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Abstract

Let T C R” be a semialgebraic set and let © > 0 be a non-negative integer. We say that T
is a Nash p-approximation target space (or a (N, n)-ats for short) if it has the following
universal approximation property: For each m € N and each locally compact semialgebraic
subset § C R™, the set of Nash maps N (8, T) is dense in the topological space S*(8, T)
of C* semialgebraic maps between 8 and T. A necessary condition to be a (N, u)-ats is
that 7 is locally connected by analytic paths. In this paper we show: Nash manifolds with
corners are (N, w)-ats for each u > 0. As an application of a stronger version of the
previous statement, we show that if two Nash maps f,g : § — Q, where S is a locally
compact semialgebraic set of R™ and Q is a Nash manifold with corners, are close enough
in the (strong) Whitney’s semialgebraic topology of (8, T) (and consequently they are
continuous semialgebraically homotopic), then f, g are Nash homotopic.

Keywords Nash manifolds with corners - Approximation of differentiable semialgebraic
maps - Nash homotopic Nash functions - Semialgebraic sets locally connected by analytic
paths
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1 Introduction

Approximation is a tool of great importance in many areas of mathematics. It allows one to
understand objects and morphisms of a certain category taking advantage of the correspond-
ing properties of objects and morphisms in other categories that enjoy a better behavior and
are dense inside the one we want to study. The importance of approximation of continu-

Antonio Carbone is supported by GNSAGA of INDAM. José F. Fernando is supported by Ministerio de
Ciencia, Innovacién y Universidades (PID2021-122752NB-100).

B4 José F. Fernando
josefer@mat.ucm.es

Antonio Carbone
antonio.carbone @unife.it
Dipartimento di Scienze dell’ Ambiente e della Prevenzione, Universita di Ferrara, Palazzo Turchi

di Bagno, C.so Ercole I D’Este, 32, 44121 Ferrara, Italy

Departamento de Algebra, Geometria y Topologia, Facultad de Ciencias Matematicas, Universidad
Complutense de Madrid, Plaza de Ciencias 3, 28040 Madrid, Spain

Published online: 18 August 2026 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13398-026-01911-8&domain=pdf
http://orcid.org/0000-0002-5448-1984

114  Page2of39 A.Carbone, J. F. Fernando

ous functions is a natural question that arises from the Stone-Weierstrass result on uniform
approximation of continuous functions over compact sets by polynomial functions. This
result provides naturally a polynomial approximation result for R”-valued continuous maps
f : K — R" defined on a compact subset K C R™. Difficulties arise when one tries to
restrict the image of the approximating map. One way to proceed is to be more flexible with
the type of approximating maps but also by considering domains of definition and target
spaces in suitable tame categories.

This paper deals with a Nash approximation problem in the differentiable and continuous
semialgebraic category and we also present some applications of the approximation results
to semialgebraic homotopies. Recall that a set § C R™ is semialgebraic if it is a Boolean
combination of sets defined by polynomial equalities and inequalities. We endow R™ with
the Euclidean topology and define the distance between two points x,y € R™ asd(x, y) :=
|lx — y||. The category of semialgebraic sets is closed under basic boolean operations but also
under usual topological operations: taking closures (denoted by CI(-)), interiors (denoted by
Int(-)), connected components, etc. Given a set A C R™ and a point x € R", we define
dist(x, A) := inf{d(x, y) : y € A}. It holds dist(x, A) = 0 if and only if x € CI(A). In
addition, if K C R™ is a compact set, we define dist(K, A) := min{dist(x, A) : x € K} =
inf{d(x,y): x € K,y € A}.

Let S € R™ and T C R” be (non-empty) semialgebraic sets. A map f : 8§ — T is semi-
algebraic if its graph is a semialgebraic subset of R, In particular, given a semialgebraic
set A C R™ the function dist(-, A) : R — [0, +-00) is a continuous semialgebraic function
whose zero set is CI(A). A Nash map f : Q@ — R” on an open semialgebraic set 2 C R™
is both a C* and a semialgebraic map on 2. By [14, Prop.8.1.8] these maps coincide with
those that are both analytic and semialgebraic maps on 2. Let us denote the ring of Nash
functions f : Q — R on by N(Q).

More generally, let S C R be a semialgebraic set. We say that a function f : § — R is
a Nash function if there exist an open semialgebraic neighborhood 2 C R™ of § and a Nash
extension F : Q@ — R of f. We denote by N(8) the ring of Nash functions on 8 and we refer
the readerto [11, 29, 33] for further results about thisring. Amap f := (f1,..., fu) : 8 > T
between semialgebraic sets S C R™ and T C R” is Nash if its components f; : § — R
are Nash functions on 8. Denote by N (8, T) the set of Nash maps on 8 that have T as target
space.

Let 1 > 0 be a non-negative integer. A function on the open semialgebraic set 2 C R™ is
SH* ifitis C* and semialgebraic. Let S C R™ be a semialgebraic set. We say that f : § — R
is a S* function if there exist an open semialgebraic neighborhood 2 C R™ of § and an
S extension F : Q@ — R of f. We denote by S#(8) the ring of S* functions on S and we
refer the reader to [10] for further results about this ring. The case ;& = 0 corresponds to the
ring S°(8), which in general differs from the ring of continuous semialgebraic functions on
8, see [10, Thm.1.1] and [25, Thm.5]. However, if 8 is locally compact both rings coincide
as a consequence of [22]. Amap f := (f1,..., fn) : S = T between semialgebraic sets
8 C R™ and T C R" is S* if its components f; : S — R are S* functions on S. Denote by
SH* (8, T) the set of S* maps on 8 that have T as target space.

In [4, 42, 52] the authors made a careful analysis of an intrinsic definition of S*-functions
in terms of jets of order u of (continuous) semialgebraic functions [4, Def.1.1]. If in addition
m = 2, Fefferman—Luli proved in [24] that C* functions on a closed semialgebraic set that
are semialgebraic (intrinsic description) coincide with S* functions (extrinsic description).
In [12, Cor.1.7] Bierstone—Campesato—Milman presented a weak version for any dimension
m of the implication between the intrinsic and extrinsic descriptions of S* functions, via an
intermediate function ¢ : N — N, which encodes a certain loss of differentiability. Namely,
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if f:8 — R is a semialgebraic function on a closed semialgebraic set 8 C R” and there
exist an open semialgebraic neighborhood 2 C R” of § and a C'(P) differentiable function
G : Q — R such that G|g = f, then there exists an SP-function F :  — R such that
F|s = f. The previous result is used in [33, Appendix B] to analyze the equality between
smooth semialgebraic functions and Nash functions on semialgebraic sets.

A semialgebraic set T C R" is a Nash w-approximation target space (or a (N, w)-ats
for short) if it has the following universal approximation property: For each m € N and each
locally compact semialgebraic subset § C R™, the set of Nash maps N (8, T) is dense in the
topological space S* (8, T) of S* maps between 8 and T (endowed with the S* topology
that we recall in Sect. 2.2).

A semialgebraic set M C R” is called an (affine) Nash manifold if it is in addition a smooth
(that is, C°°) submanifold of (an open semialgebraic subset of) R”. By [14, Prop.8.1.8 &
Cor.9.3.10] Nash manifolds coincide with analytic submanifolds of (an open semialgebraic
subset of) R” that are themselves semialgebraic sets. A semialgebraic set H C R” is an
(affine) Nash manifold with boundary if it is in addition a smooth (that is, C°>®) manifold with
boundary. In particular, the boundary a3 of J is a semialgebraic set that is in addition a
smooth manifold, so it is a Nash manifold. A semialgebraic set Q C R” is an (affine) Nash
manifold with corners if it is in addition a smooth (that is, C>°) manifold with corners. We
will come back to Nash manifolds with corners in Sect. 3.

1.1 State of the art

In the literature there are many approximation results of algebraic/semialgebraic nature deter-
mined by the geometry of the target space, as it happens with the main results of this article.
We recall here some of them, which are very representative about the actual picture of this
type of problems.

SH maps by Nash maps

Efroymson’s approximation theorem [23, §1] ensures that continuous semialgebraic func-
tions can be approximated by Nash functions on a Nash manifold. This statement was
improved by Shiota in many directions [50], for instance, providing a similar approximation
result for S#* functions using (strong) Whitney’s S* topology and proving relative versions
of such an S* approximation result. The previous results can be extended to approximate
S* maps f : 8§ — N from a locally compact semialgebraic set 8 C R” to a Nash manifold
N C R" by Nashmaps g : S — N in the S* topology, making use of a suitable Nash tubular
neighborhood of N in R" (see [14, Cor.8.9.5] and [50, Lem.1.3.2]), in other words, Nash
manifolds are (N, u)-ats for each u > 0. In addition, there are approximation results for
S* maps between Nash sets with monomial singularities (see [11, Thm.1.7] and also [11, 26,
30] for further applications of this type of approximation results), however the latter results
do not allow to decide whether Nash sets with monomial singularities are or not (N, w)-ats
for some & > 0.

S° maps by S# maps

In [31] the problem of uniform approximation of continuous semialgebraic maps f : § — T
from a compact semialgebraic set S to an arbitrary semialgebraic set T by S* maps g : § — T
for a fixed integer u > 1 is approached. The techniques developed in [31] together with
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Pawtucki’s C*-triangulations results presented in [45, 47, 48] allow to prove that such a
uniform approximation is always possible. In [16] the first author made use of Pawlucki’s
techniques of C*-triangulation [47] to show that all continuous semialgebraic maps between
compact semialgebraic sets can be approximated by differentiable semialgebraic maps with-
out changing their image after the approximation. The argument is an interplay between
semialgebraic geometry and PL geometry and makes use of a ‘surjective semialgebraic ver-
sion’ of the finite simplicial approximation theorem.

C° maps by C* maps

Let Y C R" be a triangulable set and let i be either a positive integer or . = co. We say that
Y is a C*-approximation target space, or a C*-ats for short, if it has the following universal
approximation property: For each m € N and each locally compact subset X of R™, each
continuous map f : X — Y can be approximated by C* maps g : X — Y with respect to the
(strong) Whimey’s C° topology. Using approximation techniques developed in [32] it holds:
if Y is weakly C* triangulable, then Y is a C*-ats. This result applies to relevant classes of
triangulable sets, namely: (1) every locally compact polyhedron is a C*-ats, (2) every set
that is locally C* equivalent to a polyhedron is a C*-at s (this includes C* submanifolds with
corners of R") and (3) every locally compact locally definable set of an arbitrary o-minimal
structure is by [47, 48] a C*-ats (this includes locally compact locally semialgebraic sets
and locally compact subanalytic sets) for each u > 1. In addition: if Y is a global analytic
set, then each proper continuous map f : X — Y can be approximated by proper C*° maps
g: X—->Y.

C* maps by regular maps

A non-singular real algebraic set Y is said to have the approximation property if for every
non-singular real algebraic set X the following property holds: if f : X — Y is a C* map
that is homotopic to a regular map, then f can be approximated in the C*° topology by
regular maps. There is a large literature concerning this topic, but we focus on [9], where
Banecki and Kucharz fully characterize the varieties ¥ with the approximation property. The
authors also characterize the varieties Y with the approximation property combined with a
suitable interpolation condition. Some of the previous results have variants concerning the
regular approximation of continuous maps defined on (possibly singular) real algebraic sets.
In the same vein we refer the reader to [15].

Let X and Y be non-singular real algebraic sets of positive dimension such that X is com-
pact. The set R(X, Y) of regular maps from X to Y turns out to be dense in the corresponding
space N'(X,Y) C C*®(X,Y) of Nash maps endowed with the C*° compact-open topology
only in exceptional cases. If Y is ‘generic’ in a suitable way, R(X, Y) is an ‘extremely small’
closed subset of N'(X, Y), see [35, 36]. This lack of regular maps between non-singular real
algebraic sets seems to be the main obstruction for an extension of the Nash-Tognoli alge-
braization techniques from smooth manifolds to singular polyhedral spaces and, in particular,
to compact Nash sets, see [3, 37]. It is worthwhile mentioning that compact real algebraic
sets with at least two points do not have tubular neighborhoods with regular retractions [34,
Thm.2].
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C® maps by p-regulous maps

Let X, Y be non-singular real algebraic sets. A map f : X — Y is u-regulous, where
@ > 0 is a non-negative integer, if it is of class C* and the restriction of f to some Zariski
open dense subset of X is a regular map. A real algebraic set Y of dimension d is uniformly
rational if each of its points has a Zariski open neighborhood which is biregularly isomorphic
to a Zariski open subset of R?. Assuming that Y is uniformly rational, and & > 0, Kucharz
proves in [41] that a C*° map f : X — Y can be approximated by p-regulous maps in
the C* topology if and only if f is homotopic to a u-regulous map. The class of uniformly
rational real algebraic varieties includes spheres, Grassmannians and real rational surfaces,
and is stable under blowing up non-singular centers. Furthermore, taking ¥ = S” (the unit
p-dimensional sphere), the author obtains several new results on approximation of C* maps
from X into S? by u-regulous maps in the C* topology, for u > 0.

More generally, given a finite simplicial complex K in R” and a real algebraic set Y, by
a K-regular map |K| — Y we mean a continuous map whose restriction to every simplex
in K is a regular map. A real algebraic set Y is uniformly retract rational if for every point
y € Y there is a Zariski open neighborhood V C Y of y such that the identity map of V
is the composite of regular maps V. — W — V, where W C R? is a Zariski open set for
some d depending on y. A simplified version of the main result in [13] says that if ¥ is a
uniformly retract rational set and if 0 < v < p are integers, every C” map |K| — Y can
be approximated in the C¥ topology by K -regular maps of class C*. See also the following
articles by Banecki [5-8].

€% maps by continuous rational maps

Kucharz has studied deeply approximation results of continuous maps between a compact
non-singular real algebraic set X and a sphere S" by continuous rational maps. As X is
compact the author considers on the space C°(X, S") of continuous maps from X to S” the
compact-open topology. In case X has dimension 7, the space Ro (X, S") of (nice) continuous
rational maps from X to S” is dense in co (X, S") (see [40, Thm.1.2, Cor.1.3]). In addition, for
any pair (m, n) of non-negative integers, the set Ro(S™, S") is dense in cosm, s (see [40,
Thm.1.5]). In general Ry(X, S") needs not to be dense in co(x, SM. Simple obstructions
can be expressed in terms of homology or cohomology classes representable by algebraic
subsets. We refer the reader to [39, 40] for further details.

1.2 Main results

We state the main results of this work, proved in Sects.4 and 6. Their proofs rely heavily on
some tools already developed in [18].

