : S(M) →
S(M)m, h �→ h/1 is surjective. In fact, consider the ideal ker(ρ) of S(M),
which is clearly contained in m. Let us show that m is the unique maximal ideal
in S(M) that contains ker(ρ). Indeed, if m1 �= m is another maximal ideal
in S(M) such that ker(ρ) ⊂ m1, and since βs M is a Hausdorff space, there
exist f, g ∈ S(M) with m ∈ DSpecs(M)( f ) and m1 ∈ DSpecs(M)( f ) such that
DSpecs(M)( f ) ∩ DSpecs(M)( f ) = ∅. Thus

ZSpecs(M)( f g) = ZSpecs(M)( f ) ∪ ZSpecs(M)(g)

= (Specs(M) \ DSpecs(M)( f )) ∪ (Specs(M) \ DSpecs(M)(g))

= Specs(M) \ (DSpecs(M)( f ) ∩ DSpecs(M)(g)) = Specs(M),

which means that f g = 0 because S(M) is a reduced ring. Since f /∈ m this
implies that ρ(g) = 0, which is a contradiction because g /∈ m1.

In particular, if p : S(M) → S(M)/ ker(ρ) denotes the natural projection,
then p(u) is a unit in S(M)/ ker(ρ) for every u ∈ S(M) \ m. Therefore we can
define the homomorphism

h : S(M)m → S(M)/ ker(ρ) : f
u �→ ( f + ker(ρ)(u + ker(ρ))−1,

which is an isomorphism whose inverse is defined as h−1( f + ker(ρ)) = f
1 . This

shows that ρ is surjective and in fact S(M)/ ker(ρ) � S(M)m is a local ring whose
unique maximal ideal is m/ ker(ρ).

We are ready to prove that the homomorphism ψ : A → B is finite. Consider
the multiplicatively closed set T := S(N ) \ n. By [1, Cor. 3.4] the finiteness of ϕπ

implies that the homomorphism

S(N )n = T −1S(N ) → ϕπ(T )−1S(M),
h

t
�→ ϕπ(h)

ϕπ (t)

is finite too. On the other hand, since ρ : S(M) → S(M)m is surjective, the map

ϕπ(T )−1S(M) → S(M)m,
g

v
�→ ϕπ(g)

ϕπ (v)

is a well defined and surjective homomorphism. Thus the homomorphism ψ :
S(N )n → S(M)m is finite since it is the composition of the finite homomorphism
S(N )n → ϕπ(T )−1S(M) and the surjective homomorphism ϕπ(T )−1S(M) →
S(M)m.

��Claim

Next we are going to prove that ψ is surjective. Let mA := nA and mB :=
mB be, respectively, the unique maximal ideals in the local rings A and B. Then
mA B ⊂ mB , and we will prove right now that

√
mA B = mB . To that end it

suffices to see that mB is the unique prime ideal of B that contains mA B. Let p be
a prime ideal in B that contains mA B. Then p ⊂ mB and, using [1, Cor. 5.9], to
prove that p = mB it is enough to see that both prime ideals lie over mA via the
integral homomorphism ψ . But mA ⊂ ψ−1(ψ(mA)B) ⊂ ψ−1(p) and, since mA is
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maximal, we have mA = ψ−1(p), whereas mA = ψ−1(mB) because n = ϕ−1
π (m).

Consequently,

m = mB ∩ S(M) = √
mA B ∩ S(M) ⊂ √

mA B ∩ S(M) = √
nB ∩ S(M).

(4.4)

This implies m = √
nB ∩ S(M) because m is maximal. We will show now that

m = nB ∩ S(M). (4.5)

To prove it note that, by the finiteness of ϕπ , there exist f1, . . . , fr ∈ S(M) such
that

S(M) = f1S(N ) + · · · + frS(N ). (4.6)

On the other hand the field homomorphism

φ : κ(n) := S(N )/n → κ(m) := S(M)/m, g + n �→ (g ◦ π) + m

is finite because ϕπ is so. Thus κ(m) is an algebraic extension of κ(n) and both are
real closed fields, which implies that φ is surjective. Hence, for every 1 ≤ j ≤ r
there exist g j ∈ S(N ) such that f j +m = (g j ◦π)+m, so h j := f j −(g j ◦π) ∈ m.

