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Abstract
Let T ⊂ R

n be a semialgebraic set and let μ ≥ 0 be a non-negative integer. We say that T
is a Nash μ-approximation target space (or a (N , μ)-ats for short) if it has the following
universal approximation property: For each m ∈ N and each locally compact semialgebraic
subset S ⊂ R

m, the set of Nash maps N (S,T) is dense in the topological space Sμ(S,T)

of Cμ semialgebraic maps between S and T. A necessary condition to be a (N , μ)-ats is
that T is locally connected by analytic paths. In this paper we show: Nash manifolds with
corners are (N , μ)-ats for each μ ≥ 0. As an application of a stronger version of the
previous statement, we show that if two Nash maps f , g : S → Q, where S is a locally
compact semialgebraic set of R

m and Q is a Nash manifold with corners, are close enough
in the (strong) Whitney’s semialgebraic topology of S0(S,T) (and consequently they are
continuous semialgebraically homotopic), then f , g are Nash homotopic.

Keywords Nash manifolds with corners · Approximation of differentiable semialgebraic
maps · Nash homotopic Nash functions · Semialgebraic sets locally connected by analytic
paths

Mathematics Subject Classification Primary 14P10 · 14P20 · 41A99; Secondary 41A10 ·
41A20 · 58A07

1 Introduction

Approximation is a tool of great importance in many areas of mathematics. It allows one to
understand objects and morphisms of a certain category taking advantage of the correspond-
ing properties of objects and morphisms in other categories that enjoy a better behavior and
are dense inside the one we want to study. The importance of approximation of continu-
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ous functions is a natural question that arises from the Stone-Weierstrass result on uniform
approximation of continuous functions over compact sets by polynomial functions. This
result provides naturally a polynomial approximation result for R

n-valued continuous maps
f : K → R

n defined on a compact subset K ⊂ R
m . Difficulties arise when one tries to

restrict the image of the approximating map. One way to proceed is to be more flexible with
the type of approximating maps but also by considering domains of definition and target
spaces in suitable tame categories.

This paper deals with a Nash approximation problem in the differentiable and continuous
semialgebraic category and we also present some applications of the approximation results
to semialgebraic homotopies. Recall that a set S ⊂ R

m is semialgebraic if it is a Boolean
combination of sets defined by polynomial equalities and inequalities. We endow R

m with
the Euclidean topology and define the distance between two points x, y ∈ R

m as d(x, y) :=
‖x − y‖. The category of semialgebraic sets is closed under basic boolean operations but also
under usual topological operations: taking closures (denoted by Cl(·)), interiors (denoted by
Int(·)), connected components, etc. Given a set A ⊂ R

m and a point x ∈ R
m , we define

dist(x, A) := inf{d(x, y) : y ∈ A}. It holds dist(x, A) = 0 if and only if x ∈ Cl(A). In
addition, if K ⊂ R

m is a compact set, we define dist(K , A) := min{dist(x, A) : x ∈ K } =
inf{d(x, y) : x ∈ K , y ∈ A}.

Let S ⊂ R
m and T ⊂ R

n be (non-empty) semialgebraic sets. A map f : S → T is semi-
algebraic if its graph is a semialgebraic subset of R

m+n . In particular, given a semialgebraic
set A ⊂ R

m the function dist(·, A) : R
m → [0,+∞) is a continuous semialgebraic function

whose zero set is Cl(A). A Nash map f : � → R
n on an open semialgebraic set � ⊂ R

m

is both a C∞ and a semialgebraic map on �. By [14, Prop.8.1.8] these maps coincide with
those that are both analytic and semialgebraic maps on �. Let us denote the ring of Nash
functions f : � → R on � by N(�).

More generally, let S ⊂ R
m be a semialgebraic set. We say that a function f : S → R is

a Nash function if there exist an open semialgebraic neighborhood� ⊂ R
m of S and a Nash

extension F : � → R of f . We denote byN(S) the ring of Nash functions on S and we refer
the reader to [11, 29, 33] for further results about this ring. Amap f := ( f1, . . . , fn) : S → T

between semialgebraic sets S ⊂ R
m and T ⊂ R

n is Nash if its components fi : S → R

are Nash functions on S. Denote by N(S,T) the set of Nash maps on S that have T as target
space.

Let μ ≥ 0 be a non-negative integer. A function on the open semialgebraic set� ⊂ R
m is

Sμ if it is Cμ and semialgebraic. Let S ⊂ R
m be a semialgebraic set. We say that f : S → R

is a Sμ function if there exist an open semialgebraic neighborhood � ⊂ R
m of S and an

Sμ extension F : � → R of f . We denote by Sμ(S) the ring of Sμ functions on S and we
refer the reader to [10] for further results about this ring. The case μ = 0 corresponds to the
ring S0(S), which in general differs from the ring of continuous semialgebraic functions on
S, see [10, Thm.1.1] and [25, Thm.5]. However, if S is locally compact both rings coincide
as a consequence of [22]. A map f := ( f1, . . . , fn) : S → T between semialgebraic sets
S ⊂ R

m and T ⊂ R
n is Sμ if its components fi : S → R are Sμ functions on S. Denote by

Sμ(S,T) the set of Sμ maps on S that have T as target space.
In [4, 42, 52] the authors made a careful analysis of an intrinsic definition of Sμ-functions

in terms of jets of order μ of (continuous) semialgebraic functions [4, Def.1.1]. If in addition
m = 2, Fefferman–Luli proved in [24] that Cμ functions on a closed semialgebraic set that
are semialgebraic (intrinsic description) coincide with Sμ functions (extrinsic description).
In [12, Cor.1.7] Bierstone–Campesato–Milman presented a weak version for any dimension
m of the implication between the intrinsic and extrinsic descriptions of Sμ functions, via an
intermediate function t : N → N, which encodes a certain loss of differentiability. Namely,
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if f : S → R is a semialgebraic function on a closed semialgebraic set S ⊂ R
n and there

exist an open semialgebraic neighborhood � ⊂ R
n of S and a Ct(p) differentiable function

G : � → R such that G|S = f , then there exists an S p-function F : � → R such that
F |S = f . The previous result is used in [33, Appendix B] to analyze the equality between
smooth semialgebraic functions and Nash functions on semialgebraic sets.

A semialgebraic set T ⊂ R
n is a Nash μ-approximation target space (or a (N , μ)-ats

for short) if it has the following universal approximation property: For each m ∈ N and each
locally compact semialgebraic subset S ⊂ R

m, the set of Nash maps N (S,T) is dense in the
topological space Sμ(S,T) of Sμ maps between S and T (endowed with the Sμ topology
that we recall in Sect. 2.2).

A semialgebraic set M ⊂ R
n is called an (affine)Nash manifold if it is in addition a smooth

(that is, C∞) submanifold of (an open semialgebraic subset of) R
n . By [14, Prop.8.1.8 &

Cor.9.3.10] Nash manifolds coincide with analytic submanifolds of (an open semialgebraic
subset of) R

n that are themselves semialgebraic sets. A semialgebraic set H ⊂ R
n is an

(affine) Nash manifold with boundary if it is in addition a smooth (that is, C∞) manifold with
boundary. In particular, the boundary ∂H of H is a semialgebraic set that is in addition a
smooth manifold, so it is a Nash manifold. A semialgebraic set Q ⊂ R

n is an (affine) Nash
manifold with corners if it is in addition a smooth (that is, C∞) manifold with corners. We
will come back to Nash manifolds with corners in Sect. 3.

1.1 State of the art

In the literature there aremany approximation results of algebraic/semialgebraic nature deter-
mined by the geometry of the target space, as it happens with the main results of this article.
We recall here some of them, which are very representative about the actual picture of this
type of problems.

S� maps by Nash maps

Efroymson’s approximation theorem [23, §1] ensures that continuous semialgebraic func-
tions can be approximated by Nash functions on a Nash manifold. This statement was
improved by Shiota in many directions [50], for instance, providing a similar approximation
result for Sμ functions using (strong) Whitney’s Sμ topology and proving relative versions
of such an Sμ approximation result. The previous results can be extended to approximate
Sμ maps f : S → N from a locally compact semialgebraic set S ⊂ R

m to a Nash manifold
N ⊂ R

n by Nash maps g : S → N in the Sμ topology, making use of a suitable Nash tubular
neighborhood of N in R

n (see [14, Cor.8.9.5] and [50, Lem.I.3.2]), in other words, Nash
manifolds are (N , μ)-ats for each μ ≥ 0. In addition, there are approximation results for
Sμ maps between Nash sets with monomial singularities (see [11, Thm.1.7] and also [11, 26,
30] for further applications of this type of approximation results), however the latter results
do not allow to decide whether Nash sets with monomial singularities are or not (N , μ)-ats
for some μ ≥ 0.

S0 maps byS� maps

In [31] the problem of uniform approximation of continuous semialgebraic maps f : S → T

from a compact semialgebraic set S to an arbitrary semialgebraic setT bySμmaps g : S → T

for a fixed integer μ ≥ 1 is approached. The techniques developed in [31] together with
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Pawłucki’s Cμ-triangulations results presented in [45, 47, 48] allow to prove that such a
uniform approximation is always possible. In [16] the first author made use of Pawłucki’s
techniques of Cμ-triangulation [47] to show that all continuous semialgebraic maps between
compact semialgebraic sets can be approximated by differentiable semialgebraic maps with-
out changing their image after the approximation. The argument is an interplay between
semialgebraic geometry and PL geometry and makes use of a ‘surjective semialgebraic ver-
sion’ of the finite simplicial approximation theorem.

C0 maps by C� maps

Let Y ⊂ R
n be a triangulable set and let μ be either a positive integer or μ = ∞. We say that

Y is a Cμ-approximation target space, or a Cμ-ats for short, if it has the following universal
approximation property: For each m ∈ N and each locally compact subset X of R

m, each
continuous map f : X → Y can be approximated by Cμ maps g : X → Y with respect to the
(strong) Whitney’s C0 topology. Using approximation techniques developed in [32] it holds:
if Y is weakly Cμ triangulable, then Y is a Cμ-ats. This result applies to relevant classes of
triangulable sets, namely: (1) every locally compact polyhedron is a C∞-ats, (2) every set
that is locally Cμ equivalent to a polyhedron is a Cμ-ats (this includes Cμ submanifolds with
corners of R

n) and (3) every locally compact locally definable set of an arbitrary o-minimal
structure is by [47, 48] a Cμ-ats (this includes locally compact locally semialgebraic sets
and locally compact subanalytic sets) for each μ ≥ 1. In addition: if Y is a global analytic
set, then each proper continuous map f : X → Y can be approximated by proper C∞ maps
g : X → Y .

C∞ maps by regular maps

A non-singular real algebraic set Y is said to have the approximation property if for every
non-singular real algebraic set X the following property holds: if f : X → Y is a C∞ map
that is homotopic to a regular map, then f can be approximated in the C∞ topology by
regular maps. There is a large literature concerning this topic, but we focus on [9], where
Banecki and Kucharz fully characterize the varieties Y with the approximation property. The
authors also characterize the varieties Y with the approximation property combined with a
suitable interpolation condition. Some of the previous results have variants concerning the
regular approximation of continuous maps defined on (possibly singular) real algebraic sets.
In the same vein we refer the reader to [15].

Let X and Y be non-singular real algebraic sets of positive dimension such that X is com-
pact. The setR(X , Y ) of regular maps from X to Y turns out to be dense in the corresponding
space N (X , Y ) ⊂ C∞(X , Y ) of Nash maps endowed with the C∞ compact-open topology
only in exceptional cases. If Y is ‘generic’ in a suitable way,R(X , Y ) is an ‘extremely small’
closed subset ofN (X , Y ), see [35, 36]. This lack of regular maps between non-singular real
algebraic sets seems to be the main obstruction for an extension of the Nash-Tognoli alge-
braization techniques from smoothmanifolds to singular polyhedral spaces and, in particular,
to compact Nash sets, see [3, 37]. It is worthwhile mentioning that compact real algebraic
sets with at least two points do not have tubular neighborhoods with regular retractions [34,
Thm.2].
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C∞ maps by�-regulous maps

Let X , Y be non-singular real algebraic sets. A map f : X → Y is μ-regulous, where
μ ≥ 0 is a non-negative integer, if it is of class Cμ and the restriction of f to some Zariski
open dense subset of X is a regular map. A real algebraic set Y of dimension d is uniformly
rational if each of its points has a Zariski open neighborhood which is biregularly isomorphic
to a Zariski open subset of R

d . Assuming that Y is uniformly rational, and μ > 0, Kucharz
proves in [41] that a C∞ map f : X → Y can be approximated by μ-regulous maps in
the Cμ topology if and only if f is homotopic to a μ-regulous map. The class of uniformly
rational real algebraic varieties includes spheres, Grassmannians and real rational surfaces,
and is stable under blowing up non-singular centers. Furthermore, taking Y = S

p (the unit
p-dimensional sphere), the author obtains several new results on approximation of C∞ maps
from X into S

p by μ-regulous maps in the Cμ topology, for μ ≥ 0.
More generally, given a finite simplicial complex K in R

n and a real algebraic set Y , by
a K -regular map |K | → Y we mean a continuous map whose restriction to every simplex
in K is a regular map. A real algebraic set Y is uniformly retract rational if for every point
y ∈ Y there is a Zariski open neighborhood V ⊂ Y of y such that the identity map of V
is the composite of regular maps V → W → V , where W ⊂ R

d is a Zariski open set for
some d depending on y. A simplified version of the main result in [13] says that if Y is a
uniformly retract rational set and if 0 ≤ ν ≤ μ are integers, every Cν map |K | → Y can
be approximated in the Cν topology by K -regular maps of class Cμ. See also the following
articles by Banecki [5–8].

C0 maps by continuous rational maps

Kucharz has studied deeply approximation results of continuous maps between a compact
non-singular real algebraic set X and a sphere S

n by continuous rational maps. As X is
compact the author considers on the space C0(X ,Sn) of continuous maps from X to S

n the
compact-open topology. In case X has dimension n, the spaceR0(X ,Sn) of (nice) continuous
rational maps from X to S

n is dense in C0(X ,Sn) (see [40, Thm.1.2, Cor.1.3]). In addition, for
any pair (m, n) of non-negative integers, the setR0(S

m,Sn) is dense in C0(Sm,Sn) (see [40,
Thm.1.5]). In general R0(X ,Sn) needs not to be dense in C0(X ,Sn). Simple obstructions
can be expressed in terms of homology or cohomology classes representable by algebraic
subsets. We refer the reader to [39, 40] for further details.

1.2 Main results

We state the main results of this work, proved in Sects. 4 and 6. Their proofs rely heavily on
some tools already developed in [18].

Theorem 1.1 (Nash manifold with corners) Let S ⊂ R
m be a locally compact semialgebraic

set, let Q be a Nash manifold with corners and let f : S → Q be an Sμ map. Then there exist
Nash maps g : S → Int(Q) arbitrarily close to f with respect to the Sμ topology.