Theorem 1.1 (Nash manifold with corners) Let 8 C R™ be a locally compact semialgebraic

set, let Q be a Nash manifold with corners and let f : § — Q be an S* map. Then there exist

Nash maps g : 8§ — Int(Q) arbitrarily close to f with respect to the S* topology.
Consequently, every Nash manifold with corners is an (N, n)-ats for each pu > 0.

The following result is a generalization of [50, I.5.2] when the target space is a Nash
manifold with (divisorial) corners (see Definition 3.3 and Assumption 3.5).
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Theorem 1.2 (Relative Nash approximation) Let N C R™ be a Nash manifold, let X be a
Nash subset of N, let 8 be a closed semialgebraic subset of N and let Q C R" be a Nash
manifold with corners. Let n > 0 be an integer and U an open semialgebraic neighborhood
of Xin N. Let f : § — Q be an S* map that is Nash on § N\ U. Then there exist Nash maps
g - 8 — Qarbitrarily close to f with respect to the S* topology and such that g(x) = f(x)
foreachx € XN 8.

The proof of Theorem 1.2 strongly relies on the following result that shows how to ‘push’
a Nash manifold with corners inside its interior using a one-parameter family of Nash maps.

Theorem 1.3 (Pushing a Nash manifold with corners inside its interior) Let Q C R” be a
Nash manifold with corners of dimension d. Then there exists a Nash map o : Q x [0, 1] —
Q, (x,t) = o0:(x) :== o (x, 1) such that

e 0o(x) = x foreach x € Q,
e 0,(Q) C Int(Q) foreacht € (0, 1].

In addition, there exist a d-dimensional Nash manifold M that contains Q as a closed
subset, an open semialgebraic neighborhood My C M of Q and a Nash extension X :
My x [—1,1] > M ofo : Q x [0, 1] — Q.

The previous result is improved in Theorem 5.7 involving Nash embeddings for each
t € [0, 1]; however, its statement is rather more technical and we present it in Sect. 5.

1.3 Applications of the main results and further developments

We apply Theorem 1.2 to study Nash approximation of (semialgebraic) homotopies, which
was the starting motivating point for this paper. We were initially inspired by some results in
[46, Ch.IIL.§8].

1.3.1 Nash homotopies

Let 8 € R™ be a locally compact semialgebraic set and Q C R” a Nash manifold with
corners. We have the following results about Nash homotopies.

Theorem 1.4 (Nash approximation of homotopies) Let f, g : 8 — Q be Nash maps such
that there exists a continuous semialgebraic homotopy ® : 8§ x [0, 1] — Q between f and
g. Then there exist Nash homotopies ¥V : § x [0, 1] — Q between f and g arbitrarily close
to ® with respect to the continuous semialgebraic topology. In addition, if there exists ;1 > 1
such that ®, is S* for each t € [0, 1], then ¥, is close to ®; in the S*-topology of S* (8, Q)
foreacht € [0, 1].

Corollary 1.5 Let f, g : 8 — Q be Nash maps. If f and g are close enough with respect to
the continuous semialgebraic topology, then they are Nash homotopic.

Corollary 1.6 Let f : S — Q be an S* map. Then, f is homotopic to a Nash map g : S —
Int(Q) and the homotopy can be chosen S*.
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1.3.2 Further developments

The main problem one would like to solve consists of: characterizing the (N, u)-ats semi-
algebraic sets for each . > 0. Recall that a semialgebraic set S C R” is connected by analytic
paths if for each pair of points x, y € § there exists an analytic path « : [0, 1] — 8 such
that «(0) = x and (1) = y. We say that the semialgebraic set 8 C R” is locally connected
by analytic paths if for each x € 8§ and each open (semialgebraic) neighborhood U* C R”
of x, there exists an open semialgebraic neighborhood W* C U~ of x such that § N W* is
connected by analytic paths. If p € R” and & > 0, we denote by B, (p, ¢) the closed ball of
center p and radius ¢. Its boundary 3B, (p, €) is the sphere S" (p, €) center p and radius ¢,
whereas its interior is the open ball B, (p, ) of center p and radius €. These three families
provide some examples of semialgebraic sets that are locally connected by analytic paths.

A necessary condition to be an (N, u)-ats is described in the following lemma that we
prove in Sect. 7.

Lemma 1.7 LetT C R" be a (N, n)-ats semialgebraic set. Then T is locally connected by
analytic paths.

As a consequence of [27, Main Thm.1.8] we also prove in Sect. 7 the following result. Its
converse is false as we show in Example 7.3.

Lemma 1.8 A semialgebraic set' T C R" connected and locally connected by analytic paths
is connected by analytic paths.

We expect that Theorem 1.1 for Nash manifolds with corners can be generalized to semi-
algebraic sets locally connected by analytic paths, at least when 1 = 0. We hope that the
techniques already introduced in [18, 19] (which have further applications concerning [17])
together with the results of this article (especially Theorem 1.1) will help to prove the fol-
lowing result when p = 0:

Conjecture 1.9 A semialgebraic set T C R" is an (N, 0)-ats if and only if T is locally
connected by analytic paths.

Remark 1.10 As a representative family of semialgebraic sets related to Conjecture 1.9, Nash
manifolds with corners are locally connected by analytic paths and (N, w)-ats for each
u > 0. .

A related question is the following:
Question 1.11 Let0 < v < u beintegers. Does it hold thatan (N, pu)-atsisan (N, v)-ats?

Let T C R” be a semialgebraic setand let 0 < v < u be integers. Suppose T is an (N, v)-
ats. Then every S map f : & — T where § is a locally compact semialgebraic set can be
arbitrarily approximated by Nash maps g : § — 7 in the S topology. Thus, each §* map
f & — T where § is alocally compact semialgebraic set can be arbitrarily approximated by
S* maps h : § — T in the S” topology. Conversely, if every S” map f : § — T where 8 is
a locally compact semialgebraic set can be arbitrarily approximated by S* maps i : § — T
in the S¥ topology and T is an (N, u)-ats, then T is also an (N, v)-ats. Consequently,
Question 1.11 is equivalent to determining whether S*(S, T) is dense in S"(8,T) (with
respect to the S” topology) for each locally compact semialgebraic set § C R™ and each
m > 1. In the case 0 = v < p Question 1.11 is still an open problem, although we know
from [31, 47] that every S map f : § — T where § is a compact semialgebraic set can be
arbitrarily approximated by S” maps g : § — T in the S° topology.
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Remark 1.12 We are convinced that it should be possible to develop similar results in the
global analytic setting. To that end one should change: (1) locally compact semialgebraic
sets by locally compact sets or maybe by the more restrictive family of globally defined
semianalytic sets [1], (2) Nash sets by global analytic sets [20], (3) Nash manifolds (resp.
with boundary or more generally with corners) by analytic manifolds (resp. with boundary
or more generally with corners), (4) Nash functions and maps by analytic functions and
maps, (5) S* functions and maps by C* functions and maps, (6) Nash and S* homotopies by
analytic and C* homotopies, among other things. Crucial tools should surely be Whitney’s
approximation Theorem [44, §1.6] and Whitney’s immersion Theorem [44, §2.15], but also
the natural generalization of the tools developed in this article and in [18, 19]. ]

Structure of the article

The article is organized as follows. In Sects.2 and 3 we present some preliminary concepts
and results that will be used in the remaining sections, with special care to the S* topology and
Nash manifolds with corners. In Sect. 4 we prove Theorem 1.3, whereas in Sect. 5 we improve
the latter result, proving that for each integer n > 0 it is possible to push a Nash manifold
with corners Q inside its interior using a one-parameter family of Nash diffeomorphisms
(onto their images) arbitrarily close to the identity map with respect to the S* topology. In
Sect.6 we prove Theorems 1.1 and 1.2, which are the main results of this article. Finally, in
Sect. 7 we present some applications of Theorem 1.2 to construct Nash homotopies between
Nash maps, which was our initial purpose to achieve when writing this article. In addition,
we prove Lemmas 1.7 and 1.8 and present an enlightening example.

2 Whitney’s semialgebraic topology

The purpose of this section is to recall Whitney’s semialgebraic topology and to introduce
trimmed Whitney’s semialgebraic topology, which is a modified version of the former to
handle homotopies H : 8 x [0, 1] — T constituted by S* maps H; between the semialgebraic
sets S C R™ and T C R” for each value of the parameter ¢ € [0, 1].

2.1 Mostowski’s trick

We begin with a well-known trick of Mostowski, because we use it several times along
this article to embed via a Nash map locally compact semialgebraic sets of an affine space
as closed semialgebraic sets of a (possibly larger) affine space. Given a semialgebraic set
8§ C R™, we define its exterior boundary as §°S := CI(8) \ S.

Proposition 2.1 (Mostowski’s trick) Let 8 C R™ be a locally compact semialgebraic set.
Then there exists a Nash map H : R™ \ 8°S — R™*! such that the image H(8) is a closed
semialgebraic subset of R" ! Nash diffeomorphic to 8.

Proof As § is locally compact in R™, its exterior boundary §°S is a closed semialgebraic
subset of R™. By [43, Lem.6] there exists a continuous semialgebraic function # : R” — R
such that §°S = {h = 0} and & is Nash on the open semialgebraic set R™ \ §°S. Consider
the Nash diffeomorphism

1
H:R™M5°S > M :={(x,1) e R" x R: th(x) =1} C R"" x > (x, —)
h(x)
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whose inverse is the restriction to the Nash manifold M (which is a closed subset of R™*1)
of the projection 7 : R” x R — R onto the first factor. Observe that H(8) is the closed
semialgebraic set T := M N (C1(8) x R), as required. O

2.2 Whitney'’s semialgebraic topology

Let M C R™ be a Nash manifold. For each integer © > 0 we denote by S*(M) := S* (M, R)
the ring of semialgebraic functions on M of class C*. We equip S# (M) with the S* (strong)
Whitney’s semialgebraic topology (S* topology, in short) [50, §IL.1]. If u > 1, let &y, ..., &
be semialgebraic tangent fields on M that span the tangent bundle 7 M of M. Recall that
TM :={(p,v) e M xR": v eT,M}where T,M is the tangent space to M at p for each
p € M. For every strictly positive continuous semialgebraic function ¢ : M — R we denote
by U, the set of all functions g € S*(M) such that

gl <e Tu=0"ny
gl <e and & ---§,(9) <efor 1 <iy,...,ig<s,1<€=<p ifpu=>1l '

The sets U, form a basis of open neighborhoods of the zero function for a topology in S* (M)
(recall that S* (M) is a topological ring), which does not depend on the choice of the tangent
fields if w > 1. For each f,g € S*(M) if f — g € U, we say that f is e-close to g
(with respect to the S* topology). When the meaning is clear from the context, to lighten
the presentation we will omit the reference to the S* topology, that is, we will only say f is
e-close to g. Let ¢* : M — R be a strictly positive continuous semialgebraic function such
that ¢* < e. Clearly, if f is e*-close to g, then f is also e-close to g, because Ugx C Us.
We say f is close to g with respect to the S#* topology if there exists a small enough strictly
positive continuous semialgebraic function ¢ : M — R such that f — g € U,.

Let N C R” be a Nash manifold. We denote by S*(M, N) the space of S* maps f :
M — N.OnS*(M, N) we consider the subspace topology given by the canonical inclusion
in the following space endowed with the product topology [50, I1.1.3]

S*(M,N) — S*(M,R") = S*(M,R) x o X SHF(M,R), fr> (flsees fn)-

Roughly speaking, g is close to f when its components g, are close to the components f
of f.

Let 8 C M be alocally compact semialgebraic set. We say that f : § — R” is an S* map
on § if there exists an open semialgebraic neighborhood U of § in M and an S* extension
F : U — R" of f. As M has a Nash tubular neighborhood in R” with the corresponding
Nash retraction [14, Cor.8.9.5], the map f is S* if and only if it extends to an S* map on
an open semialgebraic neighborhood of § in R™ (as we have proposed in the Introduction),
see [11, Prop.2.C.3]. If n = 1, we denote by S#(8) := S*(§, R) the ring of all S* functions
on 8.

2.2.1 Extension of S# maps and invariance of the topology

If § C M is a closed semialgebraic set (which happens for instance if M := R" \ §°8) and
f € S*(8, R"), there exists an open semialgebraic neighborhood W C M of 8 and an S* map
F:W — R" on W such that F|g = f.Leto : M — [0, 1] be an S* bump function such
thato|g = 1 and o |pn\w = 0. If we replace F by o F, we may assume that the S* extension
F of f is defined on M. We define the S*-topology of S*(8, R") as the quotient topology
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induced by the restriction surjective homomorphism S*(M, R") — S*(§,R"), F +— f.
The S*-topology of S*(8, R") does not depend on the choice of the Nash manifold M.

Proof If 2 and Q2 are two open semialgebraic neighborhoods of § in R” such that 8 is
closed both in €1 and €2, the reader proves straightforwardly that both S* (21, R") and
S*(L22, R™) induce the same S*-topology on S#(8, R™) (use (2.1)).

If M Cc R™ is a Nash manifold that contains 8 as a closed subset, then both 8§ and
M are contained in the open semialgebraic set 2 := R™ \ §°M as closed subsets and by
[11, Prop.2.C.3] both S*(M, R") and S*(£2, R") induce the same topology on S* (8, R™)
using the chain of surjective restriction homomorphisms S#(2, R") — S*(M,R") —
SH(8, R™), as required. O

If w = 0 and § is locally compact in R™, there exist by [22] an open semialgebraic
neighborhood U of § in R” and a continuous semialgebraic retraction v : U — 8. Using
an 8% bump function o : R” \ §*S — R such that o'|g = 1 and o|grm\y = 0, we have that
F:=(of)ov:R"\§8 — R" defines an S map on R™ \ §°*S such that F|g = f. The
space SY(8, R") coincides with the space of continuous semialgebraic maps from § to R”
and there exists a restriction surjective map SO(R™ \ §°S, R") — S8, R"), F — F|g
foreachn > 1. Let T C R” be any semialgebraic set and let § C R be a locally compact
semialgebraic set. We consider in S# (8, 7) the subspace topology induced by the canonical
inclusion S# (8, T) — S*(8, R").

2.2.2 Continuity of composition homomorphisms

With this S#*-topology the composition on the left is a continuous map.

Proposition 2.2 [11,Prop.2.D.1] Let 8 C R™ and T C R" be locally compact semialgebraic
sets and let T' C R be any semialgebraic set. Let h : T — T’ be an S* map. Then, the map
hy : SH(8,T) = SH(S,T"), f +— ho fiscontinuous with respect the S* topologies.

In general, the right composition is not continuous with respect to the S* topologies, but
if the involved S#* map is proper we have the following.