By equality (4.4) there exists a positive integer n ∈ Z such that hn
j ∈ nB∩S(M)

for 1 ≤ j ≤ r . On the other hand, for each function f ∈ S(M) there exist
�1, . . . , �r ∈ S(N ) such that

f =
r∑

j=1

f j ·(� j ◦π) =
r∑

j=1

(h j +(g j ◦π))·(� j ◦π) =
r∑

j=1

h j ·(� j ◦π)+
r∑

j=1

g j� j ◦π.

In other words,

S(M) = h1S(N ) + · · · + hrS(N ) + hr+1S(N ), (4.7)

where hr+1 = 1M .
Let m > n(r + 1) be an odd positive integer. We claim that hm ∈ nB ∩ S(M)

for every h ∈ m. To see this observe that there exist q1, . . . , qr+1 ∈ S(N ) such that

h =
r∑

j=1

h j · (q j ◦ π) + (qr+1 ◦ π),

hence

ϕπ(qr+1) = qr+1 ◦ π = h −
r∑

j=1

h j · (q j ◦ π) ∈ m,

that is, qr+1 ∈ ϕ−1
π (m) = n. Thus,

hm =
( r∑

j=1

h j · (q j ◦ π) + (qr+1 ◦ π)
)m ∈ nB ∩ S(M)
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because it is a sum whose summands contain either a factor h
r j
j with r j ≥ n or a

power of qr+1 ◦ π .
We are ready to check equality (4.5), where the inclusion nB ∩ S(M) ⊂ m

is evident. Conversely, let f ∈ m. Since m is odd there exists h ∈ S(M) such
that hm = f ∈ m. Thus h ∈ m and, as we have just proved, this implies that
f = hm ∈ nB ∩ S(M). Consequently mA B = mB because

mB = mB = (nB ∩ S(M))B ⊂ nB = mA B ⊂ mB .

Thus, the homomorphism ψ : A → B is surjective since it satisfies the hypothesis
in Nakayama’s Lemma 4.4; ψ induces a surjective homomorphism

φ := ψ : A/mA = κ(n) → B/mA B = B/mB = κ(m).

In this way we have a commutative square

S(N )
ϕπ S(M)

S(N )n
ψ S(M)m

where ϕπ is finite and ψ is surjective. Let f1, . . . , fr ∈ S(M) satisfying equality
(4.6). As ψ is surjective there exist h1, . . . , hr ∈ S(N ) and g1, . . . , gr ∈ S(N ) \ n
such that, for 1 ≤ i ≤ r ,

fi = hi ◦ π

gi ◦ π
.

Denote pi := hi · ∏
j �=i g j ∈ S(N ). Then

g :=
r∏

i=1

gi ∈ S(N ) \ n & fi = pi ◦ π

g ◦ π
.

Thus f := g ◦ π ∈ S(M) \ m and we claim that the homomorphism

ϕ̃π : S(N )g → S(M) f ,
u

gn
�→ u ◦ π

f n

is surjective. Indeed, given ζ ∈ S(M) f there exist v ∈ S(M) and a positive integer
k such that ζ := v

f k . Write

v = f1(u1 ◦ π) + · · · + fr (ur ◦ π),

for some u1, . . . , ur ∈ S(N ). Then

ζ = v

f k
=

∑r
i=1 fi (ui ◦ π)

f k
=

∑r
i=1(pi ◦ π)(ui ◦ π)

(g ◦ π)k+1 .