Consequently, every Nash manifold with corners is an (N , μ)-ats for each μ ≥ 0.

The following result is a generalization of [50, II.5.2] when the target space is a Nash
manifold with (divisorial) corners (see Definition 3.3 and Assumption 3.5).
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Theorem 1.2 (Relative Nash approximation) Let N ⊂ R
m be a Nash manifold, let X be a

Nash subset of N , let S be a closed semialgebraic subset of N and let Q ⊂ R
n be a Nash

manifold with corners. Let μ ≥ 0 be an integer and U an open semialgebraic neighborhood
of X in N. Let f : S → Q be an Sμ map that is Nash on S ∩ U. Then there exist Nash maps
g : S → Q arbitrarily close to f with respect to the Sμ topology and such that g(x) = f (x)
for each x ∈ X ∩ S.

The proof of Theorem 1.2 strongly relies on the following result that shows how to ‘push’
a Nash manifold with corners inside its interior using a one-parameter family of Nash maps.

Theorem 1.3 (Pushing a Nash manifold with corners inside its interior) Let Q ⊂ R
n be a

Nash manifold with corners of dimension d. Then there exists a Nash map σ : Q× [0, 1] →
Q, (x, t) 
→ σt (x) := σ(x, t) such that

• σ0(x) = x for each x ∈ Q,
• σt (Q) ⊂ Int(Q) for each t ∈ (0, 1].

In addition, there exist a d-dimensional Nash manifold M that contains Q as a closed
subset, an open semialgebraic neighborhood M0 ⊂ M of Q and a Nash extension � :
M0 × [−1, 1] → M of σ : Q × [0, 1] → Q.

The previous result is improved in Theorem 5.7 involving Nash embeddings for each
t ∈ [0, 1]; however, its statement is rather more technical and we present it in Sect. 5.

1.3 Applications of themain results and further developments

We apply Theorem 1.2 to study Nash approximation of (semialgebraic) homotopies, which
was the starting motivating point for this paper. We were initially inspired by some results in
[46, Ch.III.§8].

1.3.1 Nash homotopies

Let S ⊂ R
m be a locally compact semialgebraic set and Q ⊂ R

n a Nash manifold with
corners. We have the following results about Nash homotopies.

Theorem 1.4 (Nash approximation of homotopies) Let f , g : S → Q be Nash maps such
that there exists a continuous semialgebraic homotopy � : S × [0, 1] → Q between f and
g. Then there exist Nash homotopies � : S × [0, 1] → Q between f and g arbitrarily close
to � with respect to the continuous semialgebraic topology. In addition, if there exists μ ≥ 1
such that �t is Sμ for each t ∈ [0, 1], then �t is close to �t in the Sμ-topology of Sμ(S,Q)

for each t ∈ [0, 1].

Corollary 1.5 Let f , g : S → Q be Nash maps. If f and g are close enough with respect to
the continuous semialgebraic topology, then they are Nash homotopic.

Corollary 1.6 Let f : S → Q be an Sμ map. Then, f is homotopic to a Nash map g : S →
Int(Q) and the homotopy can be chosen Sμ.
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1.3.2 Further developments

The main problem one would like to solve consists of: characterizing the (N , μ)-ats semi-
algebraic sets for eachμ ≥ 0. Recall that a semialgebraic set S ⊂ R

n is connected by analytic
paths if for each pair of points x, y ∈ S there exists an analytic path α : [0, 1] → S such
that α(0) = x and α(1) = y. We say that the semialgebraic set S ⊂ R

n is locally connected
by analytic paths if for each x ∈ S and each open (semialgebraic) neighborhood U x ⊂ R

n

of x , there exists an open semialgebraic neighborhood W x ⊂ U x of x such that S ∩ W x is
connected by analytic paths. If p ∈ R

n and ε > 0, we denote by Bn(p, ε) the closed ball of
center p and radius ε. Its boundary ∂Bn(p, ε) is the sphere S

n(p, ε) center p and radius ε,
whereas its interior is the open ball Bn(p, ε) of center p and radius ε. These three families
provide some examples of semialgebraic sets that are locally connected by analytic paths.

A necessary condition to be an (N , μ)-ats is described in the following lemma that we
prove in Sect. 7.

Lemma 1.7 Let T ⊂ R
n be a (N , μ)-ats semialgebraic set. Then T is locally connected by

analytic paths.

As a consequence of [27, Main Thm.1.8] we also prove in Sect. 7 the following result. Its
converse is false as we show in Example 7.3.

Lemma 1.8 A semialgebraic set T ⊂ R
n connected and locally connected by analytic paths

is connected by analytic paths.

We expect that Theorem 1.1 for Nash manifolds with corners can be generalized to semi-
algebraic sets locally connected by analytic paths, at least when μ = 0. We hope that the
techniques already introduced in [18, 19] (which have further applications concerning [17])
together with the results of this article (especially Theorem 1.1) will help to prove the fol-
lowing result when μ = 0:

Conjecture 1.9 A semialgebraic set T ⊂ R
n is an (N , 0)-ats if and only if T is locally

connected by analytic paths.

Remark 1.10 As a representative family of semialgebraic sets related to Conjecture 1.9, Nash
manifolds with corners are locally connected by analytic paths and (N , μ)-ats for each
μ ≥ 0. ‚

A related question is the following:

Question 1.11 Let 0 ≤ ν ≤ μ be integers. Does it hold that an (N , μ)-ats is an (N , ν)-ats?

Let T ⊂ R
n be a semialgebraic set and let 0 ≤ ν ≤ μ be integers. Suppose T is an (N , ν)-

ats. Then every Sν map f : S → T where S is a locally compact semialgebraic set can be
arbitrarily approximated by Nash maps g : S → T in the Sν topology. Thus, each Sν map
f : S → T where S is a locally compact semialgebraic set can be arbitrarily approximated by
Sμ maps h : S → T in the Sν topology. Conversely, if every Sν map f : S → T where S is
a locally compact semialgebraic set can be arbitrarily approximated by Sμ maps h : S → T

in the Sν topology and T is an (N , μ)-ats, then T is also an (N , ν)-ats. Consequently,
Question 1.11 is equivalent to determining whether Sμ(S,T) is dense in Sν(S,T) (with
respect to the Sν topology) for each locally compact semialgebraic set S ⊂ R

m and each
m ≥ 1. In the case 0 = ν ≤ μ Question 1.11 is still an open problem, although we know
from [31, 47] that every S0 map f : S → T where S is a compact semialgebraic set can be
arbitrarily approximated by Sν maps g : S → T in the S0 topology.
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Remark 1.12 We are convinced that it should be possible to develop similar results in the
global analytic setting. To that end one should change: (1) locally compact semialgebraic
sets by locally compact sets or maybe by the more restrictive family of globally defined
semianalytic sets [1], (2) Nash sets by global analytic sets [20], (3) Nash manifolds (resp.
with boundary or more generally with corners) by analytic manifolds (resp. with boundary
or more generally with corners), (4) Nash functions and maps by analytic functions and
maps, (5) Sμ functions and maps by Cμ functions and maps, (6) Nash and Sμ homotopies by
analytic and Cμ homotopies, among other things. Crucial tools should surely be Whitney’s
approximation Theorem [44, §1.6] and Whitney’s immersion Theorem [44, §2.15], but also
the natural generalization of the tools developed in this article and in [18, 19]. ‚

Structure of the article

The article is organized as follows. In Sects. 2 and 3 we present some preliminary concepts
and results thatwill be used in the remaining sections,with special care to theSμ topology and
Nashmanifolds with corners. In Sect. 4 we prove Theorem 1.3, whereas in Sect. 5 we improve
the latter result, proving that for each integer μ ≥ 0 it is possible to push a Nash manifold
with corners Q inside its interior using a one-parameter family of Nash diffeomorphisms
(onto their images) arbitrarily close to the identity map with respect to the Sμ topology. In
Sect. 6 we prove Theorems 1.1 and 1.2, which are the main results of this article. Finally, in
Sect. 7 we present some applications of Theorem 1.2 to construct Nash homotopies between
Nash maps, which was our initial purpose to achieve when writing this article. In addition,
we prove Lemmas 1.7 and 1.8 and present an enlightening example.

2 Whitney’s semialgebraic topology

The purpose of this section is to recall Whitney’s semialgebraic topology and to introduce
trimmed Whitney’s semialgebraic topology, which is a modified version of the former to
handle homotopies H : S×[0, 1] → T constituted bySμmaps Ht between the semialgebraic
sets S ⊂ R

m and T ⊂ R
n for each value of the parameter t ∈ [0, 1].

2.1 Mostowski’s trick

We begin with a well-known trick of Mostowski, because we use it several times along
this article to embed via a Nash map locally compact semialgebraic sets of an affine space
as closed semialgebraic sets of a (possibly larger) affine space. Given a semialgebraic set
S ⊂ R

m , we define its exterior boundary as δ•S := Cl(S) \ S.
Proposition 2.1 (Mostowski’s trick) Let S ⊂ R

m be a locally compact semialgebraic set.
Then there exists a Nash map H : R

m \ δ•S → R
m+1 such that the image H(S) is a closed

semialgebraic subset of R
m+1 Nash diffeomorphic to S.

Proof As S is locally compact in R
m , its exterior boundary δ•S is a closed semialgebraic

subset of R
m . By [43, Lem.6] there exists a continuous semialgebraic function h : R

m → R

such that δ•S = {h = 0} and h is Nash on the open semialgebraic set R
m \ δ•S. Consider

the Nash diffeomorphism

H : R
m\δ•S → M := {(x, t) ∈ R

m × R : th(x) = 1} ⊂ R
m+1, x 
→

(
x,

1

h(x)

)
,
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whose inverse is the restriction to the Nash manifold M (which is a closed subset of R
m+1)

of the projection π : R
m × R → R

m onto the first factor. Observe that H(S) is the closed
semialgebraic set T := M ∩ (Cl(S) × R), as required. ��

2.2 Whitney’s semialgebraic topology

Let M ⊂ R
m be aNashmanifold. For each integerμ ≥ 0we denote bySμ(M) := Sμ(M,R)

the ring of semialgebraic functions on M of class Cμ. We equip Sμ(M) with the Sμ (strong)
Whitney’s semialgebraic topology (Sμ topology, in short) [50, §II.1]. If μ ≥ 1, let ξ1, . . . , ξs

be semialgebraic tangent fields on M that span the tangent bundle T M of M . Recall that
T M := {(p, v) ∈ M × R

m : v ∈ Tp M} where Tp M is the tangent space to M at p for each
p ∈ M . For every strictly positive continuous semialgebraic function ε : M → R we denote
by Uε the set of all functions g ∈ Sμ(M) such that

{
|g| < ε if μ = 0,

|g| < ε and |ξi1 · · · ξi� (g)| < ε for 1 ≤ i1, . . . , i� ≤ s, 1 ≤ � ≤ μ if μ ≥ 1.
(2.1)

The sets Uε form a basis of open neighborhoods of the zero function for a topology in Sμ(M)

(recall that Sμ(M) is a topological ring), which does not depend on the choice of the tangent
fields if μ ≥ 1. For each f , g ∈ Sμ(M) if f − g ∈ Uε, we say that f is ε-close to g
(with respect to the Sμ topology). When the meaning is clear from the context, to lighten
the presentation we will omit the reference to the Sμ topology, that is, we will only say f is
ε-close to g. Let ε∗ : M → R be a strictly positive continuous semialgebraic function such
that ε∗ ≤ ε. Clearly, if f is ε∗-close to g, then f is also ε-close to g, because Uε∗ ⊂ Uε.
We say f is close to g with respect to the Sμ topology if there exists a small enough strictly
positive continuous semialgebraic function ε : M → R such that f − g ∈ Uε .

Let N ⊂ R
n be a Nash manifold. We denote by Sμ(M, N ) the space of Sμ maps f :

M → N . On Sμ(M, N )we consider the subspace topology given by the canonical inclusion
in the following space endowed with the product topology [50, II.1.3]

Sμ(M, N ) ↪→ Sμ(M,Rn) = Sμ(M,R) × (n)· · · × Sμ(M,R), f 
→ ( f1, . . . , fn).

Roughly speaking, g is close to f when its components gk are close to the components fk

of f .
Let S ⊂ M be a locally compact semialgebraic set. We say that f : S → R

n is an Sμ map
on S if there exists an open semialgebraic neighborhood U of S in M and an Sμ extension
F : U → R

n of f . As M has a Nash tubular neighborhood in R
n with the corresponding

Nash retraction [14, Cor.8.9.5], the map f is Sμ if and only if it extends to an Sμ map on
an open semialgebraic neighborhood of S in R

m (as we have proposed in the Introduction),
see [11, Prop.2.C.3]. If n = 1, we denote by Sμ(S) := Sμ(S,R) the ring of all Sμ functions
on S.

2.2.1 Extension ofS� maps and invariance of the topology

If S ⊂ M is a closed semialgebraic set (which happens for instance if M := R
n \ δ•S) and

f ∈ Sμ(S,Rn), there exists an open semialgebraic neighborhoodW ⊂ M ofS and anSμmap
F : W → R

n on W such that F |S = f . Let σ : M → [0, 1] be an Sμ bump function such
that σ |S = 1 and σ |M\W = 0. If we replace F by σ F , we may assume that the Sμ extension
F of f is defined on M . We define the Sμ-topology of Sμ(S,Rn) as the quotient topology
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induced by the restriction surjective homomorphism Sμ(M,Rn) → Sμ(S,Rn), F 
→ f .
The Sμ-topology of Sμ(S,Rn) does not depend on the choice of the Nash manifold M .

Proof If �1 and �2 are two open semialgebraic neighborhoods of S in R
m such that S is

closed both in �1 and �2 the reader proves straightforwardly that both Sμ(�1,R
n) and

Sμ(�2,R
n) induce the same Sμ-topology on Sμ(S,Rn) (use (2.1)).

If M ⊂ R
m is a Nash manifold that contains S as a closed subset, then both S and

M are contained in the open semialgebraic set � := R
m \ δ•M as closed subsets and by

[11, Prop.2.C.3] both Sμ(M,Rn) and Sμ(�,Rn) induce the same topology on Sμ(S,Rn)

using the chain of surjective restriction homomorphisms Sμ(�,Rn) → Sμ(M,Rn) →
Sμ(S,Rn), as required. ��

If μ = 0 and S is locally compact in R
m , there exist by [22] an open semialgebraic

neighborhood U of S in R
m and a continuous semialgebraic retraction ν : U → S. Using

an S0 bump function σ : R
m \ δ•S → R such that σ |S = 1 and σ |Rm\U = 0, we have that

F := (σ f ) ◦ ν : R
m \ δ•S → R

n defines an S0 map on R
m \ δ•S such that F |S = f . The

space S0(S,Rn) coincides with the space of continuous semialgebraic maps from S to R
n

and there exists a restriction surjective map S0(Rm \ δ•S,Rn) → S0(S,Rn), F 
→ F |S
for each n ≥ 1. Let T ⊂ R

n be any semialgebraic set and let S ⊂ R
m be a locally compact

semialgebraic set. We consider in Sμ(S,T) the subspace topology induced by the canonical
inclusion Sμ(S,T) ↪→ Sμ(S,Rn).