Proposition 2.3 Let M C R™ and N C R" be Nash manifolds, 8 C M and 8’ C N closed
semialgebraic sets and T C RF any semialgebraic set. Let h : § — §' be a proper S* map.
Then the map h* : SH(8',T) — SH(S,T), f — f oh is continuous with respect the S*
topologies.

To prove the continuity of 2* we will first show that the proper S* map & : § — §
extends to a proper S#* map between some open semialgebraic neighborhoods M’ C M and
N’ C N of 8§ and 8’ respectively. We refer the reader to [11, Lem.9.2] for a result of similar
nature, when dealing with local homeomorphisms.

Lemma 2.4 (Extension of proper S* maps) Let M C R™ and N C R" be Nash manifolds
andlet 8§ C M and 8' C N be closed semialgebraic subsets. Let h : § — 8' be a proper S*
map. Then there exist open semialgebraic neighborhoods M' C M and N' C N of 8 and 8’
respectively and a proper S* map H : M’ — N’ that extends h.

Proof The proof is conducted in several steps.
STEP 1. Using suitable Nash embeddings of M and N in affine spaces (maybe of larger
dimension, Lemma 2.1), we may assume that both M and N are closed Nash submanifolds
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of R™ and R" and both § and 8’ are closed semialgebraic subsets of M and N respectively.
As 8 and 8’ are closed semialgebraic subset of M and N respectively and M and N are closed
subsets of R™ and R” respectively, also 8 and 8’ are closed subsets of R™ and R” respectively.
Thus, we may assume M = R™ and N = R". Ash : § — 8§’ is an S* map, there exists an S#
map H : R™ — R” such that H|g = & (see Sect. 2.2.1). By [50, Prop.1.4.5] there exists an
S* function f on R” suchthat § = { f = 0}. Define H; : R — R*t x > (H(x), f(x)),
which is an S# map such that Hl_l(S’ x{0H)=H 1S n{f=0=8.
For each integer k > 1 consider the inverse of the stereographic projection

2x1 2x¢  —1+ ||x||2)

‘RF > sk o x = (x1,...,x |—>< e, ,
Pk \pel 1 O T e T T+ P

with respect to the corresponding north pole p; := (0, ..., 0, 1) € R¥T!. Define T := ¢, (8)
and 77 := @,41(8"), which are closed semialgebraic subsets of S” \ {p,,} and "1\ {p,11}
respectively, and G := ¢,41 o H| o go,;1 S"N\ {pm} — S"t! which is an S* map,
because so are the involved maps in the composition. In addition, the restriction g := G| :=
@nt10(h, 0)ogp,, ' 7 — 77 is proper, because so are the involved maps in the composition. As
Hl_1 (8'x{0}) = 8, wehave G~1(77) = T. Asthe maps ¢,, and ¢, are Nash diffeomorphisms,
so in particular proper maps, we are reduced to show: There exist an open semialgebraic
neighborhood M’ C S™ \ {pn} of T and an open semialgebraic neighborhood N' C S"1\
{Pn+1} of T such that the restriction G|y : M’ — N’ is a proper map.

STEP 2. Define the map

g ifzed,

g():‘jil_l{pm}—>g’/|—|{17n+l}s = .
Pn+1 £ 2= pp.

As T is closed in §™ \ {p;,}, we deduce that T U {p,,} is closed in S”* and consequently
compact. Analogously, 7 U {p,+1} is closed in S"*1, so it is a compact set. As g is a proper
map, go is a continuous semialgebraic map between the compact semialgebraic sets T U {p;;, }
and T U {p,+1}, so it is a continuous proper semialgebraic map. The graph I'(go) of go is a
closed semialgebraic subset of S x $"*! such that

T'(20) N (({pm} x S UE" X {pas1}) = {(Pms Par)}, 2.2)
because go(pm) = pa+1 and g5 ' (Pa+1) = {pm}. We deduce
CI(I (g)) € T'(g0) = T'(8) U {(pm: Puy )} 23)

Consider the graph I'(G) C S™ x §"*! of G and its closure C in S x §"*!, which
is contained in S x S"T!. We claim: There exists an open semialgebraic neighborhood
W C S" \ {pm} of T such that the closure C' of the graph T (G|w) of G|w satisfies C' N

({pm} x S C {(Pm> Pat 1)}
Consider the semialgebraic sets I'(g) and C N ({pm} % "™\ {(pm, pus1)}, Which
are disjoint closed semialgebraic subsets of (S” x S™) \ {(pm, pns1)}, because by (2.3)

I'(g) = CUT(§) \ {(Pm, Pu+1)} and by (2.2)
T'(g) N (C N ({pm} x S"ON\{(Pm, par 1))
C T'(g0) N (({pm) x ST U S™ X {pnst DM (Pns Prs))) = 2.

Let @ C (8" x S\ {(pm, pny1)} be an open semialgebraic neighborhood of ({p,} x
S" ™Y\ {(pm Pns1)} such that CL(Q) \ {(pm. pnt1)} does not meet I'(g), so CI(Q)NT'(g) =
@, because (pm, pa+1) ¢ T'(g). We deduce ({pn} x S\ Q C (s pat1)}-
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AsT'(G)\CI(€2) is an open subset of " (G) that contains I'(g) and does not meet C1(£2) and
the projection 7 : S x §"*! — S™ onto the first factor induces a homeomorphism between
I'(G) and S \ {py,}, we deduce 7 (I'(G) \ CI(R2)) = {x € S" \ {pm}: (x,G(x)) ¢ CI(Q)}
is an open semialgebraic subset of S” \ {p,,} that contains 7 (I"(g)) = 7.

As T is a closed subset of S” \ {p;,} and 7 (I'(G) \ CI(R)) C S™ \ {pn} is an open
semialgebraic neighborhood of 7, there exists an open semialgebraic neighborhood W C
7(T'(G) \ CI(2)) of T such that CI(W) \ {pn} C 7 (T(G) \ CI(Q)) C S\ {pn}. As
['(Glw) C T(G) \ CI(R) C C \ L, the closure C’ of I'(G|yw) is contained in C \ €2, so

C'N{pm) x S € (€ N {pm) x STTHYNR C (P PrsD))

as claimed.

STEP 3. Consider the map G|w : W — S"*! and observe that (G|w)~' (7)) = G~1(T) n
W = T. The map Glciw)\(p,} : CLW) \ {pm} — S"*+1 is well-defined, because G is
defined on S™ \ {p;}, and extends continuously to a semialgebraic map G* : CI(W) U
{pm} — S"*+! such that G*(pm) = Pas1, because C' N ({pm} x Sn-H) C {(Pm> Pn+1}
As CI(W) is a compact set, G® is a proper map. Let D := (CI(W) U {p,,}) \ W, which
is a closed subset of C1(W) U {p,,} that contains p,, and CI(W) \ D = W. Thus, G*(D)
is a closed subset of S"*! that contains p,,;. As D N T = & and G NT) =T, we
have G*(D)NT = @, 50 TN G*~(G(D)) = G*1(T) N G*~(G*(D)) = @. Define
M = CI(W) \ G'_l(G’(D)) = W\ G’_I(G'(D)), which is an open semialgebraic
neighborhood of Tin §™ \ {p,;}, and N := "I\ G*(D), which is an open semialgebraic
neighborhood of 77 in §"*+1\ { p,41}. We deduce G*~1(N') = CI(W)\ G*~1(G*(D)) = M’
and G|y = G®|py : M’ — N’ is a proper S* map that extends g, as required. O

We are ready to show Proposition 2.3.

Proof of Proposition 2.3 By Lemma 2.4 there exists an open semialgebraic neighborhood
M’ of 8§ in M, an open semialgebraic neighborhood N’ of 8 in N and a proper S* map
H : M’ — N’ that extends . We have the following commutative diagram:

S, T) — s s1(s, T

-

SH(S, R 1 si(s, RY)

PIT p2T
SH(N', Rk — siomr, RK

where (| and ¢, are the canonical embeddings and p; and p, are the restriction quotient
maps [11, §2.C]. As H : M’ — N’ is proper, the map H* is continuous [50, II.1.5], so the
composition p; o H* is continuous too. Thus, 42* o p; is continuous because 7* o p; = ppo H*.
But p; is a quotient map (because the target is an affine space), so h* : S*(8/, Rf) —
SH(8, RY) is continuous. As A* in the second row is continuous, #* o (] is continuous as
well. Consequently, also the map (3 o h* = h* o is continuous. As ¢ is an embedding, we
conclude that 2* : S#(8', T) — SH*(8, T) is continuous, as required. O

2.2.3 S* and Nash embeddings of Nash manifolds

Recall that if © > 1, an S* (resp. Nash) map ¢ : Ny — N> between Nash manifolds
Ni and N; is a S* (resp. Nash) embedding if ¢ : Ny — @(Np) is an S* (resp. Nash)
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diffeomorphism. Denote the set of S* embeddings of Ny in N, by Sé‘mb(Nl, N>) and the
set of Nash embeddings of Ny in Ny by N2 . (N1, N2). Observe that NI (N1, N2) =
Seﬂmb (N1, N2)NN (N1, N3). Proceeding as in the proof of [38, Ch.2.Thm.1.4] one shows that
Sfmb(N 1, N2) is an open subset of S* (N1, N,) with respect to the S* topology. Consequently,

NE (N1, Na) is an open subset of A'(Ny, N») with respect to the induced S* topology.

emb

2.3 Trimmed Whitney’s semialgebraic topology

Let § ¢ R™ and T C R” be semialgebraic sets and fix an integer > 1. To approximate
continuous semialgebraic homotopies H : 8§ x [0, 1] — T such that H (-, t) is S* for each
t € [0, 1] (but maybe the whole map H is not an S* map) we need to introduce a trimmed
Whitney’s semialgebraic topology St that does not take care about derivatives with respect
to t (see the statement of Theorem 1.4). We first recall the following fact.

Lemma 25 Let 8 C R™ be a semialgebraic set and let ¢ : § x [0, 1] — R be a strictly
positive continuous semialgebraic function. Then there exists a strictly positive continuous
semialgebraic function £* : § — R such that €*(x) < e(x, t) for each (x,t) € § x [0, 1].

Proof The projection w : § x [0, 1] = 8, (x,?) — x is open (because it is a projection),
proper (because the inverse image of acompact set K C 8 1is 7 1K) = K x[0, 1], whichisa
compact set) and a surjective continuous semialgebraic map. By [28, Const.3.1] the function
e :8 = R, (x,t) — £*(x) ;== min {e(x,1)}.
1€[0,1]
is a continuous semialgebraic function smaller than or equal to ¢ and still strictly positive, as
required. O

2.3.1 Construction of the trimmed Whitney’s semialgebraic topology

Let M C R™ be a Nash manifold and let & > 0 be an integer. If © = 0, then SS(M X
[0,1], R") := S0 (M x [0, 1], R") endowed with the S0 topology. Assume next i > 1 and
let&q, ..., & be semialgebraic tangent fields on M that span the tangent bundle of M. Define
Sff(M x [0, 1], R™) as the space of continuous semialgebraic maps f : M x [0, 1] — R"
such that &, ---&,(f) : M x [0,1] — R”" is a continuous semialgebraic map for each
1<ij,...,ir<sandeachl <{¢ <pu

We equip SE(M x [0, 1], R") with the SE trimmed (strong) Whitney’s semialgebraic
topology (S{f topology in short) that we define as follows. Let ¢ : M x [0, 1] — R be a
strictly positive continuous semialgebraic function. By Lemma 2.5 we may assume that ¢
does not depend on the variable ¢t € [0, 1], thatis, ¢ : M — R s a strictly positive continuous
semialgebraic function. Denote by V; the set of all functions g € S’g (M x [0, 1], R™) such
that

gl <e if p =0,
lgll <& and [I& ---& (&)l <efor I <iy,....ip<s, I=l=p ifp=1
2.4
The sets V; form a basis of open neighborhoods of the zero function for the S’; topology in
SE(M x [0, 1], R™).
LetS € R™and T C R” be semialgebraic sets such that 8 is locally compact. A continuous
semialgebraic map f : 8 x [0, 1] — T is an SS map if there exists an open semialgebraic
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neighborhood U C R™ of § in which § is closed and an S£* extension Fy : U x [0, 1] — R”
of f (see Remark 2.6(ii) below). Define §°S := CI(8) \ 8, which is a closed semialgebraic
set, because $ is locally compact. We have U C R™ \ §°S, because R™ \ §°8 is the largest
open semialgebraic neighborhood of § in R™ that contains & as a closed subset. Let o :
R™\ §°8 — [0, 1] be an S* bump function such that o|g = 1 and o |gmsespnv = 0.
Define F := (o x id[o,17) Fo : (R™ \ 6°8) x [0, 1] — R”, which is an S’t‘ extension of f.
Denote by S{f (8 x [0, 11, T) the space of S’tL maps between 8 x [0, 1] and T. We consider the
quotient topology in S£' (8 x [0, 1], R") induced by the canonical surjective restriction map
SE(R™\ §°8) x [0, 1], R") — SE(8 x [0, 1], R"), F > F|gx[o.1] and the S topology
of SE((R™ \ §°8) x [0, 1], R™). We endow SL'(§ x [0, 1], T) with the subspace topology
induced by the canonical inclusion S’;(S x [0,1],T) — S?(S x [0, 1], R™).

If M Cc R™ is a Nash manifold that contains 8 as a closed subset, the reader can check
that the (quotient) S£' topology of SE'(§ x [0, 1], R") induced by the canonical surjective
restriction map St“(M x [0, 1], R") — S’;(S x [0,1],R"), F +— F|sx[o,1] and the St“
topology of S’g (8 x [0, 1], R") is the same as before.

Remark 2.6 (i) Due to the nature of the S topology, the reader can check that the space
S (8 x [0, 11, T) endowed with this topology satisfies the analogous results to the space
SH*(8 x [0, 1], T) endowed with the S* topology. As it is quite straightforward, we do not
include further details, but we will use them quite freely (only) in the proof of Theorem 1.4.

(ii)) Let M C R™ be a Nash manifold and let 8 C M be a closed semialgebraic subset.
Let @ C M x R be an open neighborhood of 8 x [0, 1]. We claim: There exists an open
semialgebraic neighborhood U C M of § such that U x [0, 1] C Q.

Define U := {x € M : {x} x [0, 1] C 2}, which contains S. Pick a point x € U. Then
{x} x [0, 1] C 2, so the compact set {x} x [0, 1] does not meet the closed subset M \ 2 of
M. Leté := %dist({x} x [0, 1], M \ ). Then B,,(x, §) x [0, 1] does not meet M \ €2, so
Bm(x,8) x[0,1] € and B,,(x,8) C U. Thus, U is an open semialgebraic neighborhood
of § in M, as claimed. .