Therefore,

ζ ′ :=
∑r

i=1 pi ui

gk+1 ∈ S(N )g and ϕ̃π (ζ ′) = ζ.
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Finally,U := DSpecs(M)( f ) = Spec(S(M) f ) is a neighbourhood ofm in Specs(M)

and the map

Specs(π)|U = Spec(ϕ̃π ) : U → Spec(S(N )g) ↪→ Specs(N )

is injective, as claimed. ��
Remark 4.6. It follows from the proof of the previous Theorem 4.5 that given a
semialgebraic map π : M → N such that the induced homomorphism ϕπ :
S(N ) → S(M) is finite, there exists a subset { fi : i ∈ I } ⊂ S(M) such that

βs M =
⋃

i∈I

Dβs M ( fi ) & βsπ |Dβs M ( fi ) : Dβs M ( fi ) → βs N is injective for each i ∈ I.

In addition we may assume that I is finite because βs M is compact. Thus {DM ( fi ) :
i ∈ I } is a finite cover by open semialgebraic subsets of M and each restriction
π |DM ( fi ) : DM ( fi ) → N is injective.

Corollary 4.7. Let M ⊂ R
m and N ⊂ R

n be compact semialgebraic sets. Then,
a semialgebraic map π : M → N is locally injective if and only if the induced
homomorphism ϕπ : S(N ) → S(M) is finite.

Proof. Suppose first that π is locally injective. For each point x ∈ M there exists an
open ball Bx ⊂ R

m centered at x such that the restriction π |ClM (Bx ) : ClM (Bx ) →
N is injective. As ClM (Bx ) is compact this implies that π |ClM (Bx ) is a semialgebraic
homeomorphism onto its image π(ClM (Bx )). Hence, the ring homomorphism

S(π(ClM (Bx ))) → S(ClM (Bx )), f �→ f ◦ π

is an isomorphism. In addition, the restriction homomorphism S(N ) →
S(π(ClM (Bx ))) is surjective by Lemma 2.1 (2). Therefore, the map

S(N ) → S(ClM (Bx )), f �→ f |π(ClM (Bx )) ◦ π |ClM (Bx )

is surjective too. Since M is compact there exist finitely many points x1, . . . , xr ∈ M
such that M ⊂ ⋃r

i=1 Bxi . For 1 ≤ i ≤ r the difference M \ Bxi is a closed
semialgebraic subset of M and, by Lemma 2.1 (1), there exists fi ∈ S(M) with
M \ Bxi = ZM ( fi ). In fact, changing fi by f 2

i we may assume that fi (x) ≥ 0 for
every point x ∈ M . This together with the inclusion M ⊂ ⋃r

i=1 Bxi implies that
ZM ( f ) = ∅, where f := ∑r

i=1 fi . Consequently each quotient gi := fi
f ∈ S(M)

and all reduces to prove the equality

S(M) = g1S(N ) + · · · + grS(N ).

Given h ∈ S(M) and 1 ≤ i ≤ r , its restriction h|ClM (Bxi )
∈ S(ClM (Bxi )) and there

exists ui ∈ S(N ) such that ui |π(ClM (Bxi ))
◦ π |ClM (Bxi )

= h|ClM (Bxi )
. Therefore,

h · fi = fi · (ui ◦ π) for 1 ≤ i ≤ r,
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which implies

h · f = h ·
r∑

i=1

fi =
r∑

i=1

h · fi =
r∑

i=1

fi · (ui ◦ π).

Dividing both members by f , that is a unit in S(M), and since fi
f = gi we get

h =
r∑

i=1

(
fi

f

)

· (ui ◦ π) =
r∑

i=1

gi · (ui ◦ π) ∈ g1S(N )

+ · · · + grS(N ).