2.2.2 Continuity of composition homomorphisms

With this Sμ-topology the composition on the left is a continuous map.

Proposition 2.2 [11, Prop.2.D.1] Let S ⊂ R
m and T ⊂ R

n be locally compact semialgebraic
sets and let T′ ⊂ R

k be any semialgebraic set. Let h : T → T′ be an Sμ map. Then, the map
h∗ : Sμ(S,T) → Sμ(S,T′), f 
→ h ◦ f is continuous with respect the Sμ topologies.

In general, the right composition is not continuous with respect to the Sμ topologies, but
if the involved Sμ map is proper we have the following.

Proposition 2.3 Let M ⊂ R
m and N ⊂ R

n be Nash manifolds, S ⊂ M and S′ ⊂ N closed
semialgebraic sets and T ⊂ R

k any semialgebraic set. Let h : S → S′ be a proper Sμ map.
Then the map h∗ : Sμ(S′,T) → Sμ(S,T), f 
→ f ◦ h is continuous with respect the Sμ

topologies.

To prove the continuity of h∗ we will first show that the proper Sμ map h : S → S′
extends to a proper Sμ map between some open semialgebraic neighborhoods M ′ ⊂ M and
N ′ ⊂ N of S and S′ respectively. We refer the reader to [11, Lem.9.2] for a result of similar
nature, when dealing with local homeomorphisms.

Lemma 2.4 (Extension of proper Sμ maps) Let M ⊂ R
m and N ⊂ R

n be Nash manifolds
and let S ⊂ M and S′ ⊂ N be closed semialgebraic subsets. Let h : S → S′ be a proper Sμ

map. Then there exist open semialgebraic neighborhoods M ′ ⊂ M and N ′ ⊂ N of S and S′
respectively and a proper Sμ map H : M ′ → N ′ that extends h.

Proof The proof is conducted in several steps.
Step 1. Using suitable Nash embeddings of M and N in affine spaces (maybe of larger
dimension, Lemma 2.1), we may assume that both M and N are closed Nash submanifolds
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of R
m and R

n and both S and S′ are closed semialgebraic subsets of M and N respectively.
As S and S′ are closed semialgebraic subset of M and N respectively and M and N are closed
subsets ofR

m andR
n respectively, also S and S′ are closed subsets ofR

m andR
n respectively.

Thus, wemay assume M = R
m and N = R

n . As h : S → S′ is an Sμ map, there exists an Sμ

map H : R
m → R

n such that H |S = h (see Sect. 2.2.1). By [50, Prop.I.4.5] there exists an
Sμ function f onR

m such that S = { f = 0}. Define H1 : R
m → R

n+1, x 
→ (H(x), f (x)),
which is an Sμ map such that H−1

1 (S′ × {0}) = H−1(S′) ∩ { f = 0} = S.
For each integer k ≥ 1 consider the inverse of the stereographic projection

ϕk : R
k → S

k\{pk}, x := (x1, . . . , xk) 
→
( 2x1
1 + ‖x‖2 , . . . ,

2xk

1 + ‖x‖2 ,
−1 + ‖x‖2
1 + ‖x‖2

)

with respect to the corresponding north pole pk := (0, . . . , 0, 1) ∈ R
k+1. Define T := ϕm(S)

and T′ := ϕn+1(S
′), which are closed semialgebraic subsets of S

m \ {pm} and S
n+1 \ {pn+1}

respectively, and G := ϕn+1 ◦ H1 ◦ ϕ−1
m : S

m \ {pm} → S
n+1, which is an Sμ map,

because so are the involved maps in the composition. In addition, the restriction g := G|T :=
ϕn+1◦(h, 0)◦ϕ−1

m : T → T′ is proper, because so are the involvedmaps in the composition.As
H−1
1 (S′×{0}) = S,wehaveG−1(T′) = T.As themapsϕm andϕn areNashdiffeomorphisms,

so in particular proper maps, we are reduced to show: There exist an open semialgebraic
neighborhood M ′ ⊂ S

m \ {pm} of T and an open semialgebraic neighborhood N ′ ⊂ S
n+1 \

{pn+1} of T′ such that the restriction G|M ′ : M ′ → N ′ is a proper map.
Step 2. Define the map

g0 : T � {pm} → T′ � {pn+1}, z 
→
{

g(z) if z ∈ T,

pn+1 if z = pm .

As T is closed in S
m \ {pm}, we deduce that T � {pm} is closed in S

m and consequently
compact. Analogously, T′ � {pn+1} is closed in S

n+1, so it is a compact set. As g is a proper
map, g0 is a continuous semialgebraic map between the compact semialgebraic sets T�{pm}
and T′ � {pn+1}, so it is a continuous proper semialgebraic map. The graph �(g0) of g0 is a
closed semialgebraic subset of S

m × S
n+1 such that

�(g0) ∩ (({pm} × S
n+1) ∪ (Sm × {pn+1})) = {(pm, pn+1)}, (2.2)

because g0(pm) = pn+1 and g−1
0 (pn+1) = {pm}. We deduce

Cl(�(g)) ⊂ �(g0) = �(g) ∪ {(pm, pn+1)}. (2.3)

Consider the graph �(G) ⊂ S
m × S

n+1 of G and its closure C in S
m × S

n+1, which
is contained in S

m × S
n+1. We claim: There exists an open semialgebraic neighborhood

W ⊂ S
m \ {pm} of T such that the closure C ′ of the graph �(G|W ) of G|W satisfies C ′ ∩

({pm} × S
n+1) ⊂ {(pm, pn+1)}.

Consider the semialgebraic sets �(g) and C ∩ ({pm} × S
n+1) \ {(pm, pn+1)}, which

are disjoint closed semialgebraic subsets of (Sm × S
n+1) \ {(pm, pn+1)}, because by (2.3)

�(g) = Cl(�(g)) \ {(pm, pn+1)} and by (2.2)

�(g) ∩ (C ∩ ({pm} × S
n+1)\{(pm, pn+1)})

⊂ �(g0) ∩ ((({pm} × S
n+1) ∪ (Sm × {pn+1}))\{(pm, pn+1)}) = ∅.

Let � ⊂ (Sm × S
n+1) \ {(pm, pn+1)} be an open semialgebraic neighborhood of ({pm} ×

S
n+1)\{(pm, pn+1)} such that Cl(�)\{(pm, pn+1)} does not meet �(g), so Cl(�)∩�(g) =

∅, because (pm, pn+1) /∈ �(g). We deduce ({pm} × S
n+1) \ � ⊂ {(pm, pn+1)}.
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As�(G)\Cl(�) is an open subset of�(G) that contains�(g) and does notmeet Cl(�) and
the projection π : S

m ×S
n+1 → S

m onto the first factor induces a homeomorphism between
�(G) and S

m \ {pm}, we deduce π(�(G) \Cl(�)) = {x ∈ S
m \ {pm} : (x,G(x)) /∈ Cl(�)}

is an open semialgebraic subset of S
m \ {pm} that contains π(�(g)) = T.

As T is a closed subset of S
m \ {pm} and π(�(G) \ Cl(�)) ⊂ S

m \ {pm} is an open
semialgebraic neighborhood of T, there exists an open semialgebraic neighborhood W ⊂
π(�(G) \ Cl(�)) of T such that Cl(W ) \ {pm} ⊂ π(�(G) \ Cl(�)) ⊂ S

m \ {pm}. As
�(G|W ) ⊂ �(G) \ Cl(�) ⊂ C \ �, the closure C ′ of �(G|W ) is contained in C \ �, so

C ′ ∩ ({pm} × S
n+1) ⊂ (C ∩ ({pm} × S

n+1))\� ⊂ {(pm, pn+1)},
as claimed.
Step 3. Consider the map G|W : W → S

n+1 and observe that (G|W )−1(T′) = G−1(T′) ∩
W = T. The map G|Cl(W )\{pm } : Cl(W ) \ {pm} → S

n+1 is well-defined, because G is
defined on S

m \ {pm}, and extends continuously to a semialgebraic map G• : Cl(W ) ∪
{pm} → S

n+1 such that G•(pm) = pn+1, because C ′ ∩ ({pm} × S
n+1) ⊂ {(pm, pn+1)}.

As Cl(W ) is a compact set, G• is a proper map. Let D := (Cl(W ) ∪ {pm}) \ W , which
is a closed subset of Cl(W ) ∪ {pm} that contains pm and Cl(W ) \ D = W . Thus, G•(D)

is a closed subset of S
n+1 that contains pn+1. As D ∩ T = ∅ and G•−1(T′) = T, we

have G•(D) ∩ T′ = ∅, so T ∩ G•−1(G(D)) = G•−1(T′) ∩ G•−1(G•(D)) = ∅. Define
M ′ := Cl(W ) \ G•−1(G•(D)) = W \ G•−1(G•(D)), which is an open semialgebraic
neighborhood of T in S

m \ {pm}, and N ′ := S
n+1 \ G•(D), which is an open semialgebraic

neighborhood of T′ in S
n+1 \{pn+1}. We deduce G•−1(N ′) = Cl(W )\G•−1(G•(D)) = M ′

and G|M ′ = G•|M ′ : M ′ → N ′ is a proper Sμ map that extends g, as required. ��
We are ready to show Proposition 2.3.

Proof of Proposition 2.3 By Lemma 2.4 there exists an open semialgebraic neighborhood
M ′ of S in M , an open semialgebraic neighborhood N ′ of S′ in N and a proper Sμ map
H : M ′ → N ′ that extends h. We have the following commutative diagram:

Sμ(S′,T)

ι1

h∗
Sμ(S,T)

ι2

Sμ(S′,Rk)
h∗

Sμ(S,Rk)

Sμ(N ′,Rk)
H∗

ρ1

Sμ(M ′,Rk)

ρ2

where ι1 and ι2 are the canonical embeddings and ρ1 and ρ2 are the restriction quotient
maps [11, §2.C]. As H : M ′ → N ′ is proper, the map H∗ is continuous [50, II.1.5], so the
composition ρ2◦ H∗ is continuous too. Thus, h∗◦ρ1 is continuous because h∗◦ρ1 = ρ2◦ H∗.
But ρ1 is a quotient map (because the target is an affine space), so h∗ : Sμ(S′,Rk) →
Sμ(S,Rk) is continuous. As h∗ in the second row is continuous, h∗ ◦ ι1 is continuous as
well. Consequently, also the map ι2 ◦ h∗ = h∗ ◦ ι1 is continuous. As ι2 is an embedding, we
conclude that h∗ : Sμ(S′,T) → Sμ(S,T) is continuous, as required. ��

2.2.3 S� and Nash embeddings of Nash manifolds

Recall that if μ ≥ 1, an Sμ (resp. Nash) map ϕ : N1 → N2 between Nash manifolds
N1 and N2 is a Sμ (resp. Nash) embedding if ϕ : N1 → ϕ(N1) is an Sμ (resp. Nash)
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diffeomorphism. Denote the set of Sμ embeddings of N1 in N2 by Sμ
emb(N1, N2) and the

set of Nash embeddings of N1 in N2 by Nμ
emb(N1, N2). Observe that Nμ

emb(N1, N2) =
Sμ
emb(N1, N2)∩N (N1, N2). Proceeding as in the proof of [38, Ch.2.Thm.1.4] one shows that

Sμ
emb(N1, N2) is an open subset ofSμ(N1, N2)with respect to theSμ topology.Consequently,

Nμ
emb(N1, N2) is an open subset of N (N1, N2) with respect to the induced Sμ topology.

2.3 TrimmedWhitney’s semialgebraic topology

Let S ⊂ R
m and T ⊂ R

n be semialgebraic sets and fix an integer μ ≥ 1. To approximate
continuous semialgebraic homotopies H : S × [0, 1] → T such that H(·, t) is Sμ for each
t ∈ [0, 1] (but maybe the whole map H is not an Sμ map) we need to introduce a trimmed
Whitney’s semialgebraic topology Sμ

t that does not take care about derivatives with respect
to t (see the statement of Theorem 1.4). We first recall the following fact.

Lemma 2.5 Let S ⊂ R
m be a semialgebraic set and let ε : S × [0, 1] → R be a strictly

positive continuous semialgebraic function. Then there exists a strictly positive continuous
semialgebraic function ε∗ : S → R such that ε∗(x) ≤ ε(x, t) for each (x, t) ∈ S × [0, 1].
Proof The projection π : S × [0, 1] → S, (x, t) 
→ x is open (because it is a projection),
proper (because the inverse image of a compact set K ⊂ S isπ−1(K ) = K ×[0, 1], which is a
compact set) and a surjective continuous semialgebraic map. By [28, Const.3.1] the function

ε∗ : S → R, (x, t) → ε∗(x) := min
t∈[0,1]{ε(x, t)}.

is a continuous semialgebraic function smaller than or equal to ε and still strictly positive, as
required. ��

2.3.1 Construction of the trimmedWhitney’s semialgebraic topology

Let M ⊂ R
m be a Nash manifold and let μ ≥ 0 be an integer. If μ = 0, then S0

t(M ×
[0, 1],Rn) := S0(M × [0, 1],Rn) endowed with the S0 topology. Assume next μ ≥ 1 and
let ξ1, . . . , ξs be semialgebraic tangent fields on M that span the tangent bundle of M . Define
Sμ
t (M × [0, 1],Rn) as the space of continuous semialgebraic maps f : M × [0, 1] → R

n

such that ξi1 · · · ξi� ( f ) : M × [0, 1] → R
n is a continuous semialgebraic map for each

1 ≤ i1, . . . , i� ≤ s and each 1 ≤ � ≤ μ

We equip Sμ
t (M × [0, 1],Rn) with the Sμ

t trimmed (strong) Whitney’s semialgebraic
topology (Sμ

t topology in short) that we define as follows. Let ε : M × [0, 1] → R be a
strictly positive continuous semialgebraic function. By Lemma 2.5 we may assume that ε
does not depend on the variable t ∈ [0, 1], that is, ε : M → R is a strictly positive continuous
semialgebraic function. Denote by Vε the set of all functions g ∈ Sμ

t (M × [0, 1],Rn) such
that

{
‖g‖ < ε if μ = 0,

‖g‖ < ε and ‖ξi1 · · · ξi� (g)‖ < ε for 1 ≤ i1, . . . , i� ≤ s, 1 ≤ � ≤ μ if μ ≥ 1.
(2.4)

The sets Vε form a basis of open neighborhoods of the zero function for the Sμ
t topology in

Sμ
t (M × [0, 1],Rn).
LetS ⊂ R

m andT ⊂ R
n be semialgebraic sets such thatS is locally compact.A continuous

semialgebraic map f : S × [0, 1] → T is an Sμ
t map if there exists an open semialgebraic
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neighborhood U ⊂ R
m of S in which S is closed and an Sμ

t extension F0 : U ×[0, 1] → R
n

of f (see Remark 2.6(ii) below). Define δ•S := Cl(S) \ S, which is a closed semialgebraic
set, because S is locally compact. We have U ⊂ R

m \ δ•S, because R
m \ δ•S is the largest

open semialgebraic neighborhood of S in R
m that contains S as a closed subset. Let σ :

R
m \ δ•S → [0, 1] be an Sμ bump function such that σ |S = 1 and σ |(Rm\δ•S)\U = 0.