3 Nash manifolds with corners

In this section we present some concepts and results related to Nash manifolds with corners.

3.1 Generalities

Let 8 C R” be a semialgebraic set. A point x € 8 is smooth if there exists an open semi-
algebraic neighborhood U C R” of x such that U N § is a Nash manifold. The set Sth(8)
of smooth points of & is by [51] a semialgebraic subset of R” (and consequently a union of
Nash submanifolds of R” possibly of different dimension).

Let Q C R” be a Nash manifold with corners. The set of internal points Int(Q) of Q is
Int(Q) := Sth(Q) and the boundary 0Q of Q is 3Q := Q \ Int(Q). Observe that the set of
internal points Int(Q) and the boundary 99 of Q coincide with the set of internal points and
boundary of Q seen as a topological manifold with boundary.

A Nash manifold with corners Q C R” is locally compact, consequently: Q is a closed
Nash submanifold with corners of the open semialgebraic set R™ \ (C1(Q) \ Q). In [30] it is
shown that Q is a closed subset of an (affine) Nash manifold of its same dimension. Recall
that a Nash subset Y of a Nash manifold M C R” has only Nash normal-crossings in M if
for each point y € Y there exists an open semialgebraic neighborhood U C M such that
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Fig.1 The Nash manifold with 4
corners
Q= {xz0.y* =x* —x4

v

Y N U is a Nash normal-crossings divisor of U, that is, a finite union of transversal Nash
hypersurfaces of U.

Theorem 3.1 [30, Thm.1.11] Let Q C R" be a d-dimensional Nash manifold with corners.
There exists a d-dimensional Nash manifold M C R" that contains Q as a closed subset and
satisfies:

(1) The Nash closure Y of 0Q in M has only Nash normal-crossings in M and QNY = 99Q.
(ii) For every x € 0Q the smallest analytic germ that contains the germ 3Qy is Y.
(iii) M can be covered by finitely many open semialgebraic subsets U; (fori = 1,...,r)
equipped with Nash diffeomorphisms u; := (uj1, ..., uiq) : Ui — R4 such that:

U CcInt(Q orU;NQ =g, if U; does not meet 99,
UiNQ={uj1 =0,...,uy >0}, ifU; meets 0Q (for a suitable k; > 1).

The Nash manifold M is called a Nash envelope of Q. In general, it is not guaranteed that
the Nash closure Y of 9Q in M is a Nash normal-crossings divisor of M (that is, a finite union
of transversal Nash hypersurfaces of M), as shown in the following example.

Example 3.2 The semialgebraic set Q := {x > 0, v <x?— X4} C R? is a Nash manifold
with corners (see Fig. 1). Given any open semialgebraic neighborhood U of Q in R? the Nash
closure of 9Q in U is not a Nash normal-crossings divisor of U. ]

We now define Nash manifolds with divisorial corners.

Definition 3.3 A Nash manifold with corners Q C R” is a Nash manifold with divisorial
corners if there exists a Nash envelope M C R” such that the Nash closure of 0Q in M is a
Nash normal-crossings divisor. .

A facet of a Nash manifold with corners Q C R” is the (topological) closure in Q of
a connected component of Sth(9Q). As 99 = Q \ Sth(Q) is semialgebraic, the facets are
semialgebraic and there are finitely many of them. The non-empty intersections of facets of
Q are the faces of Q. In [30] the following characterization for Nash manifolds with divisorial
corners is shown:

Theorem 3.4 [30, Thm.1.12, Cor.6.5] Let Q C R" be a d-dimensional Nash manifold with
corners. The following assertions are equivalent:

(1) There exists a Nash envelope M C R" where the Nash closure of 0Q is a Nash normal-
crossings divisor.
(ii) Every facet F of Q is contained in a Nash manifold X C R" of dimension d — 1.
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(iii) The number of facets of Q that contain every given point x € 99 coincides with the
number of connected components of the germ Sth(9Q).
(iv) All the facets of Q are Nash manifolds with divisorial corners.

If that is the case, the Nash manifold M in (i) can be chosen such that the Nash closure in M
of every facet F of Q meets Q exactly along F.

Properties (ii), (iii) and (iv) are intrinsic properties of Q and do not depend on the Nash
envelope M. The faces of a Nash manifold with divisorial corners are again Nash manifolds
with divisorial corners. If a Nash envelope M C R” of Q satisfies the equivalent conditions of
Theorem 3.4, every open semialgebraic neighborhood M’ of Q in M is still a Nash envelope
of Q that satisfies such conditions. For the rest of this article (and also for the statements in
the Introduction) we make the following assumption:

Assumption 3.5 A Nash manifold with corners means a Nash manifold with divisorial cor-
ners.

We next recall a result from [18, Thm.1.9] that proves that Nash manifolds with corners
admit Nash compactifications that are compact Nash manifolds with corners.

Theorem 3.6 Let Q C R” be a Nash manifold with corners. Then there exists a Nash embed-
ding 3 : Q < RP? for some p > 1 such that C1(Q) C R? is a compact Nash manifold with
corners.

4 Pushing Nash manifolds with corners inside its interior

In this section we prove Theorem 1.3. By Theorem 3.6 it is enough to prove Theorem 1.3
when Q is a compact Nash manifold with corners.

Proof of Theorem 1.3 in the compact case Let Q C R”" be a d-dimensional compact Nash
manifold with corners and let M C R” be a Nash envelope of Q such that the Nash clo-
sure X of 3Q in M is a Nash normal-crossings divisor satisfying QN X = dQ (Theorem 3.4).
Let X1, ..., X be the irreducible components of X (which are non-singular Nash hyper-
surfaces of M). Let h; : M — R be a Nash equation of X; such that d,h; : T,M — R is
surjective for each p € X; andeachi = 1,...,sand Q = {h; >0, ..., hy > 0} (see [19,
Cor.2.12]). Let (€, n) be a Nash tubular neighborhood of M in R” (use [14, Cor.8.9.5]). The
proof is conducted in two steps.
STEP 1. CONSTRUCTION OF A SUITABLE TANGENT NASH VECTOR FIELD. We show:
There exists a Nash map W : M — R”" such that W is a tangent vector field on M and
dphj(Wp) > 0 foreach p € 00N {hj =0}andeach j =1,...,s.
By Theorem 3.1 M can be covered by finitely many open semialgebraic subsets U; (for

i =1,...,r) equipped with Nash diffeomorphisms u; := (u;1, ..., uiq) : Ui — R4 such
that:

U CcInt(QorlU; NQ =g, if U; does not meet 09,

UiNQ={uj1 =0,...,uy >0}, if U; meets 0Q (for a suitable k; > 1).

Consider the tangent Nash vector field V; on U; given by (d,,ul-)’1 (1,..., ) foreach p € U;.

Observe that d,(u;;)(V; p) =1 > Oforeachi = 1,...,r andeach j = 1,...,d. Let
{6i};_, bean S ! partition of unity subordinated to {Ui};_,. Define the tangent S ! vector
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field V := > "i_, 6;V; and we claim: d,h;j(Vy) > 0 for each p € 9Q N {h; = 0} and each
j=1,...,s.

Fix j =1,...,sand let p € 99N {h; = 0}. If p ¢ U;, then 6;(p) = 0, because
supp(6;) C U;. After reordering the indices, we may assume that there exists £ > 1 such that
peUin---NUgand p ¢ UpyqU---UU,. ThenV, = Zle 0;(p)Vi,p andd,h;(Vy,) =
Zle 0;(p)dph(V; p). Fixi =1,..., £. As hj vanishes identically at X ;, after reordering
the indices if necessary, we may assume that /|y, = u;jw;; for some strictly positive Nash
function w;; on U; (recall that Q = {h; > 0, ..., hy > 0} and h; : M — Ris an equation of
X; suchthatd,h; : T,M — Rissurjective foreach p € X; andeachi =1, ..., s). We have
dphjlu; = wij(p)dpuir + ui1(p)dpwij = w;j(p)dpu;i, because {h;|y, = 0} = {u;; = 0}
and hj(p) = 0. Thus, dph;(V; p) = w;ij(p)dpuii(Vi,p) = wij(p) > 0. As 6;(p) > 0 for
i=1,....,£and Y*_ 6;(p) = 1, we conclude that

¢ 4
dphj(Vp) =Y 60i(p)dyh;(Vip) = > 6i(p)wij(p) > 0,

i=1 i=1

as claimed.

Denoteby TM := {(x,v) € M x R" : v € Ty M} the tangent vector bundle of M, which
is a Nash submanifold of R?". Denote the projection onto the first factor by w : TM — M.
By [50, Thm.IL.4.1] there exist Nash approximations W* : M — TM, x — (¢(x), W?) of
V*: M — TM, x > (x, V,) arbitrarily close to V* in the S! topology. As 7w o V* = idy
is an S! diffeomorphism, we deduce by Proposition 2.2 and [50, Lem.I.1.7] that if W* is
close enough to V*, also 7 o W* = ¢ is an S' diffeomorphism and ¢! is close to idys. By

Proposition 2.2 the S' map W : M — R", x > W(;,l - is a tangent vector field to M close

to V in the S! topology. As dph(V)y) is strictly positive for each j = 1,...,s and each p
belonging to the compact semialgebraic set dQ N {k; = 0}, we deduce by Proposition 2.2
that, if W is close enough to V, also d, j (W),) is strictly positive for each p € 0QN{h; = 0}
andeach j =1,...,s.

STEP 2. CONSTRUCTION OF THE NASH MAP. Define the Nash map

@M xR —>R", (x,t) = x +tWy.

Aspo(Qx{0}) =9 c M C &, wehave Ox{0} C <p61(8).Considerthe closed semialgebraic
set C :=R" \<p0_1(M) and let ¢ := %dist(Q x {0}, C). Foreach 0 < § < §y define

Ms :={x € M : dist(x, Q) < 8},

whichis an open semialgebraic subset of M that contains Q. We claim: There exists0 < § < &g
such that Ms x [—8, 8] C ¢y ' (€).

Fix 0 < 8 < 8¢ and let us first check: (Mg x [—5,8])) N C = @.

Otherwise, there exists (x, ) € (Ms x [—8,8]) N C. Then dist(x, Q) < §, so there exists
xo € Q such that d(x, xg) < § (recall here that Q is compact). Thus, ||(x, ) — (xo, 0% =
d(x, x0)2+1% < 282,50 ||(x, 1) — (x0, 0)]| < /28 < 28.As (x,1) € Cand (xp, 0) € Qx {0},
then

280 = dist(Q x {0}, C) < ||(x, 1) — (x0, 0)|| < 26 < 260,

which is a contradiction, so (Mg x [—6§,8])) N C = @.

As Q is compact, there exists N > 0 such that W, € B,(0, N) for each x € Q. Let p :
M, x By (0, N+80) x[—80, 801 — R™, (x, y,1) = x+ty.As p(Qx B, (0, N)x{0}) = Q C
M C € and Qis compact, there exists 0 < § < §¢ such that p(M;s x B, (0, N) x[-8, 8]) C E.
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We have
o(Ms x [=6,8]) C p(Ms x B,(0, N) x [-8,8]) C &,

because W, € B, (0, N) for each x € Q. Consequently,
Ms x [=8.8] C ¢ (9o(Ms x [—8,8])) C 95 (&),

as claimed.

Fix 0 < § < § satisfying that Ms x [—§, 8] C <p0_1(8) and define M := M;. Recall that
(&€, n) is a Nash tubular neighborhood of M in R” and for each j = 1, ..., s consider the
Nash functions hj‘. i=hjon:€&— Rand

h§ = hj op:MyxB,0,N)x[-838—R, (x,y,1) — hjf(x + ty).

Letm; : R* x R" x R - R”, (x,y,t) — x be the projection onto the first factor and let
m R xR xR - R” x R", (x,y,1) — (x,y) be the projection onto the first two
factors.

As (h;—h’;.om)(x, y,0) = h’]‘.(x)—h*.(x) = Oforeach (x, y) € MyxB,(0, N), the Nash
function h; —hj o vanishes on the hyperplane {t = 0} of My x B,,(0, N) x [—8, §]. Thus,
there exists a Nash function H; : Mo x B, (0, N) x [=8, 8] — Rsuchthat h% — h% oy =
t H;. Consider the Nash function Hjo : Mo x B,(0, N) — R, (x,y) = H;j(x,y,0). As
(Hj — Hjpom)(x,y,0) = Hjo(x,y) — Hjp(x, y) = 0 for each (x, y) € My x B,(0, N),
the Nash function H; — H o o 2 vanishes on the hyperplane {t = 0} of My x B, (0, N) x
[—6, 8]. Thus, there exists a Nash function G : My x B, (0, N) x [—§, 6] — R such that
Hj; — Hjp o m = tG . Consequently,

Ri(x +1ty) =h5(x,y,0) = (W o) (x, y, 1) + tHj(x, y,1)
= 15 (x) + 1((Hjo o 1) (x, y, 1) +1G j (x, y, 1)) = W5 (x) + tHjo(x, y) + °G j(x, y, 1)
4.1
for each (x, y, 1) € My x B, (0, N) x [-3, 1.
Consider the restriction ¢ := @o|a,x[-5,5] : Mo x [=8,8] = &, (x,t) — x +tW, and
observe that no ¢ : My x [—8,8] = M, (x,t) — n(x + tW,). We deduce from (4.1)
(hjf op)(x,t) = h_’;(x +tWy) = hj-(x) +tHjo(x, Wy) + tZGj (x, Wy, 1) 4.2)
for each (x,t) € My x [—4, 8]. Thus,

8(hj oQ) .
HjO(xa W) = T(x, 0) = dxhj(wx) = dxhj(Wx)
for each x € My, because W, is tangent to Mg C M at x and h“;lMO = (hjomlmy = hjlm,-

As hj‘.(x) = h(x) for each x € My, we have by (4.2)

(1% 0 ) (x, 1) = hj(x) + tdchj(Wy) + G j(x, Wy, 1) (4.3)
for each (x,t) € My x [-6, 6].
Fix j = 1,...,s. We claim: For each y € Q there exist an open semialgebraic

neighborhood U C My of y and 0 < &y < & such that (hjf o @)(x,t) > 0 for each
(x,1) e (UYNQ) x (0, &,].