The converse follows straightforwardly from Theorem 4.5. ��
Examples 4.8. (1) Let S

n ⊂ R
n+1 be the unit sphere and let P

n(R) be the n-
dimensional real projective space. Both are compact real algebraic sets, hence
semialgebraic; for the case of the projective space see [3, Thm. 3.4.4], where it
is proved that P

n(R) can be understood as a real algebraic subset of R
n2

. As the
canonical projection

π : S
n → P

n(R), x := (x0, . . . , xn) �→ [x0 : · · · : xn]
is a locally injective semialgebraic map the homomorphism ϕπ : S(Pn(R)) →
S(Sn) is, by Corollary 4.7, finite. In particular it is integral and finitely generated.
However it is not simple. Otherwise there would exist h ∈ S(Sn) such that S(Sn) =
S(Pn(R))[h]. By Borsuk-Ulam theorem, [20, Thm. 57.3] there exists a point p ∈ S

n

such that h(p) = h(−p). Consider the semialgebraic function

g : S
n → R, x �→ ‖x − p‖.

Then there exist a positive integer d and functions f0, . . . , fd ∈ S(Pn(R)) such
that

g = ( f0 ◦ π) + ( f1 ◦ π)h + · · · + ( fd ◦ π)hd .

Since π(−p) = π(p) and g(−p) = 2‖p‖ �= 0 whereas g(p) = 0, we get a
contradiction:

0 �= g(−p) =
d∑

i=0

( fi ◦ π)(−p)hi (−p) =
d∑

i=0

( fi ◦ π)(p)hi (p) = g(p) = 0.

(2) Let i := √−1 and τ : C → R
2, z := x + iy �→ (x, y). Fix a positive integer

n and consider the analytic map φ : C → C, z �→ zn . The semialgebraic map

π := τ ◦ φ ◦ τ−1 : M := R
2 → N := R

2

is not locally injective at the origin, and it follows from Theorem 4.5 that the
induced homomorphism ϕπ : S(N ) → S(M) is not finite. However ϕπ is an
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integral homomorphism. To prove this, let f ∈ S(M) and consider the elementary
symmetric forms in n variables

σ j (x1, . . . ,xn) := (−1) j
∑

1≤i1<···<i j ≤n

xi1 · · ·xi j ∈ Z[x1, . . . ,xn].

For every point z ∈ N \ {(0, 0)} let π−1(z) := {z1, . . . , zn} ⊂ M . For 1 ≤ j ≤ n
define the function

S j ( f ) : N \ {(0, 0)} → R, z �→ σ j ( f (zi1), . . . , f (zin )).

Since (S j ( f )◦τ)|C\{0} : C\{0} → C is a locally bounded analytic function, S j ( f )

admits, by [18, Cor. 12.3], a continuous extension that we also denote S j ( f ) : N →
R. This function is semialgebraic, see the Appendix in [4]. Hence,

P(t) := tn +
n∑

j=1

S j ( f )tn− j ∈ S(N )[t]

is a monic polynomial and P( f ) = 0, or, more precisely,

f n +
n∑

j=1

(S j ( f ) ◦ π) f n− j = 0,

which proves that f is integral over S(N ).

The previous Example 4.8 (2) leads us to look for a criterion that characterizes
that the homomorphism ϕπ : S(N ) → S(M) is integral, which we will do in
Corollary 4.13. But first we need to do some work.

Lemma 4.9. Let M ⊂ R
m be a semialgebraic set and let f1, . . . , fn ∈ S(M).

Consider the polynomial

p(t) := tn +
n∑

j=1

f jt
n− j ∈ S(M)[t],

and suppose that for each point x ∈ M the polynomial

px (t) := tn +
n∑

j=1

f j (x)tn− j ∈ R[t]

splits in R[t] as a product of ( non necessarily distinct ) factors of degree 1. Then,
there exist g1, . . . , gn ∈ S(M) such that

p(t) =
n∏

j=1

(t − g j ).
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Proof. For every point u := (u1, . . . , un) ∈ R
n let ζ1(u), . . . , ζn(u) be the real

parts of the complex zeros of the polynomial

qu(t) := tn +
n∑

j=1

u jt
n− j ∈ R[t]

listing each according to its multiplicity and indexed so that ζ1(u) ≤ · · · ≤ ζn(u).
It was proved in the Appendix of [4] that each ζ j ∈ S(Rn).