Define F := (σ × id[0,1])F0 : (Rm \ δ•S) × [0, 1] → R
n , which is an Sμ

t extension of f .
Denote by Sμ

t (S×[0, 1],T) the space of Sμ
t maps between S×[0, 1] and T. We consider the

quotient topology in Sμ
t (S × [0, 1],Rn) induced by the canonical surjective restriction map

Sμ
t ((R

m \ δ•S) × [0, 1],Rn) → Sμ
t (S × [0, 1],Rn), F 
→ F |S×[0,1] and the Sμ

t topology
of Sμ

t ((R
m \ δ•S) × [0, 1],Rn). We endow Sμ

t (S × [0, 1],T) with the subspace topology
induced by the canonical inclusion Sμ

t (S × [0, 1],T) ↪→ Sμ
t (S × [0, 1],Rn).

If M ⊂ R
m is a Nash manifold that contains S as a closed subset, the reader can check

that the (quotient) Sμ
t topology of Sμ

t (S × [0, 1],Rn) induced by the canonical surjective
restriction map Sμ

t (M × [0, 1],Rn) → Sμ
t (S × [0, 1],Rn), F 
→ F |S×[0,1] and the Sμ

t
topology of Sμ

t (S × [0, 1],Rn) is the same as before.

Remark 2.6 (i) Due to the nature of the Sμ
t topology, the reader can check that the space

Sμ
t (S × [0, 1],T) endowed with this topology satisfies the analogous results to the space

Sμ(S × [0, 1],T) endowed with the Sμ topology. As it is quite straightforward, we do not
include further details, but we will use them quite freely (only) in the proof of Theorem 1.4.

(ii) Let M ⊂ R
m be a Nash manifold and let S ⊂ M be a closed semialgebraic subset.

Let � ⊂ M × R be an open neighborhood of S × [0, 1]. We claim: There exists an open
semialgebraic neighborhood U ⊂ M of S such that U × [0, 1] ⊂ �.

Define U := {x ∈ M : {x} × [0, 1] ⊂ �}, which contains S. Pick a point x ∈ U . Then
{x} × [0, 1] ⊂ �, so the compact set {x} × [0, 1] does not meet the closed subset M \ � of
M . Let δ := 1

2 dist({x} × [0, 1], M \ �). Then Bm(x, δ) × [0, 1] does not meet M \ �, so
Bm(x, δ)× [0, 1] ⊂ � and Bm(x, δ) ⊂ U . Thus, U is an open semialgebraic neighborhood
of S in M , as claimed. ‚

3 Nashmanifolds with corners

In this section we present some concepts and results related to Nash manifolds with corners.

3.1 Generalities

Let S ⊂ R
n be a semialgebraic set. A point x ∈ S is smooth if there exists an open semi-

algebraic neighborhood U ⊂ R
n of x such that U ∩ S is a Nash manifold. The set Sth(S)

of smooth points of S is by [51] a semialgebraic subset of R
n (and consequently a union of

Nash submanifolds of R
n possibly of different dimension).

Let Q ⊂ R
n be a Nash manifold with corners. The set of internal points Int(Q) of Q is

Int(Q) := Sth(Q) and the boundary ∂Q of Q is ∂Q := Q \ Int(Q). Observe that the set of
internal points Int(Q) and the boundary ∂Q of Q coincide with the set of internal points and
boundary of Q seen as a topological manifold with boundary.

A Nash manifold with corners Q ⊂ R
n is locally compact, consequently: Q is a closed

Nash submanifold with corners of the open semialgebraic set R
n \ (Cl(Q) \ Q). In [30] it is

shown that Q is a closed subset of an (affine) Nash manifold of its same dimension. Recall
that a Nash subset Y of a Nash manifold M ⊂ R

n has only Nash normal-crossings in M if
for each point y ∈ Y there exists an open semialgebraic neighborhood U ⊂ M such that
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Fig. 1 The Nash manifold with
corners
Q := {x ≥ 0,y2 ≤ x2 − x4}

Y ∩ U is a Nash normal-crossings divisor of U , that is, a finite union of transversal Nash
hypersurfaces of U .

Theorem 3.1 [30, Thm.1.11] Let Q ⊂ R
n be a d-dimensional Nash manifold with corners.

There exists a d-dimensional Nash manifold M ⊂ R
n that contains Q as a closed subset and

satisfies:

(i) The Nash closure Y of ∂Q in M has only Nash normal-crossings in M and Q∩ Y = ∂Q.
(ii) For every x ∈ ∂Q the smallest analytic germ that contains the germ ∂Qx is Yx .
(iii) M can be covered by finitely many open semialgebraic subsets Ui (for i = 1, . . . , r)

equipped with Nash diffeomorphisms ui := (ui1, . . . , uid) : Ui → R
d such that:

{
Ui ⊂ Int(Q) or Ui ∩ Q = ∅, if Ui does not meet ∂Q,

Ui ∩ Q = {ui1 ≥ 0, . . . , uiki ≥ 0}, if Ui meets ∂Q (for a suitable ki ≥ 1).

The Nash manifold M is called a Nash envelope of Q. In general, it is not guaranteed that
the Nash closure Y of ∂Q in M is a Nash normal-crossings divisor of M (that is, a finite union
of transversal Nash hypersurfaces of M), as shown in the following example.

Example 3.2 The semialgebraic set Q := {x ≥ 0,y2 ≤ x2 − x4} ⊂ R
2 is a Nash manifold

with corners (see Fig. 1). Given any open semialgebraic neighborhoodU of Q in R
2 the Nash

closure of ∂Q in U is not a Nash normal-crossings divisor of U . ‚

We now define Nash manifolds with divisorial corners.

Definition 3.3 A Nash manifold with corners Q ⊂ R
n is a Nash manifold with divisorial

corners if there exists a Nash envelope M ⊂ R
n such that the Nash closure of ∂Q in M is a

Nash normal-crossings divisor. ‚

A facet of a Nash manifold with corners Q ⊂ R
n is the (topological) closure in Q of

a connected component of Sth(∂Q). As ∂Q = Q \ Sth(Q) is semialgebraic, the facets are
semialgebraic and there are finitely many of them. The non-empty intersections of facets of
Q are the faces of Q. In [30] the following characterization for Nash manifolds with divisorial
corners is shown:

Theorem 3.4 [30, Thm.1.12, Cor.6.5] Let Q ⊂ R
n be a d-dimensional Nash manifold with

corners. The following assertions are equivalent:

(i) There exists a Nash envelope M ⊂ R
n where the Nash closure of ∂Q is a Nash normal-

crossings divisor.
(ii) Every facet F of Q is contained in a Nash manifold X ⊂ R

n of dimension d − 1.
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(iii) The number of facets of Q that contain every given point x ∈ ∂Q coincides with the
number of connected components of the germ Sth(∂Q)x .

(iv) All the facets of Q are Nash manifolds with divisorial corners.

If that is the case, the Nash manifold M in (i) can be chosen such that the Nash closure in M
of every facet F of Q meets Q exactly along F.

Properties (ii), (iii) and (iv) are intrinsic properties of Q and do not depend on the Nash
envelope M . The faces of a Nash manifold with divisorial corners are again Nash manifolds
with divisorial corners. If a Nash envelope M ⊂ R

n ofQ satisfies the equivalent conditions of
Theorem 3.4, every open semialgebraic neighborhood M ′ of Q in M is still a Nash envelope
of Q that satisfies such conditions. For the rest of this article (and also for the statements in
the Introduction) we make the following assumption:

Assumption 3.5 A Nash manifold with corners means a Nash manifold with divisorial cor-
ners.

We next recall a result from [18, Thm.1.9] that proves that Nash manifolds with corners
admit Nash compactifications that are compact Nash manifolds with corners.

Theorem 3.6 Let Q ⊂ R
n be a Nash manifold with corners. Then there exists a Nash embed-

ding j : Q ↪→ R
p for some p ≥ 1 such that Cl(Q) ⊂ R

p is a compact Nash manifold with
corners.

4 Pushing Nashmanifolds with corners inside its interior

In this section we prove Theorem 1.3. By Theorem 3.6 it is enough to prove Theorem 1.3
when Q is a compact Nash manifold with corners.

Proof of Theorem 1.3 in the compact case Let Q ⊂ R
n be a d-dimensional compact Nash

manifold with corners and let M ⊂ R
n be a Nash envelope of Q such that the Nash clo-

sure X of ∂Q in M is a Nash normal-crossings divisor satisfying Q∩ X = ∂Q (Theorem 3.4).
Let X1, . . . , Xs be the irreducible components of X (which are non-singular Nash hyper-
surfaces of M). Let hi : M → R be a Nash equation of Xi such that dphi : Tp M → R is
surjective for each p ∈ Xi and each i = 1, . . . , s and Q = {h1 ≥ 0, . . . , hs ≥ 0} (see [19,
Cor.2.12]). Let (E, η) be a Nash tubular neighborhood of M in R

n (use [14, Cor.8.9.5]). The
proof is conducted in two steps.
Step 1. Construction of a suitable tangent Nash vector field. We show:
There exists a Nash map W : M → R

n such that W is a tangent vector field on M and
dph j (Wp) > 0 for each p ∈ ∂Q ∩ {h j = 0} and each j = 1, . . . , s.

By Theorem 3.1 M can be covered by finitely many open semialgebraic subsets Ui (for
i = 1, . . . , r ) equipped with Nash diffeomorphisms ui := (ui1, . . . , uid) : Ui → R

d such
that: {

Ui ⊂ Int(Q) or Ui ∩ Q = ∅, if Ui does not meet ∂Q,

Ui ∩ Q = {ui1 ≥ 0, . . . , uiki ≥ 0}, if Ui meets ∂Q (for a suitable ki ≥ 1).

Consider the tangent Nash vector field Vi onUi given by (dpui )
−1(1, . . . , 1) for each p ∈ Ui .

Observe that dp(ui j )(Vi,p) = 1 > 0 for each i = 1, . . . , r and each j = 1, . . . , d . Let
{θi }r

i=1 be an S1 partition of unity subordinated to {Ui }r
i=1. Define the tangent S1 vector
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field V := ∑r
i=1 θi Vi and we claim: dph j (Vp) > 0 for each p ∈ ∂Q ∩ {h j = 0} and each

j = 1, . . . , s.
Fix j = 1, . . . , s and let p ∈ ∂Q ∩ {h j = 0}. If p /∈ Ui , then θi (p) = 0, because

supp(θi ) ⊂ Ui . After reordering the indices, we may assume that there exists � ≥ 1 such that
p ∈ U1 ∩ · · · ∩ U� and p /∈ U�+1 ∪ · · · ∪ Ur . Then Vp = ∑�

i=1 θi (p)Vi,p and dph j (Vp) =∑�
i=1 θi (p)dph j (Vi,p). Fix i = 1, . . . , �. As h j vanishes identically at X j , after reordering

the indices if necessary, we may assume that h j |Ui = ui1wi j for some strictly positive Nash
function wi j on Ui (recall that Q = {h1 ≥ 0, . . . , hs ≥ 0} and hi : M → R is an equation of
Xi such that dphi : Tp M → R is surjective for each p ∈ Xi and each i = 1, . . . , s). We have
dph j |Ui = wi j (p)dpui1 + ui1(p)dpwi j = wi j (p)dpui1, because {h j |Ui = 0} = {ui1 = 0}
and h j (p) = 0. Thus, dph j (Vi,p) = wi j (p)dpui1(Vi,p) = wi j (p) > 0. As θi (p) ≥ 0 for
i = 1, . . . , � and

∑�
i=1 θi (p) = 1, we conclude that

dph j (Vp) =
�∑

i=1

θi (p)dph j (Vi,p) =
�∑

i=1

θi (p)wi j (p) > 0,

as claimed.
Denote by T M := {(x, v) ∈ M × R

n : v ∈ Tx M} the tangent vector bundle of M , which
is a Nash submanifold of R

2n . Denote the projection onto the first factor by π : T M → M .
By [50, Thm.II.4.1] there exist Nash approximations W ∗ : M → T M, x 
→ (φ(x),W •

x ) of
V ∗ : M → T M, x 
→ (x, Vx ) arbitrarily close to V ∗ in the S1 topology. As π ◦ V ∗ = idM

is an S1 diffeomorphism, we deduce by Proposition 2.2 and [50, Lem.II.1.7] that if W ∗ is
close enough to V ∗, also π ◦ W ∗ = φ is an S1 diffeomorphism and φ−1 is close to idM . By
Proposition 2.2 the S1 map W : M → R

n, x 
→ W •
φ−1(x)

is a tangent vector field to M close

to V in the S1 topology. As dph j (Vp) is strictly positive for each j = 1, . . . , s and each p
belonging to the compact semialgebraic set ∂Q ∩ {h j = 0}, we deduce by Proposition 2.2
that, if W is close enough to V , also dph j (Wp) is strictly positive for each p ∈ ∂Q∩{h j = 0}
and each j = 1, . . . , s.
Step 2. Construction of the Nash map. Define the Nash map

ϕ0 : M × R → R
n, (x, t) 
→ x + tWx .

Asϕ0(Q×{0}) = Q ⊂ M ⊂ E, we haveQ×{0} ⊂ ϕ−1
0 (E). Consider the closed semialgebraic

set C := R
n \ ϕ−1

0 (M) and let δ0 := 1
2 dist(Q × {0},C). For each 0 < δ ≤ δ0 define

Mδ := {x ∈ M : dist(x,Q) < δ},
which is anopen semialgebraic subset of M that containsQ.Weclaim:There exists0 < δ ≤ δ0
such that Mδ × [−δ, δ] ⊂ ϕ−1

0 (E).
Fix 0 < δ ≤ δ0 and let us first check: (Mδ × [−δ, δ]) ∩ C = ∅.
Otherwise, there exists (x, t) ∈ (Mδ × [−δ, δ]) ∩ C . Then dist(x,Q) < δ, so there exists

x0 ∈ Q such that d(x, x0) < δ (recall here that Q is compact). Thus, ‖(x, t) − (x0, 0)‖2 =
d(x, x0)2+t2 < 2δ2, so ‖(x, t)−(x0, 0)‖ <

√
2δ < 2δ. As (x, t) ∈ C and (x0, 0) ∈ Q×{0},

then
2δ0 = dist(Q × {0},C) ≤ ‖(x, t) − (x0, 0)‖ < 2δ ≤ 2δ0,

which is a contradiction, so (Mδ × [−δ, δ]) ∩ C = ∅.
As Q is compact, there exists N > 0 such that Wx ∈ Bn(0, N ) for each x ∈ Q. Let ρ :

Mδ0×Bn(0, N+δ0)×[−δ0, δ0] → R
n, (x, y, t) 
→ x+t y. Asρ(Q×Bn(0, N )×{0}) = Q ⊂

M ⊂ E andQ is compact, there exists 0 < δ ≤ δ0 such that ρ(Mδ×Bn(0, N )×[−δ, δ]) ⊂ E.
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We have
ϕ0(Mδ × [−δ, δ]) ⊂ ρ(Mδ × Bn(0, N ) × [−δ, δ]) ⊂ E,

because Wx ∈ Bn(0, N ) for each x ∈ Q. Consequently,

Mδ × [−δ, δ] ⊂ ϕ−1
0 (ϕ0(Mδ × [−δ, δ])) ⊂ ϕ−1

0 (E),

as claimed.
Fix 0 < δ ≤ δ0 satisfying that Mδ × [−δ, δ] ⊂ ϕ−1

0 (E) and define M0 := Mδ . Recall that
(E, η) is a Nash tubular neighborhood of M in R

n and for each j = 1, . . . , s consider the
Nash functions h∗

j := h j ◦ η : E → R and

h•
j := h∗

j ◦ ρ : M0 × Bn(0, N ) × [−δ, δ] → R, (x, y, t) 
→ h∗
j (x + t y).