If y € Q\ {hj = 0}, then h;(y) > 0. As My is locally compact, there exists an open
semialgebraic neighborhood UY C My of y such that CI(U”) is compact and % |cjy») > 0.
Denote by

no,y :=min{h;(x) : x € CLLU")} > 0,
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Ni,y := max{ldch j(Wy)| : x € CI(UY)},
Noy i=max{|G;(x, Wy, 0)|: (x,1) € CI(U”) x [0, 81}

By (4.3) we have
(W5 0 @)(x, 1) = hj(x) + tdehj(Wy) + 12G j(x, Wo, 1) = o,y — tN1y — 12 Na,y

and there exists 0 < &, < & such thatif r € (0, &y], then ng y, — Ny y — tzNz,y > 0. Thus,
(h’;. o@)(x,t) > 0foreach (x,1) € (U NQ) x (0, &].

If y e QN {h; = 0}, then h;(y) = 0 and dyh;(Wy) > 0. Let U” C My be an open
semialgebraic neighborhood of y such that CI(U?) is compact and dyh ; (W) > 0 for each
x € CI(U”). Denote by

ny,y = min{dhj(Wy) : x € CI(U”)} > 0
Ny = max{|G,(x, Wy, )| : (x,1) € CLUY) x [0, 1]}.

By (4.3) we deduce
(W% 0 9)(x, 1) = hj(x) + tdshj(Wy) + 2G(x, Wy, 1) = t(n1y — tN2,y)

and there exists 0 < ¢, < ¢ such thatif r € (0, &y], then ny , — Ny > 0. Thus, (h"/f o
@)(x,t) > 0foreach (x,1) € (UY N Q) x (0, &], as claimed. ‘

As Q is compact, there exist yi,...,y¢ € Q such that Q C U U --- U Ut Define
gj :==min{gy,, ..., &y} < 6. We have: (h; o@)(x,t) > 0 foreach (x,t) € Q x (0, ¢;]. As
the previous property holds for j =1, ..., s, we define 0 < ¢ := min{eq, ..., &} < 6. We

have (hjonog)(x,t) = (hjo(p)(x, t) > Oforeach (x,t) € Qx (0, e]andeachj =1,...,s.
We conclude (n o ¢)(x,t) € Int(Q) = {h; >0, ..., hy > 0} foreach (x,t) € Q x (0, €]. In
addition, n o ¢(x, 0) = x for each x € My. Define the Nash map

Yi=nog:Myx|[-1,1] > M, (x,t) — (nog)(x,et).

The Nash map o := X|gxo,1] : © x [0, 1] — Q satisfies (Q x (0, 1]) = Int(Q) and
olax{o) = idg, as required. O

5 Pushing Nash manifolds with corners with control of derivatives
In this section we improve Theorem 1.3 showing that it is possible to push a Nash manifold
with corners Q C R” inside its interior Int(Q) using a one-parameter family of Nash diffeo-

morphisms (onto their images) arbitrarily close to the identity map with respect to the S*
topology for each integer i > 0.

5.1 Strictly positive Nash functions close to zero

We show that there exist strictly positive Nash functions § : Q — (0, 1) arbitrarily close to
zero with respect to the S* topology.

Lemma5.1 Let M C R”" be a Nash manifold and U C M an open semialgebraic set. Then,

for each integer n > 0 there exist strictly positive Nash functions h : U — (0, 1) arbitrarily
close to zero with respect to the S* topology.
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Before proving the previous lemma we need some preliminary results. Given a multi-index

o= (v, ...,a,) € N" we denote by |a| = o) + - - - + &, its length. The factorial of « is
defined as a! := «ay!-- - ay,!, while for each x := (x1,..., x,;) € R" the oc’h—power of x is
defined as
x4 =xt Xy
For each 8 := (B1, ..., By) € N" the sum of o and B is defined component-wise, that is
O[+/3 = (1 +/317-~-’05n+/3n)~
Moreover, we write 8 < «a if 8; < a; foreachi =1,...,n.

We start with the following two well-known elementary results that we include here for
the sake of completeness.

Lemma5.2 Foreacho = (ay,...,a,) € N" and each integer m > 1 we have
!
S g = s
Bi+-+Bm=a ﬁl. o ,Bm-
Proof Let m > 1 be an integer. Denote by x; := (x;1, ..., Xin). We consider the following
preliminary formula
Q{' m
(14 xm)® = Z Bil---B ‘fo’ (5-2)
Bit-+Bm=c I =1
The case n = 1 follows from [2, Prop.3.10]. We proceed by induction on n. Denote by
o = (ay,...,a,_1) and xl.’ = (Xi1, ..., Xi n—1) for n > 2 and suppose
/ e ol - 18
4t x)t = Z 7/3,!.“18/!1_[)@4
Bittpy=ar U1 T il

where B! := (Bi1, ..., Bin—1). Then

(x1 +...+xm)°‘ — (xi +.-~+x;n)a,(xln +"'+xmn)an

(Gl T T

ﬂi+"'+ﬂ/n=°‘/ i=1 Bin+--+Bmn=0ctn i=l
a! - Bi
=2 gl
Bi+-+Bn=a i=1
where B; := (], Bin)-
Substituting x; = (1,...,1)in (5.2) foreachi =1, ..., m, we deduce
]
Z | = 1 met - m® = mle! (5.3)
Py S Bil - B!

for each @ € N” and each integer m > 1, as required. O

Let U C R” be an open subset and let f : U — R be a function of class C* for some
u > 1. For each @ € N” such that |«| < u we denote by
glal
DYWfi=— —  _f
f ax|" ... 0xy"
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the partial derivative of f of order o, where D® f = f if |a| = 0.

Lemma 5.3 (Leibniz rule for powers) Let U C R”" be an open subset and v > 1 an integer.
Let f : U — R be a function of class C*. Then for each a € N" such that |«| < u and each
integer m > 1, it holds

o) om o! 3
D " = Z Bil-- B! 1_[ D,

Bit-+Bm=a I<r<m

Proof Using generalized Leibniz’s formula [49, §6.4] we have

|
D@ (ghy =Y —— L pBgplhy 54
(sh) Zpa-pr ¢ o

foreach 1 < || < u and each pair of functions g, & : U — R of class C*. As the statement
is clear when m = 1, we may assume m > 2. Using (5.4) and an inductive argument we have

D(Ot)fm — Z a! (D(ﬂl)f)(D(a—ﬁl)fm—l)

o — |
frze Bil(a — B1)!
al (@ — B!
_ (B1) Br)
_Zﬁlv(a_ﬂl)v(D v Z Bal- B! 1_[ D™ f
pr<e " ’ Bot+Bu=a—p1 " 2<r<m
o!
= — D(/Sr)f’
T
1+ +Bm=a 1<r<m
for each m > 2, as required. O

We next prove the following Lojasiewicz’s style formula.

Lemma5.4 Let u > 1 be aninteger. Let U C R" be an open set such that C1(U) is compact
and f : CI(U) — R a function of class C* such that | f (x)| < 1 for each x € CI(U). Then
there exists an integer M >  such that for each integer N > M it holds

ID@ N ()| < | f(0)

for each x € U and each a € N" such that |o| < .

Proof Leta € N" be suchthat || < p.Letm > 1besuchthatm > |e|andletfy, ..., By €
N”" such that 81 + - - - + B, = «. Then there exist at least m — |«| indices r € {1, ..., m}
such that |8,| = 0 and at most |«| indices r € {1, ..., m} such that |8,| # 0. Define

C:=1 D@ >1 and L:= 1.
+|g§>;{x€rré%){l SOOI =1 an xenrg;lg;]){lf(x)I}<
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We have L < 1, because C1(U) is compact and | f(x)| < 1 for each x € CI(U). By Lemmas
5.2and 5.3 and as | f(x)| < 1 for each x € U, we deduce

|
(@) £m o> (Br)
DOl Y G A [T 1p¥rl
Bi++Bn=at I<r<m
ol
= 2 gy L p%ren [T 1rel
Bit+PBm=a 1 M 1 <r<m I<r<m
18,170 16r1=0
a! m—lal (5.5)
=< Z m|f(x)| l_[ c
it +Bn=a t=r=m
18170
!
< €l f (e =l p o
| DD ey

< (Cm)*| £ )" < (Cm)* L™ * 1 £ ()]

for each x € U, each @ € N” such that |¢| < p and each integer m > u. We claim: there
exists an integer M > w such that

(CNYFLN—1=1 1, (5.6)

for each integer N > M.
Consider the real function g : (0, +00) — R given by

g(x) == log((Cx)*L* 1) = ulog(C) + plog(x) + (x — u — D log(L)

1
= 1(log(C) — log(L)) — log(L) + (1 ng(x) +log(L) )«

As p(log(C) — log(L)) — log(L) is a positive constant (because C > 1 and 0 < L < 1),
limy— 400 10“3% = 0 and log(L) < 0, there exists an integer M > p such that if x > M,
then g(x) < 0. Thus, exp(g(x)) = (Cx)*L*#=1 < 1 foreach x > M. Consequently, the
formula (5.6) holds for each integer N > M.

By (5.5) and (5.6) we deduce

D@ N0 < (€LYl < 1f ()
for each x € U and each o € N" such that |«| < p, as required. O

Next, we show that there exist strictly positive S* functions arbitrarily close to zero with
respect to the S* topology.

Lemma5.5 Let M C R" be a Nash manifold and U C M an open semialgebraic set. Then,
for each integer p > 0 there exist strictly positive S* functions h : U — (0, 1) arbitrarily
close to zero with respect to the S* topology.

Proof Let ¢ : U — R be a strictly positive continuous semialgebraic function. As U is
open in M and M is a Nash submanifold of R”, U itself is a Nash submanifold of R". After
replacing U by a Nash tubular neighborhood (€2, v) of U in R”" and ¢ by ¢ o v, we may
assume: U is an open semialgebraic subset of R". Let B,, := {x € R" : ||x|| < 1} be the
open ball centered at the origin and radius 1 and consider

X

VT4 Ix)?

d:R" - B,, x>
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which is a Nash diffeomorphism. After replacing U by ®(U) and € by € o ®~!, we may
assume that U is a bounded set, so: C1(U) is a compact semialgebraic set.

The exterior boundary §°U := CI(U) \ U is a closed semialgebraic subset of R”. By [50,
Prop.1.4.5] there exists an S* function f : R” — R such that §°U = {f = 0}. Define

_L n
g = IS R" - R,

which is an S* function such that:

o 5°U = {g =0},
e |g(x)| < 1 foreachx e R".

We replace g with its restriction g|ciy) : C1(U) — R. By [14, Prop.2.6.4] there exists an
integer N > 0 such that the semialgebraic function ¢* : CI(U) — R defined as

gZNe ifxeU,

e*(x) ==
x) 0 ifx € §°U

is continuous. Observe that £* is strictly positive on U because g # 0 on U. As |g| < %,
we deduce ¢*(x) < e(x) for each x € U. After replacing ¢ by ¢*, we may assume: The
semialgebraic function € extends continuously on C1(U) by setting €(0) = 0 on §°U.

As {e¢ = 0} = {g = 0}, there exist by Lojasiewicz’s inequality [14, Cor.2.6.7] an integer
No > 0 and a real number C > 0 such that |gN° (x)] < Ce(x) foreach x € CI(U).

Let N; > 0 be an integer such that 2%1 < 1. As ¢(x) # 0 for each x € U, we have

<

N e(x) < e(x) for each x € U. We deduce

1 c
Y01 < 180 W1 ()] = eV ] = et <e)  (57)

for each x € U. By Lemma 5.4, there exists an integer N, > 0 such that
| D@ g2 NoEND ()| < 1NN ()] < £ (x) (5.8)

for each x € U and each « € N”" such that |¢| < u.
Define N := 2N(Ng + Np). As |g| < %, g #0on U and N is even, we deduce by (5.7)

0 < gV (x) < min{e(x), 1}
for each x € U. By (5.8) the S* function i := gV : CI(U) — R also satisfies |[D®h(x)| <
&(x) for each x € U and each o € N" such that || < u, as required. O

We are ready to prove Lemma 5.1.

Proofof Lemma 5.1 Lets : U — R be a strictly positive continuous semialgebraic function
bounded by 1. By Lemma 5.5 there exists a strictly positive S* function H : U — (0, 1)

&

that is §-close to zero with respect to the S* topology. In particular 0 < H < §. By [50,
11.4.1] there exists a Nash function # : U — R which is H-close to H with respect to the
S* topology, so

O=H-H<h<H+H=2H <¢ <1,
ID@h| < IDH|+|D"h—-H)| <5+H<e,

for each &« € N" such that 1 < |a| < pu, as required. O
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5.2 Pushing a Nash manifold with corners using Nash diffeomorphisms

Let M C R”" be a d-dimensional Nash manifold and let Q C M be a d-dimensional Nash
manifold with corners, which is a closed subset of M. Let o : Q x [0, 1] — Q be the Nash
map introduced in Theorem 1.3 and let X : My x [0, 1] — M be the Nash extension of o to
My x [0, 1], where My C M is a suitable open semialgebraic neighborhood of Q. For each
semialgebraic function 6 : My — [0, 1] we define the semialgebraic maps

Os1g 1 Q= Q, x> o(x,8(x)), 5.9
s Mo —> M, x = Z(x,8(x)). (5.10)

Observe that X5 is a semialgebraic extension of og|, to Mo. Both semialgebraic maps above
are Nash if § is Nash. If §(x) > O for each x € Q, we have by Theorem 1.3 05(Q) C Int(Q),
whereas if § = 0 we have o5, = idg and Xs is the inclusion of M in M. In addition, we
have the following.

Corollary 5.6 Let s : My — R be a strictly positive continuous semialgebraic function and
let n > 1 be an integer. Then there exists a strictly positive continuous semialgebraic function
€ : My — Rsuchthatifs : My — Ris an S" function e-close to zero with respect to the S*
topology, then X5 is e-close with respect to the S* topology to the inclusion j p, : My — M.

In addition, if § is a Nash function and ¢ is small enough, X5 : My — M is a Nash
embedding.

Proof 1t is enough to use Sect. 2.2.3 and the continuity of the map
Ty 1 SM(Mo) — SH (Mo, M), 1+ Z o (Fmy. 1)
with respect to the S* topology, where j , : Mo < M is the inclusion. O

As an application of Theorem 1.3 and Lemma 5.1, we show how to push a Nash manifold
with corners Q inside its interior Int(Q) using a one-parameter family of Nash diffeomor-
phisms (onto their images) arbitrarily close to the identity map with respect to the S* topology.