Now notice that, for every point x ∈ M , the roots in C of the polynomial px (t)

are the real numbers ζ j ( f j (x)). Since px is a monic polynomial this means that

px (t) =
n∏

j=1

(t − ζ j ( f j (x))) for every point x ∈ M.

Hence g j := ζ j ◦ f j ∈ S(M) for 1 ≤ j ≤ n and p(t) = ∏n
j=1(t − g j ). ��

Corollary 4.10. Let π : M → N be a semialgebraic map and let g ∈ S(M) be
integral over S(N ) via the induced homomorphism ϕπ : S(N ) → S(M). Then,
there exist an integer k > 0 and h1, . . . , hk ∈ S(N ) such that

∏k
j=1(g−h j ◦π) = 0.

Proof. Since g is integral over S(N ) there exist an integer k > 0 and f1, . . . , fk ∈
S(N ) such that

gk + ( f1 ◦ π)gk−1 + · · · + ( fk−1 ◦ π)g + ( fk ◦ π) = 0.

Consider the semialgebraic map

φ : N → R
k, y �→ ( f1(y), . . . , fk(y)).

Then, with the notations in Lemma 4.9, g(x) ∈ {ζ j (φ(π(x))) : 1 ≤ j ≤ k} for
each point x ∈ M or, equivalently, the functions h j := ζ j ◦ φ ∈ S(N ) satisfy the
equality in the statement. ��
Definition 4.11. Let M ⊂ R

m be a semialgebraic set. A subset F ⊂ S(M) sepa-
rates points of M if for each pair of distinct points p, q ∈ M there exists a function
f ∈ F such that f (p) �= f (q).

Proposition 4.12. Let π : M → N be a closed semialgebraic map. Suppose
that there exist f1, . . . , fk ∈ S(M) such that each fi is integral over S(N ) via
ϕπ and S(N )[ f1, . . . , fk] separates points of M. Then, there exists a finite cover
{M1, . . . , Mr } by closed semialgebraic subsets of M such that each restriction
π |Mi : Mi → N is injective. In particular, ϕπ is an integral homomorphism.

Proof. Notice that the last part is the immediate consequence of the first one and
Example 4.3 (1). To prove the first one notice that, by the previous Corollary 4.10,
for 1 ≤ i ≤ k there exist gi1, . . . , gi�i ∈ S(N ) such that

�i∏

j=1

( fi − gi j ◦ π) = 0.
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Denote hi j := fi − gi j ◦ π ∈ S(M) and Zi j := ZM (hi j ) for 1 ≤ i ≤ k and
1 ≤ j ≤ �i . Each Zi j is a closed semialgebraic subset of M and, for fixed i , we

have M = ⋃�i
j=1 Zi j .

Let � be the set of all k-tuples J := ( j1, . . . , jk) with 1 ≤ ji ≤ �i and let

h J :=
k∑

i=1

h2
i ji ∈ S(M) & MJ := ZM (h J ) =

k⋂

i=1

ZM (hi ji ).

Observe that for every point x ∈ M and each index i with 1 ≤ i ≤ k there
exists an index ji with 1 ≤ ji ≤ �i such that x ∈ Zi ji . Thus x ∈ MJ , where
J := ( j1, . . . , jk). In other words, the family {MJ : J ∈ �} is a finite cover by
closed semialgebraic subsets of M , and all reduces to check that each restriction
π |MJ : MJ → N is injective. Suppose, by the way of contradiction, that there
exist two distinct points p, q ∈ MJ with π(p) = π(q). Since S(N )[ f1, . . . , fk]
separates points there exists a polynomial

p(x1, . . . ,xk) :=
∑

ui1,...,ikx
νi1
i1

· · ·xνik
ik

∈ S(N )[x1, . . . ,xk]
such that the function

f := p( f1, . . . , fk) =
∑

(ui1,...,ik ◦ π) f
νi1
i1

· · · f
νik
ik

∈ S(M)