Let π1 : R
n × R

n × R → R
n, (x, y, t) 
→ x be the projection onto the first factor and let

π2 : R
n × R

n × R → R
n × R

n, (x, y, t) 
→ (x, y) be the projection onto the first two
factors.

As (h•
j −h∗

j ◦π1)(x, y, 0) = h∗
j (x)−h∗

j (x) = 0 for each (x, y) ∈ M0×Bn(0, N ), theNash
function h•

j −h∗
j ◦π1 vanishes on the hyperplane {t = 0} of M0×Bn(0, N )×[−δ, δ]. Thus,

there exists a Nash function Hj : M0 × Bn(0, N )× [−δ, δ] → R such that h•
j − h∗

j ◦ π1 =
tHj . Consider the Nash function Hj0 : M0 × Bn(0, N ) → R, (x, y) 
→ Hj (x, y, 0). As
(Hj − Hj0 ◦ π2)(x, y, 0) = Hj0(x, y) − Hj0(x, y) = 0 for each (x, y) ∈ M0 × Bn(0, N ),
the Nash function Hj − Hj0 ◦ π2 vanishes on the hyperplane {t = 0} of M0 × Bn(0, N )×
[−δ, δ]. Thus, there exists a Nash function G j : M0 × Bn(0, N ) × [−δ, δ] → R such that
Hj − Hj0 ◦ π2 = tG j . Consequently,

h∗
j (x + t y) = h•

j (x, y, t) = (h∗
j ◦ π1)(x, y, t) + t Hj (x, y, t)

= h∗
j (x) + t((Hj0 ◦ π2)(x, y, t) + tG j (x, y, t)) = h∗

j (x) + t Hj0(x, y) + t2G j (x, y, t)

(4.1)

for each (x, y, t) ∈ M0 × Bn(0, N ) × [−δ, δ].
Consider the restriction ϕ := ϕ0|M0×[−δ,δ] : M0 × [−δ, δ] → E, (x, t) 
→ x + tWx and

observe that η ◦ ϕ : M0 × [−δ, δ] → M, (x, t) 
→ η(x + tWx ). We deduce from (4.1)

(h∗
j ◦ ϕ)(x, t) = h∗

j (x + tWx ) = h∗
j (x) + t Hj0(x,Wx ) + t2G j (x,Wx , t) (4.2)

for each (x, t) ∈ M0 × [−δ, δ]. Thus,

Hj0(x,Wx ) = ∂(h∗
j ◦ ϕ)
∂t

(x, 0) = dx h∗
j (Wx ) = dx h j (Wx )

for each x ∈ M0, because Wx is tangent to M0 ⊂ M at x and h∗
j |M0 = (h j ◦ η)|M0 = h j |M0 .

As h∗
j (x) = h j (x) for each x ∈ M0, we have by (4.2)

(h∗
j ◦ ϕ)(x, t) = h j (x) + tdx h j (Wx ) + t2G j (x,Wx , t) (4.3)

for each (x, t) ∈ M0 × [−δ, δ].
Fix j = 1, . . . , s. We claim: For each y ∈ Q there exist an open semialgebraic

neighborhood U y ⊂ M0 of y and 0 < εy < δ such that (h∗
j ◦ ϕ)(x, t) > 0 for each

(x, t) ∈ (U y ∩ Q) × (0, εy].
If y ∈ Q \ {h j = 0}, then h j (y) > 0. As M0 is locally compact, there exists an open

semialgebraic neighborhood U y ⊂ M0 of y such that Cl(U y) is compact and h j |Cl(U y) > 0.
Denote by

n0,y := min{h j (x) : x ∈ Cl(U y)} > 0,
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N1,y := max{|dx h j (Wx )| : x ∈ Cl(U y)},
N2,y := max{|G j (x,Wx , t)| : (x, t) ∈ Cl(U y) × [0, δ]}.

By (4.3) we have

(h∗
j ◦ ϕ)(x, t) = h j (x) + tdx h j (Wx ) + t2G j (x,Wx , t) ≥ n0,y − t N1,y − t2N2,y

and there exists 0 < εy < δ such that if t ∈ (0, εy], then n0,y − t N1,y − t2N2,y > 0. Thus,
(h∗

j ◦ ϕ)(x, t) > 0 for each (x, t) ∈ (U y ∩ Q) × (0, εy].
If y ∈ Q ∩ {h j = 0}, then h j (y) = 0 and dyh j (Wy) > 0. Let U y ⊂ M0 be an open

semialgebraic neighborhood of y such that Cl(U y) is compact and dx h j (Wx ) > 0 for each
x ∈ Cl(U y). Denote by

n1,y := min{dx h j (Wx ) : x ∈ Cl(U y)} > 0

N2,y := max{|G j (x,Wx , t)| : (x, t) ∈ Cl(U y) × [0, 1]}.
By (4.3) we deduce

(h∗
j ◦ ϕ)(x, t) = h j (x) + tdx h j (Wx ) + t2G j (x,Wx , t) ≥ t(n1,y − t N2,y)

and there exists 0 < εy < δ such that if t ∈ (0, εy], then n1,y − t N2,y > 0. Thus, (h∗
j ◦

ϕ)(x, t) > 0 for each (x, t) ∈ (U y ∩ Q) × (0, εy], as claimed.
As Q is compact, there exist y1, . . . , y� ∈ Q such that Q ⊂ U y1 ∪ · · · ∪ U y� . Define

ε j := min{εy1 , . . . , εy�} < δ. We have: (h∗
j ◦ ϕ)(x, t) > 0 for each (x, t) ∈ Q × (0, ε j ]. As

the previous property holds for j = 1, . . . , s, we define 0 < ε := min{ε1, . . . , εs} < δ. We
have (h j ◦η◦ϕ)(x, t) = (h∗

j ◦ϕ)(x, t) > 0 for each (x, t) ∈ Q×(0, ε] and each j = 1, . . . , s.
We conclude (η ◦ ϕ)(x, t) ∈ Int(Q) = {h1 > 0, . . . , hs > 0} for each (x, t) ∈ Q× (0, ε]. In
addition, η ◦ ϕ(x, 0) = x for each x ∈ M0. Define the Nash map

� := η ◦ ϕ : M0 × [−1, 1] → M, (x, t) 
→ (η ◦ ϕ)(x, εt).

The Nash map σ := �|Q×[0,1] : Q × [0, 1] → Q satisfies σ(Q × (0, 1]) = Int(Q) and
σ |Q×{0} = idQ, as required. ��

5 Pushing Nashmanifolds with corners with control of derivatives

In this section we improve Theorem 1.3 showing that it is possible to push a Nash manifold
with corners Q ⊂ R

n inside its interior Int(Q) using a one-parameter family of Nash diffeo-
morphisms (onto their images) arbitrarily close to the identity map with respect to the Sμ

topology for each integer μ ≥ 0.

5.1 Strictly positive Nash functions close to zero

We show that there exist strictly positive Nash functions δ : Q → (0, 1) arbitrarily close to
zero with respect to the Sμ topology.

Lemma 5.1 Let M ⊂ R
n be a Nash manifold and U ⊂ M an open semialgebraic set. Then,

for each integer μ ≥ 0 there exist strictly positive Nash functions h : U → (0, 1) arbitrarily
close to zero with respect to the Sμ topology.
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Before proving the previous lemmawe need some preliminary results. Given amulti-index
α := (α1, . . . , αn) ∈ N

n we denote by |α| = α1 + · · · + αn its length. The factorial of α is
defined as α! := α1! · · ·αn !, while for each x := (x1, . . . , xn) ∈ R

n the αth-power of x is
defined as

xα = xα11 · · · xαn
n .

For each β := (β1, . . . , βn) ∈ N
n the sum of α and β is defined component-wise, that is

α + β := (α1 + β1, . . . , αn + βn).

Moreover, we write β ≤ α if βi ≤ αi for each i = 1, . . . , n.
We start with the following two well-known elementary results that we include here for

the sake of completeness.

Lemma 5.2 For each α := (α1, . . . , αn) ∈ N
n and each integer m ≥ 1 we have

∑
β1+···+βm=α

α!
β1! · · ·βm ! = m|α| (5.1)

Proof Let m ≥ 1 be an integer. Denote by xi := (xi1, . . . , xin). We consider the following
preliminary formula

(x1 + · · · + xm)
α =

∑
β1+···+βm=α

α!
β1! · · ·βm !

m∏
i=1

xβi
i (5.2)

The case n = 1 follows from [2, Prop.3.10]. We proceed by induction on n. Denote by
α′ := (α1, . . . , αn−1) and x ′

i := (xi1, . . . , xi,n−1) for n ≥ 2 and suppose

(x ′
1 + · · · + x ′

m)
α′ =

∑

β ′
1+···+β ′

m=α′

α′!
β ′
1! · · ·β ′

m !
m∏

i=1

x
′β ′

i
i

where β ′
i := (βi1, . . . , βi,n−1). Then

(x1 + · · · + xm)
α = (x ′

1 + · · · + x ′
m)

α′
(x1n + · · · + xmn)

αn

=
( ∑

β ′
1+···+β ′

m=α′

α′!
β ′
1! · · ·β ′

m !
m∏

i=1

x
′β ′

i
i

)( ∑
β1n+···+βmn=αn

αn !
β1n ! · · ·βmn !

m∏
i=1

xβin
in

)

=
∑

β1+···+βm=α

α!
β1! · · ·βm !

m∏
i=1

xβi
i

where βi := (β ′
i , βin).

Substituting xi = (1, . . . , 1) in (5.2) for each i = 1, . . . ,m, we deduce
∑

β1+···+βm=α

α!
β1! · · ·βm ! = mα1 · · · mαn = m|α| (5.3)

for each α ∈ N
n and each integer m ≥ 1, as required. ��

Let U ⊂ R
n be an open subset and let f : U → R be a function of class Cμ for some

μ ≥ 1. For each α ∈ N
n such that |α| ≤ μ we denote by

D(α) f := ∂ |α|

∂xα11 . . . ∂xαn
n

f ,
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the partial derivative of f of order α, where D(α) f = f if |α| = 0.

Lemma 5.3 (Leibniz rule for powers) Let U ⊂ R
n be an open subset and μ ≥ 1 an integer.

Let f : U → R be a function of class Cμ. Then for each α ∈ N
n such that |α| ≤ μ and each

integer m ≥ 1, it holds

D(α) f m =
∑

β1+···+βm=α

α!
β1! · · ·βm !

∏
1≤r≤m

D(βr ) f .

Proof Using generalized Leibniz’s formula [49, §6.4] we have

D(α)(gh) =
∑
β≤α

α!
β!(α − β)! D(β)gD(α−β)h (5.4)

for each 1 ≤ |α| ≤ μ and each pair of functions g, h : U → R of class Cμ. As the statement
is clear when m = 1, we may assume m ≥ 2. Using (5.4) and an inductive argument we have

D(α) f m =
∑
β1≤α

α!
β1!(α − β1)! (D

(β1) f )(D(α−β1) f m−1)

=
∑
β1≤α

α!
β1!(α − β1)! (D

(β1) f )
∑

β2+···+βm=α−β1

(α − β1)!
β2! · · ·βm !

∏
2≤r≤m

D(βr ) f

=
∑

β1+···+βm=α

α!
β1! · · ·βm !

∏
1≤r≤m

D(βr ) f ,

for each m ≥ 2, as required. ��

We next prove the following Łojasiewicz’s style formula.

Lemma 5.4 Let μ ≥ 1 be an integer. Let U ⊂ R
n be an open set such that Cl(U ) is compact

and f : Cl(U ) → R a function of class Cμ such that | f (x)| < 1 for each x ∈ Cl(U ). Then
there exists an integer M > μ such that for each integer N ≥ M it holds

|D(α) f N (x)| < | f (x)|

for each x ∈ U and each α ∈ N
n such that |α| ≤ μ.

Proof Let α ∈ N
n be such that |α| ≤ μ. Letm ≥ 1 be such thatm > |α| and let β1, . . . , βm ∈

N
n such that β1 + · · · + βm = α. Then there exist at least m − |α| indices r ∈ {1, . . . ,m}

such that |βr | = 0 and at most |α| indices r ∈ {1, . . . ,m} such that |βr | �= 0. Define

C := 1 + max|α|≤μ{ max
x∈Cl(U )

{|D(α) f (x)|}} ≥ 1 and L := max
x∈Cl(U )

{| f (x)|} < 1.
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We have L < 1, because Cl(U ) is compact and | f (x)| < 1 for each x ∈ Cl(U ). By Lemmas
5.2 and 5.3 and as | f (x)| < 1 for each x ∈ U , we deduce

|D(α) f m(x)| ≤
∑

β1+···+βm=α

α!
β1! · · ·βm !

∏
1≤r≤m

|D(βr ) f (x)|

=
∑

β1+···+βm=α

α!
β1! · · ·βm !

∏
1≤r≤m
|βr |�=0

|D(βr ) f (x)|
∏

1≤r≤m
|βr |=0

| f (x)|

≤
∑

β1+···+βm=α

α!
β1! · · ·βm ! | f (x)|m−|α| ∏

1≤r≤m
|βr |�=0

C

≤ C |α|| f (x)|m−|α| ∑
β1+···+βm=α

α!
β1! · · ·βm ! = C |α|m|α|| f (x)|m−|α|

≤ (Cm)μ| f (x)|m−μ ≤ (Cm)μLm−μ−1| f (x)|

(5.5)

for each x ∈ U , each α ∈ N
n such that |α| ≤ μ and each integer m > μ. We claim: there

exists an integer M > μ such that

(C N )μL N−μ−1 < 1. (5.6)

for each integer N ≥ M.
Consider the real function g : (0,+∞) → R given by

g(x) := log((Cx)μLx−μ−1) = μ log(C) + μ log(x) + (x − μ − 1) log(L)

= μ(log(C) − log(L)) − log(L) +
(
μ
log(x)

x
+ log(L)

)
x

As μ(log(C) − log(L)) − log(L) is a positive constant (because C > 1 and 0 < L < 1),
limx→+∞ log(x)

x = 0 and log(L) < 0, there exists an integer M > μ such that if x ≥ M ,
then g(x) < 0. Thus, exp(g(x)) = (Cx)μLx−μ−1 < 1 for each x ≥ M . Consequently, the
formula (5.6) holds for each integer N ≥ M .