Theorem 5.7 (Pushing Nash manifolds with corners using Nash diffeomorphisms) Let M C
R”" be a d-dimensional Nash manifold and let Q C M be a d-dimensional Nash manifold with
corners that is closed in M. Let € : My — R be a strictly positive continuous semialgebraic
Sfunction and let u > 1 be an integer. Then there exists a Nash function § : My — (0, 1) such
that the Nash map

W Myx|[0,1] > M, (x,1t) = Wy(x) := Zys(x) = Z(x, 15(x))
satisfies

(i) Yo = jm, and ¥,(Q) C Int(Q) for each t € (0, 1],
(i) ¥; : My < M is a Nash embedding for each t € [0, 1],
(iii) W, is e-close to the inclusion jy, : Mo < M with respect to the S* topology for each
t €0, 1].

Proof When we say that two functions are ‘close’, we mean that they are close with respect
to the corresponding S* topology. For each semialgebraic function n : My — (0, 1) let X,
be the map introduced in (5.10). By Corollary 5.6 there exists a strictly positive continuous
semialgebraic function € : My — R such that each Nash function n : My — (0, 1)
that is e-close to zero satisfies that X, is a Nash embedding ¢-close to the inclusion map
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jmy 1 Mo < M. By Lemma 5.1 there exists a Nash function § : My — (0, 1) that is
e-close to zero. We deduce that t§ is e-close to zero as well for each + € [0, 1]. Thus,
W; 1= X5 : Mp — M is a Nash embedding and e-close to the inclusion map J g, for each
t € [0, 1]. In addition, Wy = Jjp, and by Theorem 1.3 W,(Q) = 0ys(Q) C Int(Q) for each
t € (0, 1], because Im(z5) C (0, 1) for each ¢ € (0, 1], as required. O

Remark 5.8 The Nash map
S My x[0,1] = M x [0,1], (x,1) — (Z(x, 18(x)), 1)

is a Nash embedding, if the strictly positive Nash function § : My — (0, 1) is close enough
to 0 with respect to the S* topology. ]

As astraightforward consequence of Corollary 5.6 and Theorem 5.7 we have the following:

Corollary 5.9 Let ¢ : Q — R be a strictly positive continuous semialgebraic function and let
i > 0 be an integer. Then there exists a Nash function § : Mo — (0, 1) such that the Nash
map

0s)q 1 Q= Int(Q), x = o (x,8(x))

is a Nash embedding that is e-close to the identity map idg with respect to the S* topology.

6 Proofs of the main results

In this section we prove Theorems 1.1 and 1.2. We first present the proof of Theorem 1.1 and
to lighten the proof of Theorem 1.2 we present before some preliminary results.

6.1 Nash approximation when the target space is a Nash manifold with corners

We use the techniques developed in the previous section to improve [19, Thm.1.5]. Fix an
integer 1 > 0. In the following when we say that two functions are ‘close’, we mean that
they are close with respect to the corresponding S* topology. We are ready to prove Theorem
1.1.

Proof of Theorem 1.1 The proof is conducted in two steps:
STEP 1. Lete : 8 — R be a strictly positive continuous semialgebraic function. Let

o:9x[0,1]1 = 9, (x,1) — or(x)
be the Nash map introduced in Theorem 1.3. By Proposition 2.2 the map
oy 1 S*(8,Q9 x [0,1]) — S*(8,Q), (h,n) — o o (h,n)

is continuous with respect to the S* topology. Thus, there exists a strictly positive continuous
semialgebraic function € : 8 — R such that if (&, n) € S*(8, Q x [0, 1]) is an S* map that
is e-close to (f, 0), then o o (h, n) is %—close to

oo(f,0)=idgof = f.

As 8 is a locally compact semialgebraic subset of R™, the boundary §°S := CI(8) \ 8 is
a closed semialgebraic subset of R™, so § is closed in U := R™ \ §*S. Lete* : U — R
be a strictly positive continuous semialgebraic extension of €. By Lemma 5.1 there exists a
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Nash function § : U — (0, 1) which is €*-close to zero, so o o (f, 8g) is 5-close to f. As
8(x) > 0 for each x € 8 and by Theorem 1.3 o;(x) € Int(Q) for each (x, ¢) € Q x (0, 1], we
deduce that o (f(x), 8(x)) € Int(Q) for each x € 8. After replacing f by o o (f, d|g) and &
by 5, we may assume: f(8) C Int(Q).

STEP 2. As f € SH(S, Int(Q)), there exists an open semialgebraic neighborhood V of § in R”
such that f extends to an S* map F : V — R". Let (€2, v) be a Nash tubular neighborhood
of Int(Q) in R”, see [14, Cor.8.9.5]. As €2 is an open semialgebraic neighborhood of Int(Q)
in R”, then F~!(2) is an open semialgebraic neighborhood of 8 in V. After replacing V by
vNF-YQ)if necessary, we may assume that F (V) C Q. As S is closed in U, we deduce 8
is closed in U N V. After replacing V by V N U if necessary, we may assume that § is closed
in V. Thus, F : V — Qs an S* extension of f : 8§ — Int(Q). As § is closed in V, there
exists by [14, Prop.2.6.9] a strictly positive continuous semialgebraic extension ¢* : V — R
of e.

By Proposition 2.2 the map

Vet SH(V, Q) = SM(V, Int(Q)), G+—vo G

is continuous with respect to the S* topology. In particular, there exists a strictly positive
continuous semialgebraic function €* : V. — R such that if G € S*(V, Q) is e*-close to F,
thenvo G is e*-closeto vo F. As V and Int(Q) are Nash manifolds, there exists by [50, I1.4.1]
aNashmap G : V — Qthatise*-close to F. Thus, the Nashmap g := voG|g : § — Int(Q)
is e-close to v o F|g = f, as required. O

6.2 Nash equations of Nash subsets close to zero

In the proof of Theorem 1.2 we need Nash equations of a Nash subset X of a Nash manifold N
that are close to zero with respect to the S* topology. Let i > 0 be an integer. When we say
that two functions are ‘close’, we mean that they are close with respect to the corresponding
S* topology.

Proposition 6.1 (Nash equations of Nash subsets close to zero) Let N C R™ be a Nash
manifold and X C N a Nash subset. Then, for each integer ;v > 0 there exist Nash functions
¢ : N — [0, 1) arbitrarily close to zero with respect to the S* topology and such that
X ={p =0}

Proof Lete : N — R be a strictly positive continuous semialgebraic function. After replac-
ing ¢ by min{e, 1/2} if necessary, we may assume ¢ < 1. After replacing N by a Nash tubular
neighborhood (§2, v) of N in R™, the Nash set X by v~!(X) and € by & o v, we may assume:
N is an open semialgebraic subset of R™. Let ¥ : N — R be a Nash equation for X, that
is, X = {¢y = 0}. After replacing i by %, we may assume ¥ (N) C [0, 1). Define the
non-negative continuous semialgebraic function

€:N—>R, x> max {{ D@y x)|}.
0<ler|=<p

Let f : N — R be a Nash function. For each x € N we have by multivariate Leibniz’s rule
(5.4) that

D@ £ < Y 1D Py ) DP fx))|
B<a

<e@) - Y IDP f(0)] < max{e(x), 1} Y IDP £ (x)]

B=a B<a

6.1)
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for each o € N such that |o| < u. The number of multi-indices 8 € N such that 8 < «
is m!?!. Thus, if || < w, the number of multi-indices 8 € N such that 8 < « is < m#.

Define

* . £

"~ max{m, 2} maxfe, 1}’

which satisfies ¢* < ¢. By Lemma 5.1 there exists a Nash function f : N — (0, 1) that is
g*-close to zero. By (6.1) we deduce that the Nash function (fv) : N — [0, 1) is e-close to
zero. As f is strictly positive, we deduce { fY = 0} = {¢ = 0} = X, as required. m]

6.3 Proof of Theorem 1.2

Before proving Theorem 1.2 we need some preliminary results. Recall the definitions con-
cerning distances between semialgebraic sets already presented in the Introduction. The
following result holds similarly for arbitrary sets, but we only prove it for semialgebraic sets,
because it is the setting considered in this article.

Lemma 6.2 Let C C R" be a closed semialgebraic set such that C = Cl(Int(C)). For each
x € Int(C) we have B,,(x, dist(x, 3C)) C Int(C), where dC := C \ Int(C).

Proof Observe that {R” \ C, dC, Int(C)} is a semialgebraic partition of R”. Consider the
bounded semialgebraic function

—1 ifxeR"\ C,
FiR" > {=1,0,1}, x> {0 ifx €dC,
1 ifx € Int(C),

which is continuous on R" \ dC. The continuous semialgebraic function dist(-, dC) has zero
set equal to dC, so g := dist(-, dC) - f is a continuous semialgebraic function on R” and
{g<0}=R"\C,{g =0} =9C and {g > 0} = Int(C). Pick x € Int(C), write 0 < r :=
dist(x, C) and suppose B, (x, r) ¢ Int(C). Pick y € B, (x,r) N (R" \ C) and let L be the
line that passes through x and y. Consider the parametrizationz : R — L, t — x +1(y —x)
and the composition g o & : R — R, which takes the values g(x) > Oatz =0and g(y) <0
att = 1. Thus, there exists 7y € (0, 1) such that (g o h)(#9) = 0, so z := h(tp) € dC belongs
to the interior of the segment that connects x and y. Consequently, z € dC N B, (x, r), so
dist(x, 3C) < r, which is a contradiction. We deduce B,,(x, r) C Int(C), as required. ]

Lemma6.3 Let Q C R” be a d-dimensional Nash manifold with corners and let M be a
Nash envelope of Q such that Q is a closed subset of M, M is a closed subset of R" and the
Nash closure X of 9Q is a Nash normal-crossings divisor of M such that X N Q = 9Q. Let
(€, n) be a Nash tubular neighborhood of M in R" (as the one described in [14, Prop.8.9.2
& 8.9.3]) and let t : M — R be a strictly positive Nash function such that T := {x €
E: lx = n)| < (r on)(x)} is a closed subset of R". Then Q* := {x € R" : n(x) €
Q, |lx —nx) I2<(zo n)z(x)} is a Nash manifold with corners and it is a closed subset of
R”™.

Proof Let X1, ..., X be the irreducible components of X. Let #; : M — R be a Nash
equation of X; suchthatd,h; : T,M — Rissurjectiveforeach p € X;andeachi =1,...,s
and Q = {hy > 0,...,hs > 0} (see [19, Cor.2.12]). Define A} := h; on : &€ — R for
i=1,...,5.Let W:={(y,v) e M xR": ve (TL,M) },letll : W — M, (y,v) > y
andletgp : W — R”, (y,v) — y+wv.By[14, Prop.8.9.3] there exists an open semialgebraic
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neighborhood U C W such that ¢|y : U — € is a Nash diffeomorphism and for each
(y,v) € U and each ¢t € [0, 1] we have (y,tv) € U. In addition, by [14, Cor.8.9.5] it
holds n = I o (¢|y)~L. Define Q° := n~1(Q) = (¢p|y) o MI71(Q) NU). As ¢|y is a
Nash diffeomorphism, Q° is a Nash manifold with corners if and only if TI"1(Q) N U is
a Nash manifold with corners. To that end it is enough to prove: II"1(Q) = {h; o IT >
0,...,hs oIl > 0} is a Nash manifold with corners.

By [14, Prop.8.9.2] there exists an open semialgebraic covering {Uj, ..., Uy} of M and
Nash diffeomorphisms 6; : U; x R"™4 — 1~ YU;) fori = 1,...,m such that [1 o0 6; :
U; x R"4 — U; is the projection onto the first factor and il (yyxrr—d : {y} x R4
v} x (TyM )* is an R-isomorphism for each y € U;. Using Gram-Schmidt’s algorithm we
may assume 6; | (), gn—a is an R-isometry foreach y € U;.Itis enough to check: Ql._l (rm—@an
U))={hioMlo; >0,...,hs0llo8; >0} = (QNU;) x R"? is a Nash manifold with
corners for each i = 1, ..., m, which is trivially true, because each intersection (Q N U;) is
a Nash manifold with corners.

Define hy1 : € = R, x > (7 o 9)%(x) — |lx — n(x)||, which is a Nash function on &,
and h;‘H W — R, (y,v) = t2(y) — ||[v||?, which is a Nash function on W that satisfies
hsy1 = h;“+1 o (<p|U)‘1, because 1 o (¢|y) = IT and p(y, v) — n o I1(y, v) = v for each
(y,v) € W. Thus, for each (x, u) € U; x R*?, we deduce

(R gy 00 (v u) = T2(y) — [lull®,

because 6; |{},}XRn—d is an R-isometry for each y € U; and eachi =1, ..., m. Let us check:

(QNU) x R N {h¥, 06 >0}
={(y,u) e Ui x R : ni(y) = 0,...,hs(y) = 0,72(y) — ||lu]|* > 0}

is a Nash manifold with corners.
It is enough to show that (X x Ry U{(y,u) € Uy x R"4: 12(y) — |lul|* =0} is a

. .. . i h*,  ob;
Nash normal-crossings divisor. This holds, because %(y) = Oand 3(.};7“1,(9)(% u) = —2uy

foreachk =1,...,n —dandeach j =1,...,s and ul? = rz(y) > 0 for each (y,u) €
Ui x R" such that (h?,, 0 6;)(y, u) = 0.

Putting all the previous information together we deduce that Q* is a Nash manifold with
corners. To finish observe that as Q is a closed subset of M, the inverse image n~1(Q) isa
closed subset of &, so n71(Q) N T is a closed subset of 7. As T is a closed subset of R” and
Q* = n~1(Q) N T, we conclude that Q* is a closed subset of R”, as required. O

We are ready to prove Theorem 1.2. When we say that two functions are ‘close’ we mean
that they are close with respect to the corresponding S# topology.

Proof of Theorem 1.2 The proof is conducted in several steps:
STEP 1. INITIAL REDUCTION. Let us check that we may assume: Q C R” is a closed subset
of R" with non-empty interior in R".

Let M be a Nash envelope of Q in R” such that Q is closed in M and the Nash closure
Y of 3Q in M is a Nash normal-crossings divisor such that Q N Y = 9Q (Theorem 3.4). By
Mostowski’s trick (Proposition 2.1) we may assume that M is a closed subset of R". Let
(€, n) be a Nash tubular neighborhood of M in R” provided by [14, Prop.8.9.2 & 8.9.3]. We
claim: After shrinking N if necessary, there exists an S* extension F : N — Eof f : § — Q
to N that is Nash on an open semialgebraic neighborhood Uy C U of X N 8.