satisfies f (p) �= f (q). But for each multiindex (i1, . . . , ik) one has

(ui1,...,ik ◦ π)(p) = ui1,...,ik (π(p)) = ui1,...,ik (π(q)) = (ui1,...,ik ◦ π)(q),

so there exists some index i with 1 ≤ i ≤ k such that fi (p) �= fi (q). Since
p, q ∈ MJ we know that hi ji (p) = hi ji (q) = 0, that is,

fi (p) = gi ji (π(p)) = gi ji (π(q)) = fi (q),

a contradiction. ��
Corollary 4.13. Let π : M → N be a closed semialgebraic map. Then, the induced
homomorphism ϕπ : S(N ) → S(M) is integral if and only if there exists a finite
cover {Mi : 1 ≤ i ≤ k} by closed semialgebraic subsets of M such that each
restriction π |Mi : Mi → N is injective.

Proof. The “if part” follows straightforwardly from Example 4.3 (1). For the “only
if” part suppose that M ⊂ R

m and choose

fi : M → R, x := (x1, . . . , xm) �→ xi , for i = 1, . . . , m.

As f1, . . . , fm ∈ S(M) and S(N )[ f1, . . . , fk] separates points of M , the conclu-
sion follows from Proposition 4.12. ��

We finish the paper with an application of Corollary 4.10. Namely, it will allow
us to determine the local injectivity of a semialgebraic map π : M → N between
compact semialgebraic sets under the weakest hypothesis that ϕπ is simple (instead
of finite), provided that π is also surjective.
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Theorem 4.14. Let π : M → N be a surjective semialgebraic map between the
compact semialgebraic sets M and N such that the induced homomorphism ϕπ :
S(N ) → S(M) is simple. Then π is locally injective.

Proof. By Corollary 4.7 it is enough to prove that ϕπ is finite. By the hypothesis
there exists a function g ∈ S(M) such that S(M) = S(N )[g] and, using [1, Prop.
5.1], it suffices to see that g is integral overS(N ). We may assume that g(x) > 0 for
every x ∈ M . Indeed, since M is compact there exists r := min {g(x) : x ∈ M},
and the function g − r + 1 is positive on M and S(N )[g] = S(N )[g − r + 1]. In
addition, using again the compactness of M , there exists ε > 0 such that g(x) < ε

for each x ∈ M . Since ZM (g) = ∅ also the quotient 1
g ∈ S(M) = S(N )[g], and

there exist an integer n ≥ 0 and f0, . . . , fn ∈ S(N ) with

1

g
= ( f0 ◦ π) + ( f1 ◦ π)g + ( f2 ◦ π)g2 + · · · + ( fn−1 ◦ π)gn−1 + ( fn ◦ π)gn .

Dividing both members by gn we get

1

gn+1 = ( f0 ◦ π)

(
1

g

)n

+ ( f1 ◦ π)

(
1

g

)n−1

+ ( f2 ◦ π)

(
1

g

)n−2

+ · · · + ( fn−1 ◦ π)

(
1

g

)

+ ( fn ◦ π).

Therefore 1
g is integral over S(N ) and, by Corollary 4.10, there exist h0, . . . , hn ∈

S(N ) satisfying
n∏

j=0

( 1

g
− h j ◦ π

)
= 0.

Hence, for each x ∈ M there exists j with 0 ≤ j ≤ n such that h j (π(x)) = 1
g(x)

.

The function � j := max {h j ,
1
ε
} ∈ S(N ) has empty zeroset and 1

h j (π(x))
= g(x) <

ε. Thus h j (π(x)) > 1
ε
, that is, � j (π(x)) = 1

g(x)
or, equivalently, g(x) = 1

� j (π(x))
.

Consequently, g is integral over S(N ), because
n∏

j=0

(
g − 1

� j ◦ π

)
= 0.

��
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