By (5.5) and (5.6) we deduce

|D(α) f N (x)| ≤ (C N )μL N−μ−1| f (x)| < | f (x)|
for each x ∈ U and each α ∈ N

n such that |α| ≤ μ, as required. ��
Next, we show that there exist strictly positive Sμ functions arbitrarily close to zero with

respect to the Sμ topology.

Lemma 5.5 Let M ⊂ R
n be a Nash manifold and U ⊂ M an open semialgebraic set. Then,

for each integer μ ≥ 0 there exist strictly positive Sμ functions h : U → (0, 1) arbitrarily
close to zero with respect to the Sμ topology.

Proof Let ε : U → R be a strictly positive continuous semialgebraic function. As U is
open in M and M is a Nash submanifold of R

n , U itself is a Nash submanifold of R
n . After

replacing U by a Nash tubular neighborhood (�, ν) of U in R
n and ε by ε ◦ ν, we may

assume: U is an open semialgebraic subset of R
n. Let Bn := {x ∈ R

n : ‖x‖ < 1} be the
open ball centered at the origin and radius 1 and consider

� : R
n → Bn, x 
→ x√

1 + ‖x‖2 ,
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which is a Nash diffeomorphism. After replacing U by �(U ) and ε by ε ◦ �−1, we may
assume that U is a bounded set, so: Cl(U ) is a compact semialgebraic set.

The exterior boundary δ•U := Cl(U ) \ U is a closed semialgebraic subset of R
n . By [50,

Prop.I.4.5] there exists an Sμ function f : R
n → R such that δ•U = { f = 0}. Define

g := f

2(1 + f 2)
: R

n → R,

which is an Sμ function such that:

• δ•U = {g = 0},
• |g(x)| < 1

2 for each x ∈ R
n .

We replace g with its restriction g|Cl(U ) : Cl(U ) → R. By [14, Prop.2.6.4] there exists an
integer N > 0 such that the semialgebraic function ε∗ : Cl(U ) → R defined as

ε∗(x) :=
{

g2N ε if x ∈ U ,

0 if x ∈ δ•U

is continuous. Observe that ε∗ is strictly positive on U because g �= 0 on U . As |g| < 1
2 ,

we deduce ε∗(x) < ε(x) for each x ∈ U . After replacing ε by ε∗, we may assume: The
semialgebraic function ε extends continuously on Cl(U ) by setting ε(0) = 0 on δ•U.

As {ε = 0} = {g = 0}, there exist by Łojasiewicz’s inequality [14, Cor.2.6.7] an integer
N0 ≥ 0 and a real number C > 0 such that |gN0(x)| ≤ Cε(x) for each x ∈ Cl(U ).

Let N1 > 0 be an integer such that C
2N1

< 1. As ε(x) �= 0 for each x ∈ U , we have
C
2N1

ε(x) < ε(x) for each x ∈ U . We deduce

|gN0+N1(x)| < |gN0(x)||gN1(x)| ≤ 1

2N1
|gN0(x)| ≤ C

2N1
ε(x) < ε(x) (5.7)

for each x ∈ U . By Lemma 5.4, there exists an integer N2 > 0 such that

|D(α)g2N2(N0+N1)(x)| < |gN0+N1(x)| < ε(x) (5.8)

for each x ∈ U and each α ∈ N
n such that |α| ≤ μ.

Define N := 2N2(N0 + N1). As |g| < 1
2 , g �= 0 on U and N is even, we deduce by (5.7)

0 < gN (x) < min{ε(x), 1}
for each x ∈ U . By (5.8) the Sμ function h := gN : Cl(U ) → R also satisfies |D(α)h(x)| <
ε(x) for each x ∈ U and each α ∈ N

n such that |α| ≤ μ, as required. ��
We are ready to prove Lemma 5.1.

Proof of Lemma 5.1 Let ε : U → R be a strictly positive continuous semialgebraic function
bounded by 1. By Lemma 5.5 there exists a strictly positive Sμ function H : U → (0, 1)
that is ε

2 -close to zero with respect to the Sμ topology. In particular 0 < H < ε
2 . By [50,

II.4.1] there exists a Nash function h : U → R which is H -close to H with respect to the
Sμ topology, so

0 = H − H < h < H + H = 2H < ε ≤ 1,

|D(α)h| ≤ |D(α)H | + |D(α)(h − H)| < ε
2 + H < ε,

for each α ∈ N
n such that 1 ≤ |α| ≤ μ, as required. ��
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5.2 Pushing a Nashmanifold with corners using Nash diffeomorphisms

Let M ⊂ R
n be a d-dimensional Nash manifold and let Q ⊂ M be a d-dimensional Nash

manifold with corners, which is a closed subset of M . Let σ : Q × [0, 1] → Q be the Nash
map introduced in Theorem 1.3 and let � : M0 × [0, 1] → M be the Nash extension of σ to
M0 × [0, 1], where M0 ⊂ M is a suitable open semialgebraic neighborhood of Q. For each
semialgebraic function δ : M0 → [0, 1] we define the semialgebraic maps

σδ|Q : Q → Q, x 
→ σ(x, δ(x)), (5.9)

�δ : M0 → M, x 
→ �(x, δ(x)). (5.10)

Observe that�δ is a semialgebraic extension of σδ|Q to M0. Both semialgebraic maps above
are Nash if δ is Nash. If δ(x) > 0 for each x ∈ Q, we have by Theorem 1.3 σδ(Q) ⊂ Int(Q),
whereas if δ = 0 we have σδ|Q = idQ and �δ is the inclusion of M0 in M . In addition, we
have the following.

Corollary 5.6 Let ε : M0 → R be a strictly positive continuous semialgebraic function and
letμ ≥ 1 be an integer. Then there exists a strictly positive continuous semialgebraic function
ε : M0 → R such that if δ : M0 → R is an Sμ function ε-close to zero with respect to the Sμ

topology, then�δ is ε-close with respect to the Sμ topology to the inclusion jM0 : M0 ↪→ M.
In addition, if δ is a Nash function and ε is small enough, �δ : M0 → M is a Nash

embedding.

Proof It is enough to use Sect. 2.2.3 and the continuity of the map

�∗ : Sμ(M0) → Sμ(M0, M), η 
→ � ◦ (jM0 , η)

with respect to the Sμ topology, where jM0 : M0 ↪→ M is the inclusion. ��
As an application of Theorem 1.3 and Lemma 5.1, we show how to push a Nash manifold

with corners Q inside its interior Int(Q) using a one-parameter family of Nash diffeomor-
phisms (onto their images) arbitrarily close to the identitymapwith respect to theSμ topology.

Theorem 5.7 (Pushing Nash manifolds with corners using Nash diffeomorphisms) Let M ⊂
R

n be a d-dimensional Nash manifold and letQ ⊂ M be a d-dimensional Nash manifold with
corners that is closed in M. Let ε : M0 → R be a strictly positive continuous semialgebraic
function and let μ ≥ 1 be an integer. Then there exists a Nash function δ : M0 → (0, 1) such
that the Nash map

� : M0 × [0, 1] → M, (x, t) 
→ �t (x) := �tδ(x) = �(x, tδ(x))

satisfies

(i) �0 = jM0 and �t (Q) ⊂ Int(Q) for each t ∈ (0, 1],
(ii) �t : M0 ↪→ M is a Nash embedding for each t ∈ [0, 1],
(iii) �t is ε-close to the inclusion jM0 : M0 ↪→ M with respect to the Sμ topology for each

t ∈ [0, 1].
Proof When we say that two functions are ‘close’, we mean that they are close with respect
to the corresponding Sμ topology. For each semialgebraic function η : M0 → (0, 1) let �η

be the map introduced in (5.10). By Corollary 5.6 there exists a strictly positive continuous
semialgebraic function ε : M0 → R such that each Nash function η : M0 → (0, 1)
that is ε-close to zero satisfies that �η is a Nash embedding ε-close to the inclusion map
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jM0 : M0 ↪→ M . By Lemma 5.1 there exists a Nash function δ : M0 → (0, 1) that is
ε-close to zero. We deduce that tδ is ε-close to zero as well for each t ∈ [0, 1]. Thus,
�t := �tδ : M0 → M is a Nash embedding and ε-close to the inclusion map jM0 for each
t ∈ [0, 1]. In addition, �0 = jM0 and by Theorem 1.3 �t (Q) = σtδ(Q) ⊂ Int(Q) for each
t ∈ (0, 1], because Im(tδ) ⊂ (0, 1) for each t ∈ (0, 1], as required. ��
Remark 5.8 The Nash map

�̂ : M0 × [0, 1] → M × [0, 1], (x, t) 
→ (�(x, tδ(x)), t)

is a Nash embedding, if the strictly positive Nash function δ : M0 → (0, 1) is close enough
to 0 with respect to the Sμ topology. ‚

Asa straightforward consequence ofCorollary 5.6 andTheorem5.7wehave the following:

Corollary 5.9 Let ε : Q → R be a strictly positive continuous semialgebraic function and let
μ ≥ 0 be an integer. Then there exists a Nash function δ : M0 → (0, 1) such that the Nash
map

σδ|Q : Q → Int(Q), x 
→ σ(x, δ(x))

is a Nash embedding that is ε-close to the identity map idQ with respect to the Sμ topology.

6 Proofs of themain results

In this section we prove Theorems 1.1 and 1.2. We first present the proof of Theorem 1.1 and
to lighten the proof of Theorem 1.2 we present before some preliminary results.

6.1 Nash approximation when the target space is a Nashmanifold with corners

We use the techniques developed in the previous section to improve [19, Thm.1.5]. Fix an
integer μ ≥ 0. In the following when we say that two functions are ‘close’, we mean that
they are close with respect to the corresponding Sμ topology.We are ready to prove Theorem
1.1.

Proof of Theorem 1.1 The proof is conducted in two steps:
Step 1. Let ε : S → R be a strictly positive continuous semialgebraic function. Let

σ : Q × [0, 1] → Q, (x, t) 
→ σt (x)

be the Nash map introduced in Theorem 1.3. By Proposition 2.2 the map

σ∗ : Sμ(S,Q × [0, 1]) → Sμ(S,Q), (h, η) 
→ σ ◦ (h, η)
is continuous with respect to the Sμ topology. Thus, there exists a strictly positive continuous
semialgebraic function ε : S → R such that if (h, η) ∈ Sμ(S,Q × [0, 1]) is an Sμ map that
is ε-close to ( f , 0), then σ ◦ (h, η) is ε

2 -close to

σ ◦ ( f , 0) = idQ ◦ f = f .

As S is a locally compact semialgebraic subset of R
m , the boundary δ•S := Cl(S) \ S is

a closed semialgebraic subset of R
m , so S is closed in U := R

m \ δ•S. Let ε∗ : U → R

be a strictly positive continuous semialgebraic extension of ε. By Lemma 5.1 there exists a
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Nash function δ : U → (0, 1) which is ε∗-close to zero, so σ ◦ ( f , δ|S) is ε
2 -close to f . As

δ(x) > 0 for each x ∈ S and by Theorem 1.3 σt (x) ∈ Int(Q) for each (x, t) ∈ Q× (0, 1], we
deduce that σ( f (x), δ(x)) ∈ Int(Q) for each x ∈ S. After replacing f by σ ◦ ( f , δ|S) and ε
by ε

2 , we may assume: f (S) ⊂ Int(Q).
Step 2.As f ∈ Sμ(S, Int(Q)), there exists an open semialgebraic neighborhoodV ofS inR

m

such that f extends to an Sμ map F : V → R
n . Let (�, ν) be a Nash tubular neighborhood

of Int(Q) in R
n , see [14, Cor.8.9.5]. As � is an open semialgebraic neighborhood of Int(Q)

in R
n , then F−1(�) is an open semialgebraic neighborhood of S in V . After replacing V by

V ∩ F−1(�) if necessary, we may assume that F(V ) ⊂ �. As S is closed in U , we deduce S
is closed in U ∩ V . After replacing V by V ∩U if necessary, we may assume that S is closed
in V . Thus, F : V → � is an Sμ extension of f : S → Int(Q). As S is closed in V , there
exists by [14, Prop.2.6.9] a strictly positive continuous semialgebraic extension ε∗ : V → R

of ε.
By Proposition 2.2 the map

ν∗ : Sμ(V ,�) → Sμ(V , Int(Q)), G 
→ ν ◦ G

is continuous with respect to the Sμ topology. In particular, there exists a strictly positive
continuous semialgebraic function ε∗ : V → R such that if G ∈ Sμ(V ,�) is ε∗-close to F ,
then ν◦G is ε∗-close to ν◦ F . As V and Int(Q) are Nashmanifolds, there exists by [50, II.4.1]
a Nashmap G : V → � that is ε∗-close to F . Thus, the Nashmap g := ν◦G|S : S → Int(Q)
is ε-close to ν ◦ F |S = f , as required. ��

6.2 Nash equations of Nash subsets close to zero

In the proof of Theorem 1.2we needNash equations of aNash subset X of aNashmanifold N
that are close to zero with respect to the Sμ topology. Let μ ≥ 0 be an integer. When we say
that two functions are ‘close’, we mean that they are close with respect to the corresponding
Sμ topology.

Proposition 6.1 (Nash equations of Nash subsets close to zero) Let N ⊂ R
m be a Nash

manifold and X ⊂ N a Nash subset. Then, for each integer μ ≥ 0 there exist Nash functions
ϕ : N → [0, 1) arbitrarily close to zero with respect to the Sμ topology and such that
X = {ϕ = 0}.
Proof Let ε : N → R be a strictly positive continuous semialgebraic function. After replac-
ing ε bymin{ε, 1/2} if necessary, wemay assume ε < 1. After replacing N by a Nash tubular
neighborhood (�, ν) of N in R

m , the Nash set X by ν−1(X) and ε by ε ◦ ν, we may assume:
N is an open semialgebraic subset of R

m. Let ψ : N → R be a Nash equation for X , that

is, X = {ψ = 0}. After replacing ψ by ψ2

1+ψ2 , we may assume ψ(N ) ⊂ [0, 1). Define the
non-negative continuous semialgebraic function

ε : N → R, x 
→ max
0≤|α|≤μ{|D

(α)ψ(x)|}.