By Proposition 2.1 we may assume that N is a closed Nash submanifold of R”. As f
is Nash on 8 N U, there exists an open semialgebraic neighborhood U; C U of SN U
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and a Nash extension F; : Uy — R" of flgsny : SN U — Q to Uj. Analogously, as
f is 8* on §, there exists an open semialgebraic neighborhood U, C N of § and an S*
extension Fp : U — R" of f : § — Q to U,. After replacing N by U,, we may assume
that F, : N — R". As N is closed in R" and both § and X are closed in N, also S N X
is closed in R". Let Uy C Uj be an open semialgebraic neighborhood of § N X in U; such
that C1(Up) C Uj. Let {01, 62} be an S* partition of unity subordinated to the covering
{U1, N\ Cl(Up)}. Define F := 61 F| + 6, F, : N — R", which is an S* extension of f to
N. After shrinking N if necessary, we may assume F'(N) C &. As CI(Ug) C Uj, we have
F = F on Uy. We conclude that F' is Nash on Uy, as claimed.

Consider the strictly positive continuous semialgebraic function dist(-, R" \ ) : M —
(0, 400). By [23, §1] there exists a Nash function 7 : M — R such that 0 < %dist(g R\
& <1< %dist(-, R”™ \ &), so in particular 7 is also strictly positive. Recall that by [14,
Cor.8.9.5] dist(x, M) = ||x — n(x)| foreach x € £. Letus check: T :={x € & : |x —
nx)|| < t(x)} is a closed subset of R". Once this is proved, Lemma 6.3 implies that
Q*:={x eR": px) € Q, |lx —nx)|I® < (r o n)%(x)} is a Nash manifold with corners
and it is a closed subset of R".

Pick a point y € CI(T). By the curve selection lemma [14, Thm.2.5.5] there exists a
continuous semialgebraic arc o : (—1, 1) — R” such that «(0) = y and «((0, 1)) C T.
We have dist(a(t), M) = |la(t) — ne@®))] < t(x()) < %dist(oz(z),R” \ &) for each
t € (0, 1). Thus, dist(y, M) = dist(x(0), M) < %dist(a(O), R"\ &) = %dist(y, R"\ &).
We deduce dist(y, R" \ £) > 0, because otherwise dist(y, M) = 0 and dist(y, R" \ €) =0,
soy € MN(R"\ &) = &, which is a contradiction. Thus, y € £,s0y e C(T)N E =T,
because T is a closed subset of €. We conclude T is a closed subset of R”.

Recall that 8 is a closed semialgebraic subset of N, so each strictly positive continuous
semialgebraic function § — R extends to a strictly positive continuous semialgebraic func-
tion N — R. In particular, we may fix a strictly positive continuous semialgebraic function
¢ : N — R. By Proposition 2.2 the map 1, : S*(N, &) - S*(N, M), H — no H is con-
tinuous. Thus, there exists a strictly positive continuous semialgebraic function § : N — R
such that if H € S*(N, &) is 8-close to F and H(S) C n~'(Q), then n o H is e-close to
noFandnoHl|g:8 — Qiseglg-closetono f = f:8 — Q.

We replace M by &, X by n~'(X), Q by Q* and ¢ by 8, so we may assume: M is an
open subset of R" and Q is a closed subset of R" with non-empty interior in R" such that
Cl(Int(Q)) = Q (in particular, Lemma 6.2 applies to Q).

STEP 2. REDUCTION TO THE CASE OF A NICE INTERSECTION WITH THE BOUNDARY.
Lety : N — [0, 1) be a Nash equation in N of the Nash set X. Let

o:9x[0,1]1 = Q, (x,t) — or(x) :=0(x,1),
Y:Myx[0,1] > M, (x,t) > Zi(x) == X(x,1)

be the Nash maps introduced in Theorem 1.3, where My C M is an open semialgebraic
neighborhood of Q and 0 = X|q«(o,1]- Recall that oy = idg and 0;(Q) C Int(Q) for each
t € (0, 1]. After shrinking N if necessary, we may assume F(N) C M.

As ¢(x) € [0, 1) for each x € N, the composition

Ypo0F :N—> M, x = Xy (F(x)) = Z(F(x), ¢(x))

is a well-defined S* map that is Nash on Up and o5 o f = g5 0 Flg : § — Q.
By Proposition 2.2 the map

oy : SM(N, Mg x [0,1]) = S*(N, M), (H,p)— oo (H, p)
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is continuous. Thus, there exists a strictly positive continuous semialgebraic function €q :
N — R strictly smaller than % such that if (H, p) € S*(N, My x [0, 1]) is an S* map that
is €p-close to (F,0) and H(§) C Q x [0, 1], then ¥, 0 H = X o (H, p) is %—close to

SooF=%0(F,0)=73y,0F=F,

where jy, : My < M is the inclusion, and 0,5 0 H|g : § — Qis §-closetoop o f =
oo (f,0) = f. By Proposition 6.1 there exists a Nash equation ¢ : N — [0, 1) for the
Nash set X that is €p-close to zero. In particular, ¥, o F is %—close to F and if x € X, then
¥y o F(x) =XZ(F(x),0) = F(x). We claim: (X o )70 N8 ce1(0)=X.

If x € 8 satisfies p(x) # 0, then F(x) = f(x) € Q and X(F(x), p(x)) =
o(f(x),p(x)) € Int(Q) (because 0;(Q) C Int(Q) for each r € (0, 1]). Thus, (X, o
F)~109) N8 c ¢~ 1(0) = X, as claimed.

After replacing F by T, o F and & with §, we may assume: f~1(3Q) = F~1(3Q) N8 C
XNS.

STEP 3. CONSTRUCTION OF THE APPROXIMATING FUNCTION. After the substitution per-
formed in STEP 2, we have f~1(8Q) ¢ X N S. Thus,

{x €8 dist(f(x),0Q9) =0} = £ '3 Cc XNS={xeS: gox) =0}

By [14, Thm.2.6.6] and its proof there exist an integer pg > 0 and a continuous semialgebraic
function 22 : § — R such that

e XN8={h=0}
e ¢ (x) = h(x)dist(f(x), dQ) for each x € 8.

In particular, W := {x € 8§ : |h(x)| < 1} is an open semialgebraic neighborhood of X N §
in8. As f~1(dQ) ¢ X N 8 and W is an open semialgebraic neighborhood of X N § in 8, if
8\ W # @, the continuous semialgebraic function

€ 1 S\W — R, x — dist(f(x), dQ)

is strictly positive. Let €] : N — R be a strictly positive continuous semialgebraic extension
of €] (defined on the closed semialgebraic subset $ \ W of N)to N.If N\ W = @ we
set €] = 1. By Proposition 6.1 and using generalized Leibniz’s formula (5.4) there exists a
Nash equation ¢ : N — [0, 1) for the Nash set X such that |p1| < % and ¢ = <p1<pg° is
min{eg, €1, %}-close to zero. By [50, 11.5.2] and its proof (recall that by STEP 1 M is open
in R") there exist

e Nashmaps Go: N - M, ¥*: N — M and
e anS*map ¥V : N — M,

such that

(i) ¥*is min{e, %}—close to W,

(ii) the Nashmap G := Gy — pW¥* = F + (¥ — W*) satisfies G(N) C M.

In addition, G(x) = F(x) for each x € X, because X = {¢p = 0}.

We claim: G(8) C Q. We distinguish two cases:
CASE 1. Pick a point x € W C 8 and recall that M is an open subset of R” (see STEP 1).
We have
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1G(x) = f) = lo1(x)@® OI[W(x) — ¥*(x) ||
= o1 ()[R |W (x) — W™ (x) || dist(f (x), dQ)
Sh(oldist(f(x), 8Q) < 1 dist(f (x), 89Q),

IA

because x € W. If f(x) € 9Q, then G(x) = f(x) € 3Q C Q. If f(x) ¢ 0Q, then
f(x) € Int(Q). Thus, G(x) € B, (f(x), dist(f(x), dQ)). By Lemma 6.2 G(x) € Int(Q).
CASE 2. Pick a point x € § \ W and observe that

IG(x) = f)Il = 1Gx) — Fx)]|
= o1l W (x) — ¥* ()| < Jef(x) = 3 dist(f(x), 99),

s0 G(x) € B, (f(x),dist(f(x), d9)). Again by Lemma 6.2 G(x) € Int(Q), as claimed.
In addition, |G — F|| = |||V —¥*|| < %8 and G(x) = F(x) foreachx € X = {¢p = 0},
as required. O

7 Applications of the main results and further developments
7.1 Nash homotopies when the target space is a Nash manifold with corners

We use Theorem 1.2 to analyze Nash homotopies between semialgebraic maps with values
in a Nash manifold with corners. Let § C R™ be a locally compact semialgebraic set and
Q C R" a Nash manifold with corners. We next prove Theorem 1.4 and Corollaries 1.5 and
1.6 already stated in the Introduction.

Proof of Theorem 1.4 Let e : § x [0, 1] — R be a strictly positive continuous semialgebraic
function. By Lemma 2.5 we may assume ¢ does not depend on the variable t, that is,
e : 8 — R.Recall that ® : § x [0,1] — Q is a S¥ homotopy between f and g. By
Proposition 2.2 and Sect. 2.3.1

@, : SES x[0,1],8 x [0,1]) — S8 x[0,11,9), H+> ®o H

is a continuous map with respect to the SL° topology. Thus, there exists a strictly positive
continuous semialgebraic function §* : 8 x [0, 1] — Rsuchthat§* < % and if the continuous
semialgebraic map H : 8§ x [0, 1] — 8 x [0, 1] satisfies || (x, ) — H(x, )| < §*(x, t) for
each (x,t) € § x [0, 1], then

[@Cx, 1) — @(H(x, 1) < 1e(x)

for each (x, 7) € 8§ x [0, 1]. Again by Lemma 2.5 we may assume §* does not depend on the
variable t, thatis, §* : § — R.
Let0 < 8 < % and consider the (strictly increasing) semialgebraic homeomorphism

n [60,1 —60] — [0, 1], t — ! 0
: s > 1, 50
80 0 0 )
Define the continuous semialgebraic function
0, if 0 <t <,

5o < [0, 11 = [0, 1], 1 {n5 (1), if o <t < 1—do,
1, ifl =8 <t=<l.
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The following holds:
0
=15, (D1 = 1-2t} <6 t—ns (O]} < 8.
ze[ﬁ’f%]” sy (D1} 20, e[50150{| [} <8 ~ trerm]{l 18, (D1} < do

(7.1)

By Lemma 5.5 there exists an S* function § : § — R that is arbitrarily close to zero with

respect to the S* topology. Let A : U — R be a strictly positive S* extension of § : § — R

to an open semialgebraic neighborhood U C R” of § that is close to zero with respect to the
S* topology. By (7.1) we have

l(x, 1) — (x, ms ey ENN = |1 — N5y (D] < trerfg)%]{lt — N5y (D]} < 8(x)
for each (x, 1) € § x [0, 1]. By multivariate Leibniz’s rule (5.4) we have

D(O!)(

— _ () (@=B) (1 —
—aa U 2t))—(1 2t)Z'8,( ﬂ)'(D A)(D (1-28)""). (72)

In addition, by multivariate Faa di Bruno’s formula [21, Thm.2.1] we have

la—pB| k N _ (ki) ?;

- _ DK (=2)D*P(A)"
P2 =3 5 - Z Y. @-p] _

P (1 —2A)kT s=1 ps((a—Pp).k) j=1 (z‘j!).(Kj!)ej

where

pol@ =Bk =tk
N S
£; >0, 0<k <-- <k, ZZ.,- =k, ZZ./'KJ' :a—ﬂ}.
j=1 j=1

Thus, if A is close enough to zero with respect to the S* topology, we may assume 1_‘% is
8*-close to zero with respect to the S* topology and idg xns : 8 x [0, 1] — 8 x [0, 1] is
8*-close to idgx[o,1] in the S{' topology. Consequently, ® is f-close to ®* : 8§ x [0,1] —
Q, (x,1) = ®(x, nsx)(®)).

Consider the Nash subset R” x {0,1} of R™ x R and observe that
D[ ((x,nesx[0,13: r<s(x)} (X, 1) = f(x) and O*|((x.nesx[0,1]: r>1-5(x)} (X, 1) = g(x), so O*
is Nash on {(x,7) € S x [0,1] : ¢t < §(x)ort > 1 — §(x)}, which is an open semi-
algebraic neighborhood of the Nash set (R” x {0,1}) N (8 x [0,1]) in § x [0, 1]. B
Theorem 1.2 and Remark 2.6 there exists a Nash map ¥ : 8§ x [0,1] — Q %-close to
®* : § x [0, 1] — Q with respect to the 5’; topology such that ¥ (x, 0) = ®(x, 0) = f(x)
and W(x, 1) = ®(x, 1) = g(x) foreach x € S.

As ®(x,t) — V(x, 1) = (® — O*) 4 (O* — V), we conclude that ¥ is a Nash homotopy
between f and g which is e-close to ® with respect to the SE topology, as required. O

Remark 7.1 If the involved semialgebraic homotopy @ : 8§ x [0, 1] — Q between f and g
is S* for some p > 1, it is natural to wonder if it is possible to find an approximating Nash
homotopy W close to ® with respect to the S* topology. In the proof of Theorem 1.4 we
have used Theorem 1.2. It seems difficult to apply our strategy to approximate homotopies
with respect to the S* topology when p > 1, because we need that the homotopy @ is Nash
on an open semialgebraic neighborhood U of § x {0, 1} in N x R. To that end, we have to
replace ®(x, t) by ®(x, n(x, 1)), where n : N x [0, 1] — [0, 1] is an S* function such that

gz is zero when 0 <t < é(x) or 1 — §(x) < t < 1 for some strictly positive continuous
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Nash function § : N — R, so in general ®(x, n(x, t)) is not close to ® (x, ¢) with respect to
the S topology for 4+ > 1. This is substantially why we have introduced the S£ topology
in Sect. 2.3.1. ]

We deduce from Theorem 1.4 the proof of Corollary 1.5.

Proof of Corollary 1.5 As Q is a locally compact semialgebraic subset of R, we may assume
by Mostowski’s trick (see Proposition 2.1) that Q is a closed semialgebraic subset of R”".
Under this assumption, there exist by [22] an open semialgebraic neighborhood U of Q in
R" and a (continuous) semialgebraic retraction p : CI(U) — Q. As R" \ U is closed and
f(8) C U, the continuous semialgebraic function

e:8— R, x> Ldist(f(x), R"\U)
is by [14, Prop.2.2.8] strictly positive. Consider the continuous semialgebraic homotopy
®:8x[0,1] > R", (x,0) = ®;(x) := (1 —1)f(x)+1g(x).
If || f(x) — g(x)] < &(x) for each x € §, then
1 () = @0l = [ £ () = (1= D) f ) + 18
=1l f(x) — g < £ (x) — gl < e(x) = 3 dist(f (x), R"\ U),

(7.3)

so ®;(x) € U foreach (x, t) € §x[0, 1]. Thus, ®(8x [0, 1]) C Uand po® : §x[0, 1] — Q

is a well-defined continuous semialgebraic homotopy between f = p o ®(-,0) and g =

p o ®(-, 1). By Theorem 1.4 there exists a Nash homotopy ¥ : § x [0, 1] — Q between f
and g, as required. O

As a consequence of Theorem 1.1, we prove Corollary 1.6 after a preliminary lemma.