Let f : N → R be a Nash function. For each x ∈ N we have by multivariate Leibniz’s rule
(5.4) that

|D(α)(ψ f )(x)| ≤
∑
β≤α

|D(α−β)ψ(x)||D(β) f (x)|

≤ ε(x) ·
∑
β≤α

|D(β) f (x)| ≤ max{ε(x), 1} ·
∑
β≤α

|D(β) f (x)|
(6.1)
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for each α ∈ N
m such that |α| ≤ μ. The number of multi-indices β ∈ N

m such that β ≤ α

is m|α|. Thus, if |α| ≤ μ, the number of multi-indices β ∈ N
m such that β ≤ α is ≤ mμ.

Define
ε∗ := ε

max{m, 2}μ+1 max{ε, 1} ,

which satisfies ε∗ < ε. By Lemma 5.1 there exists a Nash function f : N → (0, 1) that is
ε∗-close to zero. By (6.1) we deduce that the Nash function ( f ψ) : N → [0, 1) is ε-close to
zero. As f is strictly positive, we deduce { f ψ = 0} = {ψ = 0} = X , as required. ��

6.3 Proof of Theorem 1.2

Before proving Theorem 1.2 we need some preliminary results. Recall the definitions con-
cerning distances between semialgebraic sets already presented in the Introduction. The
following result holds similarly for arbitrary sets, but we only prove it for semialgebraic sets,
because it is the setting considered in this article.

Lemma 6.2 Let C ⊂ R
n be a closed semialgebraic set such that C = Cl(Int(C)). For each

x ∈ Int(C) we have Bn(x, dist(x, ∂C)) ⊂ Int(C), where ∂C := C \ Int(C).

Proof Observe that {Rn \ C, ∂C, Int(C)} is a semialgebraic partition of R
n . Consider the

bounded semialgebraic function

f : R
n → {−1, 0, 1}, x 
→

⎧
⎪⎨
⎪⎩

−1 if x ∈ R
n \ C,

0 if x ∈ ∂C,

1 if x ∈ Int(C),

which is continuous on R
n \ ∂C . The continuous semialgebraic function dist(·, ∂C) has zero

set equal to ∂C , so g := dist(·, ∂C) · f is a continuous semialgebraic function on R
n and

{g < 0} = R
n \ C , {g = 0} = ∂C and {g > 0} = Int(C). Pick x ∈ Int(C), write 0 < r :=

dist(x, ∂C) and suppose Bn(x, r) �⊂ Int(C). Pick y ∈ Bn(x, r) ∩ (Rn \ C) and let L be the
line that passes through x and y. Consider the parametrization h : R → L, t 
→ x + t(y − x)
and the composition g ◦ h : R → R, which takes the values g(x) > 0 at t = 0 and g(y) < 0
at t = 1. Thus, there exists t0 ∈ (0, 1) such that (g ◦ h)(t0) = 0, so z := h(t0) ∈ ∂C belongs
to the interior of the segment that connects x and y. Consequently, z ∈ ∂C ∩ Bn(x, r), so
dist(x, ∂C) < r , which is a contradiction. We deduce Bn(x, r) ⊂ Int(C), as required. ��
Lemma 6.3 Let Q ⊂ R

n be a d-dimensional Nash manifold with corners and let M be a
Nash envelope of Q such that Q is a closed subset of M, M is a closed subset of R

n and the
Nash closure X of ∂Q is a Nash normal-crossings divisor of M such that X ∩ Q = ∂Q. Let
(E, η) be a Nash tubular neighborhood of M in R

n (as the one described in [14, Prop.8.9.2
& 8.9.3]) and let τ : M → R be a strictly positive Nash function such that T := {x ∈
E : ‖x − η(x)‖ ≤ (τ ◦ η)(x)} is a closed subset of R

n. Then Q∗ := {x ∈ R
n : η(x) ∈

Q, ‖x − η(x)‖2 ≤ (τ ◦ η)2(x)} is a Nash manifold with corners and it is a closed subset of
R

n.

Proof Let X1, . . . , Xs be the irreducible components of X . Let hi : M → R be a Nash
equation of Xi such thatdphi : Tp M → R is surjective for each p ∈ Xi and each i = 1, . . . , s
and Q = {h1 ≥ 0, . . . , hs ≥ 0} (see [19, Cor.2.12]). Define h∗

i := hi ◦ η : E → R for
i = 1, . . . , s. Let W := {(y, v) ∈ M × R

n : v ∈ (Ty M)⊥}, let � : W → M, (y, v) 
→ y
and let ϕ : W → R

n, (y, v) 
→ y +v. By [14, Prop.8.9.3] there exists an open semialgebraic
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neighborhood U ⊂ W such that ϕ|U : U → E is a Nash diffeomorphism and for each
(y, v) ∈ U and each t ∈ [0, 1] we have (y, tv) ∈ U . In addition, by [14, Cor.8.9.5] it
holds η = � ◦ (ϕ|U )−1. Define Q• := η−1(Q) = (ϕ|U ) ◦ (�−1(Q) ∩ U ). As ϕ|U is a
Nash diffeomorphism, Q• is a Nash manifold with corners if and only if �−1(Q) ∩ U is
a Nash manifold with corners. To that end it is enough to prove: �−1(Q) = {h1 ◦ � ≥
0, . . . , hs ◦ � ≥ 0} is a Nash manifold with corners.

By [14, Prop.8.9.2] there exists an open semialgebraic covering {U1, . . . ,Um} of M and
Nash diffeomorphisms θi : Ui × R

n−d → �−1(Ui ) for i = 1, . . . ,m such that � ◦ θi :
Ui × R

n−d → Ui is the projection onto the first factor and θi |{y}×Rn−d : {y} × R
n−d →

{y} × (Ty M)⊥ is an R-isomorphism for each y ∈ Ui . Using Gram-Schmidt’s algorithm we
may assume θi |{y}×Rn−d is anR-isometry for each y ∈ Ui . It is enough to check: θ

−1
i (�−1(Q∩

Ui )) = {h1 ◦� ◦ θi ≥ 0, . . . , hs ◦� ◦ θi ≥ 0} = (Q ∩ Ui )× R
n−d is a Nash manifold with

corners for each i = 1, . . . ,m, which is trivially true, because each intersection (Q ∩ Ui ) is
a Nash manifold with corners.

Define hs+1 : E → R, x 
→ (τ ◦ η)2(x) − ‖x − η(x)‖2, which is a Nash function on E,
and h∗

s+1 : W → R, (y, v) 
→ τ 2(y) − ‖v‖2, which is a Nash function on W that satisfies
hs+1 = h∗

s+1 ◦ (ϕ|U )−1, because η ◦ (ϕ|U ) = � and ϕ(y, v) − η ◦ �(y, v) = v for each
(y, v) ∈ W . Thus, for each (x, u) ∈ Ui × R

n−d , we deduce

(h∗
s+1 ◦ θi )(y, u) = τ 2(y) − ‖u‖2,

because θi |{y}×Rn−d is an R-isometry for each y ∈ Ui and each i = 1, . . . ,m. Let us check:

((Q ∩ Ui ) × R
n−d) ∩ {h∗

s+1 ◦ θi ≥ 0}
= {(y, u) ∈ Ui × R

n−d : h1(y) ≥ 0, . . . , hs(y) ≥ 0, τ 2(y) − ‖u‖2 ≥ 0}
is a Nash manifold with corners.

It is enough to show that (X × R
n−d) ∪ {(y, u) ∈ Ui × R

n−d : τ 2(y) − ‖u‖2 = 0} is a
Nash normal-crossings divisor. This holds, because

∂h j
∂uk

(y) = 0 and
∂(h∗

s+1◦θi )

∂uk
(y, u) = −2uk

for each k = 1, . . . , n − d and each j = 1, . . . , s and ‖u‖2 = τ 2(y) > 0 for each (y, u) ∈
Ui × R

n−d such that (h∗
s+1 ◦ θi )(y, u) = 0.

Putting all the previous information together we deduce that Q∗ is a Nash manifold with
corners. To finish observe that as Q is a closed subset of M , the inverse image η−1(Q) is a
closed subset of E, so η−1(Q)∩ T is a closed subset of T . As T is a closed subset of R

n and
Q∗ = η−1(Q) ∩ T , we conclude that Q∗ is a closed subset of R

n , as required. ��
We are ready to prove Theorem 1.2. When we say that two functions are ‘close’ we mean

that they are close with respect to the corresponding Sμ topology.

Proof of Theorem 1.2 The proof is conducted in several steps:
Step 1. Initial reduction. Let us check that we may assume: Q ⊂ R

n is a closed subset
of R

n with non-empty interior in R
n.

Let M be a Nash envelope of Q in R
n such that Q is closed in M and the Nash closure

Y of ∂Q in M is a Nash normal-crossings divisor such that Q ∩ Y = ∂Q (Theorem 3.4). By
Mostowski’s trick (Proposition 2.1) we may assume that M is a closed subset of R

n . Let
(E, η) be a Nash tubular neighborhood of M in R

n provided by [14, Prop.8.9.2 & 8.9.3]. We
claim: After shrinking N if necessary, there exists an Sμ extension F : N → E of f : S → Q

to N that is Nash on an open semialgebraic neighborhood U0 ⊂ U of X ∩ S.
By Proposition 2.1 we may assume that N is a closed Nash submanifold of R

m . As f
is Nash on S ∩ U , there exists an open semialgebraic neighborhood U1 ⊂ U of S ∩ U
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and a Nash extension F1 : U1 → R
n of f |S∩U : S ∩ U → Q to U1. Analogously, as

f is Sμ on S, there exists an open semialgebraic neighborhood U2 ⊂ N of S and an Sμ

extension F2 : U2 → R
n of f : S → Q to U2. After replacing N by U2, we may assume

that F2 : N → R
n . As N is closed in R

n and both S and X are closed in N , also S ∩ X
is closed in R

n . Let U0 ⊂ U1 be an open semialgebraic neighborhood of S ∩ X in U1 such
that Cl(U0) ⊂ U1. Let {θ1, θ2} be an Sμ partition of unity subordinated to the covering
{U1, N \ Cl(U0)}. Define F := θ1F1 + θ2F2 : N → R

n , which is an Sμ extension of f to
N . After shrinking N if necessary, we may assume F(N ) ⊂ E. As Cl(U0) ⊂ U1, we have
F = F1 on U0. We conclude that F is Nash on U0, as claimed.

Consider the strictly positive continuous semialgebraic function dist(·,Rn \ E) : M →
(0,+∞). By [23, §1] there exists a Nash function τ : M → R such that 0 < 1

4 dist(·,Rn \
E) < τ < 3

4 dist(·,Rn \ E), so in particular τ is also strictly positive. Recall that by [14,
Cor.8.9.5] dist(x, M) = ‖x − η(x)‖ for each x ∈ E. Let us check: T := {x ∈ E : ‖x −
η(x)‖ ≤ τ(x)} is a closed subset of R

n. Once this is proved, Lemma 6.3 implies that
Q∗ := {x ∈ R

n : η(x) ∈ Q, ‖x − η(x)‖2 ≤ (τ ◦ η)2(x)} is a Nash manifold with corners
and it is a closed subset of R

n .
Pick a point y ∈ Cl(T ). By the curve selection lemma [14, Thm.2.5.5] there exists a

continuous semialgebraic arc α : (−1, 1) → R
n such that α(0) = y and α((0, 1)) ⊂ T .

We have dist(α(t), M) = ‖α(t) − η(α(t)))‖ ≤ τ(α(t)) < 3
4 dist(α(t),R

n \ E) for each
t ∈ (0, 1). Thus, dist(y, M) = dist(α(0), M) ≤ 3

4 dist(α(0),R
n \ E) = 3

4 dist(y,R
n \ E).

We deduce dist(y,Rn \ E) > 0, because otherwise dist(y, M) = 0 and dist(y,Rn \ E) = 0,
so y ∈ M ∩ (Rn \ E) = ∅, which is a contradiction. Thus, y ∈ E, so y ∈ Cl(T ) ∩ E = T ,
because T is a closed subset of E. We conclude T is a closed subset of R

n .
Recall that S is a closed semialgebraic subset of N , so each strictly positive continuous

semialgebraic function S → R extends to a strictly positive continuous semialgebraic func-
tion N → R. In particular, we may fix a strictly positive continuous semialgebraic function
ε : N → R. By Proposition 2.2 the map η∗ : Sμ(N ,E) → Sμ(N , M), H 
→ η ◦ H is con-
tinuous. Thus, there exists a strictly positive continuous semialgebraic function δ : N → R

such that if H ∈ Sμ(N ,E) is δ-close to F and H(S) ⊂ η−1(Q), then η ◦ H is ε-close to
η ◦ F and η ◦ H |S : S → Q is ε|S-close to η ◦ f = f : S → Q.

We replace M by E, X by η−1(X), Q by Q∗ and ε by δ, so we may assume: M is an
open subset of R

n and Q is a closed subset of R
n with non-empty interior in R

n such that
Cl(Int(Q)) = Q (in particular, Lemma 6.2 applies to Q).
Step 2. Reduction to the case of a nice intersection with the boundary.
Let ϕ : N → [0, 1) be a Nash equation in N of the Nash set X . Let

σ : Q × [0, 1] → Q, (x, t) 
→ σt (x) := σ(x, t),

� : M0 × [0, 1] → M, (x, t) 
→ �t (x) := �(x, t)

be the Nash maps introduced in Theorem 1.3, where M0 ⊂ M is an open semialgebraic
neighborhood of Q and σ = �|Q×[0,1]. Recall that σ0 = idQ and σt (Q) ⊂ Int(Q) for each
t ∈ (0, 1]. After shrinking N if necessary, we may assume F(N ) ⊂ M0.

As ϕ(x) ∈ [0, 1) for each x ∈ N , the composition

�ϕ ◦ F : N → M, x 
→ �ϕ(x)(F(x)) := �(F(x), ϕ(x))

is a well-defined Sμ map that is Nash on U0 and σϕ|S ◦ f = �ϕ|S ◦ F |S : S → Q.
By Proposition 2.2 the map

σ∗ : Sμ(N , M0 × [0, 1]) → Sμ(N , M), (H , ρ) 
→ σ ◦ (H , ρ)
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is continuous. Thus, there exists a strictly positive continuous semialgebraic function ε0 :
N → R strictly smaller than 1

2 such that if (H , ρ) ∈ Sμ(N , M0 × [0, 1]) is an Sμ map that
is ε0-close to (F, 0) and H(S) ⊂ Q × [0, 1], then �ρ ◦ H = � ◦ (H , ρ) is ε

2 -close to

�0 ◦ F = � ◦ (F, 0) = jM0 ◦ F = F,

where jM0 : M0 ↪→ M is the inclusion, and σρ|S ◦ H |S : S → Q is ε
2 -close to σ0 ◦ f =

σ ◦ ( f , 0) = f . By Proposition 6.1 there exists a Nash equation ϕ0 : N → [0, 1) for the
Nash set X that is ε0-close to zero. In particular, �ϕ ◦ F is ε

2 -close to F and if x ∈ X , then
�ϕ ◦ F(x) = �(F(x), 0) = F(x). We claim: (�ϕ ◦ F)−1(∂Q) ∩ S ⊂ ϕ−1(0) = X .