Lemma7.2 Let § C R" be a semialgebraic set and let V1 : 8 x [0, NS Tand v, -
S x [%, 11 — T be Nash functions such that WV (-, %) = Up(., %). Letm > pu > 1 be
integers such thatmm is odd and define the semialgebraic homeomorphism n,, : [0, 1] —
[0, 11, 1 > G5U% 13 whose restriction nu g 1,3, * 10, 11\ (5} = [0, 11\ (3} is a Nash
diffeomorphism. Then W* : 8§ x [0,1] = T, (x,t) — Y(x, ny,(2)), where

: 1
W Sx[0, 1] T, (5.0 > {\Ill(x,t) l'fte[(llz],
Wy(x,t) ift e [j, 1],

is a (well-defined) S* map.
Proof Observe first that 1, satisfies
o 7u(0) =0, 7, (3) = 3 and n, (1) = 1,
o Uz(;f)(%) =O0foreachf=1,...,m—1,
o 7w ([0, 31) = [0, 31 and 0, (I3, 1]) =[5, 1].
Thus, ¥*(8 x [0, 1]) C T, so ¥* is a well-defined continuous semialgebraic function.
Define @ := ¥, (-, %) =Yy(., %) andletT"; : S x [0, %] — R"and I, : S x [%, 11— R"
be Nash functions such that ¥; = & + (¢t — %)I‘i. As

O(x) + (1 — DHi(x, 1) ifr €0, 1],

Y:8x[0,1] =T, (x,1) — 1 ) 1
Q(x) + (t — Pla(x, 1) ift €[5, 1],
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we deduce

®(x) + 271t — HMTi(x, g (1) if 1 €10, 5],

U*:8x[0,1]1 = T, (x,1) — 1 : ] |
O(x) + 2"t — )" Talx, nu () ift €[5, 1].

As I'y, I'; are Nash functions, they are locally bounded, so

2"t = HT1(x, (@) if 1 €0, 3],

. 1 R", (x,
©:8x[0,1]>R", (x,1)r> {zml(t_;)rz(x,nma)) ifr ez 1]

is a continuous semialgebraic map on 8 x [0, 1] thatis Nash on 8 x ([0, 1]\{l D.Asm—1 > pu,

2
we deduce (t — %)”’_1 ® is an S* map. Define
0:8x[0,1] = R", (x,1) =~ ®(x).

As ¢ is Nash on § x [0, 1], we conclude that ¥* = ¢ + (t — %)’"—19 is an $* map, as
required. O

Proof of Corollary 1.6 By Theorem 5.7 there exists a Nash map

o :Qx[0, é] — Q, (x,t) = o (x) :==0(x,1)

such that g = idg and 0;(Q) C Int(Q) for each ¢t € (0, %]. Let (€2, v) be a Nash tubular
neighborhood of Int(Q) in R” and denote i := o 1o f. As R" \ Qis closed and h(8) C

Int(Q) C €, the continuous semialgebraic function
e:8 > R, x > Fdist(h(x), R"\Q)

isby [14, Prop.2.2.8] strictly positive. By Theorem 1.1 there existsaNashmap g : 8§ — Int(Q)
that is e-close to 2 with respect to the S* topology. Consider the continuous semialgebraic
homotopy

®:8x[5, 11> R, (x,1) > (2-20)h(x) + (2t — Dg(x).

As ||h(x) — g(x)|| < e(x) for each x € 8, we have

[A(x) = @Ol = [Ih(x) — (2 = 20)h(x) — (2t = Dg()l

= 2t — 1[[A(x) = gl < 1h(x) — gl < e(x) = 5 dist(h(x), R" \ ),
(7.4)

so ®,(x) € Q foreach (x,1) € 8§ x [%, 1]. As v : Q — Int(Q) is a Nash retraction,
Y8 x [%, 1] = Int(Q), (x,1) > vo ®D(x,1)

is a well-defined S* homotopy between A4 and g. Let m > p be an odd integer and let
Nm 2 [0,1] = [0, 1], t — w + %, which is a Nash homeomorphism. By Lemma 7.2

1), ifo<r<}
FoSx[0.1] = Q. (x.1) 1> o (f(x), nm(®)), i <1<
W (x, nm (1)), if;<r=<1
is the required S* homotopy between f and the Nash map g : § — Int(Q). O
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7.2 Further developments

We next prove Lemmas 1.7 and 1.8 already stated in the Introduction.

Proof of Lemma 1.7 Suppose T is not locally connected by analytic paths. Then there exists a
point p € T and an open semialgebraic neighborhood Wy C R” of p such that for each open
semialgebraic neighborhood W C Wy of p, the intersection TNW is not connected by analytic
paths. Observe that p is a non-isolated point of T. By [14, Thm.9.3.6] there exists & > 0 such
that B,,(p, &) C Wy and a semialgebraic homeomorphism ¢ : B,(p, &) — B,(p, €) such
that:

e llp(x) — pll = llx — p|l for every x € B,(p, ¢).
® ¢lsi-1(p ¢ 1s the identity map.
e o 1T NB,(p, e)) is the cone with vertex p and basis TN S"~!(p, &).

Thus, T is locally connected by continuous semialgebraic maps at p. We claim: T, =
TN Bu(p, €) is pure dimensional.

Suppose T; is not pure dimensional. As ¢~ !(T;) is the cone with vertex p and basis
TNS"!(p, &), we deduce that T is not pure dimensional at p. Thus, there exist two closed
semialgebraic subsets R; and Ry of T, such that dim(R;) < dim(Ry), R; N Ry, = {p}
and Ry U Ry = T,. Let Y7 be the Zariski closure of R, which has dimension dim(R1). In
particular, R \ Ry = R\ {p} and R, \ ¥; are semialgebraic sets adherent to p of dimensions
dim(R) and dim(R,).

By the Nash curve selection lemma [ 14, Prop.8.1.13] there exist Nash arcs y; : [—1, 0] —
(Ri\R2)U{p}and y, : [0, 1] — (R2\ Y1) U{p} suchthat y; (0) = p, y1([—1,0)) C R and
12((0, 1]) C Ro \ Y7. The semialgebraic map y := y1 %2 : [—1, 1] &> Ry U R\ Y1) U {p}
is continuous. Let ¢ : [—1, 1] — [—1, 1] be a bijective S* map such that i (¢) = sign(t)tz"
around 0. The composition y o ¢ : [—1,1] = Ry U (R \ Y1) U {p} C T is an S* map.
Observe that y does not admit a close Nash approximation 1 : [—1, 1] — T, because a part
of the image of n should be contained in Yj, so by the identity principle for Nash functions
the whole image should be contained in Y|, which is a contradiction, because another part of
the image of 1 should be contained in R, \ Y;. Thus, T is pure dimensional, as claimed.

Let X C R” be the Zariski closure of T, in R”. Let X C C” be the complexification of X
and let Sing(X) := Sing()N() NR". Let Reg(7T;) be the interior of T, \ Sing(X) in X \ Sing(X),
which is a Nash manifold of the same dimension as T,. As T is pure dimensional, Reg(7%)
is dense in J. Recall also that by [26, Main Thm.1.8 & Lem.7.4] any semialgebraic set
between a connected Nash manifold and its closure is connected by analytic paths. Thus, by
[26, Prop.7.8] there exist two connected components M| and M» of Reg(T;) such that for
each pair of points y; € M and y, € M, there exists no analytic path between y; and y;.

Let o : [—1,1] — T, be a continuous semialgebraic path such that «(—1) = y; and
a(1) = yp (recall that T, is connected by semialgebraic paths). By [27, §1.2.2] there exists
a finite set n(a) C [—1, 1] such that or|[_1, 1]\ («) 1S @ Nash function. Let us ‘reparameterize’
« in order to transform it into an element of S#([—1, 1], 7).

Pick a value 79 € n(a). Assume typ € (—1,1). The case of the extremes {—1, 1} of
the interval [—1, 1] is similar, but simpler and we leave the details to the reader. After the
translation ¢ — #p, we may assume that o = 0. By [14, p.166] the ring hma OSO((O §1, R) is

isomorphic to the field of algebraic Puiseux series R[[t*]]a1g. Let p be the smallest positive
integer such that ¢ (t”) € R[[t]]ag. Let g be the smallest positive integer such that o (—t?) €
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R[[t]]ag. We have to change ¢ around 7y by

fo — (g — )TWHD if ¢ < g,

O it
0 to + (t — to)P MY ift > g,

We proceed analogously with all the values of n(«) and we construct, using an S* partition
of unity associated to a suitable open semialgebraic partition of the interval [—1, 1], an S#
function 6 : [—1,1] — [—1, 1] such that 8(—1) = —1, 6(1) = 1 and 0 is around each
point #o € n(«) equal to 6;,. The composition @ 0 6 : [—1, 1] — T is an S* path such that
(¢ 00)(=1) = yr and (e 0 0)(1) = y2.

As T is a (N, u)-ats, there exist a Nash path 8 : [—1, 1] — T close to « in the S#-
topology of S*([—1, 1], 7). Thus, B is a Nash path inside T, that connects a point of M
with a point of M; (because M| and M, are open semialgebraic subsets of J), which is a
contradiction. Consequently, T is locally connected by analytic paths, as required. O

Proof of Lemma 1.8 As T is locally connected by analytic paths, it is locally pure dimensional
[26, Lem.7.1], so the local dimension function on T is locally constant. As T is connected,
it is pure dimensional. Let X C R”" be the Zariski closure of T in R”. Let X C C" be
the complexification of X and let Sing(X) := Sing(i ) NR". Let Reg(T) be the interior of
T\ Sing(X) in X \ Sing(X), which is a Nash manifold of the same dimension as 7. Let

T1, ..., T, be the connected components of Reg(T). As T is connected, we find inductively
(after reordering the indices i = 2,...,r) points p; € T N CI(T;) N U'j_:ll C1(T;) for
i =2,...,r — 1. As T is locally pure dimensional, we deduce that all the T; have the

same dimension. As T is locally connected by analytic paths at p;, there exists an open
semialgebraic neighborhood W; of p; such that T N W; is connected by analytic paths. Let
xi € WiNT;and y; € W; N Ulj_:ll Tj.Leta; : [—1,1] — W; N T be an analytic path such
that o; (—1) = x; and «; (1) = y;. By [26, Lem.2.9] we may assume that «; is a Nash path.
Using the previous Nash manifolds J; and the Nash paths «; : [—1, 1] = W; N T we find
(maybe repeated) Nash manifolds 81, ..., S,, € {T1,...,7T,} and Nasharcs §; : [-1, 1] —
Sj_l U {q]'} U Sj where q;j € Cl(Sj_l) N Cl(Sj) for j = 2,...,m such that §; = T,
8m = Trand {81,...,8,} = {71, ..., T,}. Pick two points x, y € T. We may assume there
exists indices 1 < k < £ < m such that x € CI(S¢) and y € CI(S;). By [27, Main Thm.1.8]
there exist a Nash path « : [0, 1] — T such that «(0) = x and @(1) = y. Consequently,
J C R" is connected by analytic paths, as required. O

We next present an enlightening example of a semialgebraic set connected by analytic
paths that is not locally connected by analytic paths.

Example 7.3 Let

Ti={(4x -y’ =x) 20,y 20, X" +v* <4
UlEx —v) <0, +y’ = D +y -4 <0,y = 0) CR%,
which is a (path) connected semialgebraic set, see Fig.2. As we have seen in the proof of
Lemma 1.7, every semialgebraic set is locally connected by continuous semialgebraic paths.
The reader can check that the S* semialgebraic map « : [—1, 1] — T, f > (211 (62

admits no Nash approximation. We claim: The semialgebraic set T is connected by analytic
paths, but not locally connected by analytic paths at the origin.

Proof The semialgebraic 7 is connected by analytic paths, because its interior is a connected
Nash manifold (use [14, Thm.9.3.6]). Let us check that T is not locally connected by analytic
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Fig.2 Semialgebraic set T C R2

(—e&,¢) (e,¢)

paths at the origin. Pick the points p;| := (—¢, &), p2 := (g, &) € TNB2((0, 0), 2¢) for some
0<e¢e< % and assume that there exists an analytic path « : [0, 1] — T N B»((0, 0), 2¢)
such that ®(0) = p; and a(1) = p,. Consider the closed semialgebraic sets C; := T N
B2((0,0),2¢) N {x < 0} and Gy := T N B,((0,0),2e) N {x > 0}, which satisfy T N
B>((0,0),2¢) = C; U C,. Both C; and €, are convex, so they are connected by analytic
paths (in fact, they are connected by segments) and C; N C2 = {(0, 0)}. Define C} := {Aw :
w € C;, A € R} fori = 1,2. Note that TN B,((0,0),2e) N {x < 0} = C; \ {(0,0)} and
TNB2((0,0),2e) N{x > 0} = C2\ {(0, 0)} are pairwise disjoint open subsets of T. We have
0ea (€ \{(0,0)and 1 € a~1(Cy\ {(0,0)}), so 1o := inf(@~ (2 \ {(0, 0)})) > 0.
As a is a (non-constant) analytic path, fo € Cl(ee ™" (€ \ {(0,0)})) N Cl(a~ (€2 \ {(0, 0)}))
and a(f9) = (0, 0). As a1 (€1 \ {(0,0)}) and @1 (G2 \ {(0, 0)}) are pairwise disjoint open
subsets of [0, 1], there exists § > 0 such that

a((to — 8, 1)) C C1I\{(0,0)} and «((t, 0 +8)) C C2\{(0, 0)}.
The tangent direction to Im (|1, —s,1,+s)) at @ (fo) = (0, 0) is the line generated by the vector

(t—1)k

2—0.0) ¢ e\{(0, 0)},

Iy (1—to)* 2

w = lim

a(t) —aly)  [lim,_+ “C=E € €1\{(0,0)),
=0 (-

lim,

where k is the multiplicity of # as a root of [|«||. This is a contradiction (because € N C} =
{(0,0)}), so TN B,((0, 0), 2¢) is not connected by analytic paths for each 0 < ¢ < 41’1' Thus,
7 is not locally connected by analytic paths at the origin. O
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