If x ∈ S satisfies ϕ(x) �= 0, then F(x) = f (x) ∈ Q and �(F(x), ϕ(x)) =
σ( f (x), ϕ(x)) ∈ Int(Q) (because σt (Q) ⊂ Int(Q) for each t ∈ (0, 1]). Thus, (�ϕ ◦
F)−1(∂Q) ∩ S ⊂ ϕ−1(0) = X , as claimed.

After replacing F by�ϕ ◦ F and ε with ε
2 , we may assume: f −1(∂Q) = F−1(∂Q)∩ S ⊂

X ∩ S.
Step 3. Construction of the approximating function. After the substitution per-
formed in Step 2, we have f −1(∂Q) ⊂ X ∩ S. Thus,

{x ∈ S : dist( f (x), ∂Q) = 0} = f −1(∂Q) ⊂ X ∩ S = {x ∈ S : ϕ0(x) = 0}.
By [14, Thm.2.6.6] and its proof there exist an integer p0 ≥ 0 and a continuous semialgebraic
function h : S → R such that

• X ∩ S = {h = 0},
• ϕ

p0
0 (x) = h(x) dist( f (x), ∂Q) for each x ∈ S.

In particular, W := {x ∈ S : |h(x)| < 1} is an open semialgebraic neighborhood of X ∩ S

in S. As f −1(∂Q) ⊂ X ∩ S and W is an open semialgebraic neighborhood of X ∩ S in S, if
S \ W �= ∅, the continuous semialgebraic function

ε∗
1 : S\W → R, x 
→ dist( f (x), ∂Q)

is strictly positive. Let ε1 : N → R be a strictly positive continuous semialgebraic extension
of ε∗

1 (defined on the closed semialgebraic subset S \ W of N ) to N . If N \ W = ∅ we
set ε1 ≡ 1. By Proposition 6.1 and using generalized Leibniz’s formula (5.4) there exists a
Nash equation ϕ1 : N → [0, 1) for the Nash set X such that |ϕ1| < 1

2 and ϕ := ϕ1ϕ
p0
0 is

min{ε0, ε1, 1
2 }-close to zero. By [50, II.5.2] and its proof (recall that by Step 1 M is open

in R
n) there exist

• Nash maps G0 : N → M , �∗ : N → M and
• an Sμ map � : N → M ,

such that

(i) �∗ is min{ε, 1
2 }-close to �,

(ii) the Nash map G := G0 − ϕ�∗ = F + ϕ(� − �∗) satisfies G(N ) ⊂ M .

In addition, G(x) = F(x) for each x ∈ X , because X = {ϕ = 0}.
We claim: G(S) ⊂ Q. We distinguish two cases:

Case 1. Pick a point x ∈ W ⊂ S and recall that M is an open subset of R
n (see Step 1).

We have
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‖G(x) − f (x)‖ = |ϕ1(x)ϕ p0
0 (x)|‖�(x) − �∗(x)‖

= |ϕ1(x)||h(x)|‖�(x) − �∗(x)‖ dist( f (x), ∂Q)

≤ 1
2 |h(x)| dist( f (x), ∂Q) ≤ 1

2 dist( f (x), ∂Q),

because x ∈ W . If f (x) ∈ ∂Q, then G(x) = f (x) ∈ ∂Q ⊂ Q. If f (x) /∈ ∂Q, then
f (x) ∈ Int(Q). Thus, G(x) ∈ Bn( f (x), dist( f (x), ∂Q)). By Lemma 6.2 G(x) ∈ Int(Q).
Case 2. Pick a point x ∈ S \ W and observe that

‖G(x) − f (x)‖ = ‖G(x) − F(x)‖
= |ϕ1(x)ϕ p0

0 (x)|‖�(x) − �∗(x)‖ < 1
2ε

∗
1 (x) = 1

2 dist( f (x), ∂Q),

so G(x) ∈ Bn( f (x), dist( f (x), ∂Q)). Again by Lemma 6.2 G(x) ∈ Int(Q), as claimed.
In addition, ‖G−F‖ = |ϕ|‖�−�∗‖ ≤ 1

2ε and G(x) = F(x) for each x ∈ X = {ϕ = 0},
as required. ��

7 Applications of themain results and further developments

7.1 Nash homotopies when the target space is a Nashmanifold with corners

We use Theorem 1.2 to analyze Nash homotopies between semialgebraic maps with values
in a Nash manifold with corners. Let S ⊂ R

m be a locally compact semialgebraic set and
Q ⊂ R

n a Nash manifold with corners. We next prove Theorem 1.4 and Corollaries 1.5 and
1.6 already stated in the Introduction.

Proof of Theorem 1.4 Let ε : S × [0, 1] → R be a strictly positive continuous semialgebraic
function. By Lemma 2.5 we may assume ε does not depend on the variable t, that is,
ε : S → R. Recall that � : S × [0, 1] → Q is a Sμ

t homotopy between f and g. By
Proposition 2.2 and Sect. 2.3.1

�∗ : Sμ
t (S × [0, 1], S × [0, 1]) → Sμ

t (S × [0, 1],Q), H 
→ � ◦ H

is a continuous map with respect to the Sμ
t topology. Thus, there exists a strictly positive

continuous semialgebraic function δ∗ : S×[0, 1] → R such that δ∗ < 1
4 and if the continuous

semialgebraic map H : S × [0, 1] → S × [0, 1] satisfies ‖(x, t) − H(x, t)‖ < δ∗(x, t) for
each (x, t) ∈ S × [0, 1], then

‖�(x, t) − �(H(x, t))‖ < 1
2ε(x)

for each (x, t) ∈ S× [0, 1]. Again by Lemma 2.5 we may assume δ∗ does not depend on the
variable t, that is, δ∗ : S → R.

Let 0 < δ0 <
1
4 and consider the (strictly increasing) semialgebraic homeomorphism

η∗
δ0

: [δ0, 1 − δ0] → [0, 1], t 
→ t − δ0

1 − 2δ0
.

Define the continuous semialgebraic function

ηδ0 : [0, 1] → [0, 1], t 
→

⎧⎪⎨
⎪⎩

0, if 0 ≤ t ≤ δ0,

η∗
δ0
(t), if δ0 ≤ t ≤ 1 − δ0,

1, if 1 − δ0 ≤ t ≤ 1.
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The following holds:

max
t∈[δ0,1−δ0]

{|t −ηδ0(t)|} = δ0

1 − 2δ0
max

t∈[δ0,1−δ0]
{|1−2t |} ≤ δ0 � max

t∈[0,1]{|t −ηδ0(t)|} ≤ δ0.

(7.1)
By Lemma 5.5 there exists an Sμ function δ : S → R that is arbitrarily close to zero with

respect to the Sμ topology. Let� : U → R be a strictly positive Sμ extension of δ : S → R

to an open semialgebraic neighborhood U ⊂ R
n of S that is close to zero with respect to the

Sμ topology. By (7.1) we have

‖(x, t) − (x, ηδ(x)(t))‖ = |t − ηδ(x)(t)| ≤ max
t∈[0,1]{|t − ηδ(x)(t)|} ≤ δ(x)

for each (x, t) ∈ S × [0, 1]. By multivariate Leibniz’s rule (5.4) we have

D(α)
( �

1 − 2�
(1− 2t)

)
= (1− 2t)

∑
β≤α

α!
β!(α − β)! (D

(β)�)(D(α−β)((1− 2�)−1)). (7.2)

In addition, by multivariate Faà di Bruno’s formula [21, Thm.2.1] we have

D(α−β)((1− 2�)−1) =
|α−β|∑
k=1

(−1)kk!
(1 − 2�)k+1

|α−β|∑
s=1

∑
ps ((α−β),k)

(α − β)!
s∏

j=1

((−2)D(κ j )(�))� j

(� j !) · (κ j !)� j

where

ps((α − β), k) :=
{
(�1, . . . , �s; κ1, . . . , κs) :

� j > 0, 0 < κ1 < · · · < κs,

s∑
j=1

� j = k,
s∑

j=1

� jκ j = α − β
}
.

Thus, if � is close enough to zero with respect to the Sμ topology, we may assume δ
1−2δ is

δ∗-close to zero with respect to the Sμ topology and idS ×ηδ : S × [0, 1] → S × [0, 1] is
δ∗-close to idS×[0,1] in the Sμ

t topology. Consequently, � is ε
2 -close to �

∗ : S × [0, 1] →
Q, (x, t) 
→ �(x, ηδ(x)(t)).

Consider the Nash subset R
m × {0, 1} of R

m × R and observe that
�∗|{(x,t)∈S×[0,1]: t<δ(x)}(x, t) = f (x) and �∗|{(x,t)∈S×[0,1]: t>1−δ(x)}(x, t) = g(x), so �∗
is Nash on {(x, t) ∈ S × [0, 1] : t < δ(x) or t > 1 − δ(x)}, which is an open semi-
algebraic neighborhood of the Nash set (Rm × {0, 1}) ∩ (S × [0, 1]) in S × [0, 1]. By
Theorem 1.2 and Remark 2.6 there exists a Nash map � : S × [0, 1] → Q ε

2 -close to
�∗ : S × [0, 1] → Q with respect to the Sμ

t topology such that �(x, 0) = �(x, 0) = f (x)
and �(x, 1) = �(x, 1) = g(x) for each x ∈ S.

As�(x, t)−�(x, t) = (�−�∗)+ (�∗ −�), we conclude that � is a Nash homotopy
between f and g which is ε-close to � with respect to the Sμ

t topology, as required. ��
Remark 7.1 If the involved semialgebraic homotopy � : S × [0, 1] → Q between f and g
is Sμ for some μ ≥ 1, it is natural to wonder if it is possible to find an approximating Nash
homotopy � close to � with respect to the Sμ topology. In the proof of Theorem 1.4 we
have used Theorem 1.2. It seems difficult to apply our strategy to approximate homotopies
with respect to the Sμ topology when μ ≥ 1, because we need that the homotopy� is Nash
on an open semialgebraic neighborhood U of S × {0, 1} in N × R. To that end, we have to
replace �(x, t) by �(x, η(x, t)), where η : N × [0, 1] → [0, 1] is an Sμ function such that
∂η
∂t is zero when 0 ≤ t < δ(x) or 1 − δ(x) < t ≤ 1 for some strictly positive continuous

123



Nash approximation of differentiable… Page 33 of 39 114

Nash function δ : N → R, so in general�(x, η(x, t)) is not close to�(x, t) with respect to
the Sμ topology for μ ≥ 1. This is substantially why we have introduced the Sμ

t topology
in Sect. 2.3.1. ‚

We deduce from Theorem 1.4 the proof of Corollary 1.5.

Proof of Corollary 1.5 As Q is a locally compact semialgebraic subset of R
n , we may assume

by Mostowski’s trick (see Proposition 2.1) that Q is a closed semialgebraic subset of R
n .

Under this assumption, there exist by [22] an open semialgebraic neighborhood U of Q in
R

n and a (continuous) semialgebraic retraction ρ : Cl(U ) → Q. As R
n \ U is closed and

f (S) ⊂ U , the continuous semialgebraic function

ε : S → R, x 
→ 1
2 dist( f (x),Rn\U )

is by [14, Prop.2.2.8] strictly positive. Consider the continuous semialgebraic homotopy

� : S × [0, 1] → R
n, (x, t) 
→ �t (x) := (1 − t) f (x) + tg(x).

If ‖ f (x) − g(x)‖ < ε(x) for each x ∈ S, then

‖ f (x) − �t (x)‖ = ‖ f (x) − ((1 − t) f (x) + tg(x))‖
= t‖ f (x) − g(x)‖ ≤ ‖ f (x) − g(x)‖ < ε(x) = 1

2 dist( f (x),Rn \ U ),

(7.3)

so�t (x) ∈ U for each (x, t) ∈ S×[0, 1]. Thus,�(S×[0, 1]) ⊂ U andρ◦� : S×[0, 1] → Q

is a well-defined continuous semialgebraic homotopy between f = ρ ◦ �(·, 0) and g =
ρ ◦ �(·, 1). By Theorem 1.4 there exists a Nash homotopy � : S × [0, 1] → Q between f
and g, as required. ��

As a consequence of Theorem 1.1, we prove Corollary 1.6 after a preliminary lemma.

Lemma 7.2 Let S ⊂ R
n be a semialgebraic set and let �1 : S × [0, 1

2 ] → T and �2 :
S × [ 12 , 1] → T be Nash functions such that �1(·, 1

2 ) = �2(·, 1
2 ). Let m > μ ≥ 1 be

integers such that m is odd and define the semialgebraic homeomorphism ηm : [0, 1] →
[0, 1], t 
→ (2t−1)m

2 + 1
2 , whose restriction ηm |[0,1]\{ 12 } : [0, 1] \ { 12 } → [0, 1] \ { 12 } is a Nash

diffeomorphism. Then �∗ : S × [0, 1] → T, (x, t) 
→ �(x, ηm(t)), where

� : S × [0, 1] → T, (x, t) 
→
{
�1(x, t) if t ∈ [0, 1

2 ],
�2(x, t) if t ∈ [ 12 , 1],

is a (well-defined) Sμ map.

Proof Observe first that ηm satisfies

• ηm(0) = 0, ηm(
1
2 ) = 1

2 and ηm(1) = 1,

• η
(�)
m ( 12 ) = 0 for each � = 1, . . . ,m − 1,

• ηm([0, 1
2 ]) = [0, 1

2 ] and ηm([ 12 , 1]) = [ 12 , 1].
Thus, �∗(S × [0, 1]) ⊂ T, so �∗ is a well-defined continuous semialgebraic function.

Define� := �1(·, 1
2 ) = �2(·, 1

2 ) and let�1 : S×[0, 1
2 ] → R

n and�2 : S×[ 12 , 1] → R
n

be Nash functions such that �i = � + (t − 1
2 )�i . As

� : S × [0, 1] → T, (x, t) 
→
{
�(x) + (t − 1

2 )�1(x, t) if t ∈ [0, 1
2 ],

�(x) + (t − 1
2 )�2(x, t) if t ∈ [ 12 , 1],
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we deduce

�∗ : S × [0, 1] → T, (x, t) 
→
{
�(x) + 2m−1(t − 1

2 )
m�1(x, ηm(t)) if t ∈ [0, 1

2 ],
�(x) + 2m−1(t − 1

2 )
m�2(x, ηm(t)) if t ∈ [ 12 , 1].

As �1, �2 are Nash functions, they are locally bounded, so

� : S × [0, 1] → R
n, (x, t) 
→

{
2m−1(t − 1

2 )�1(x, ηm(t)) if t ∈ [0, 1
2 ],

2m−1(t − 1
2 )�2(x, ηm(t)) if t ∈ [ 12 , 1]

is a continuous semialgebraicmap onS×[0, 1] that isNash onS×([0, 1]\{ 12 }). Asm−1 ≥ μ,
we deduce (t − 1

2 )
m−1� is an Sμ map. Define

ϕ : S × [0, 1] → R
n, (x, t) 
→ �(x).

As ϕ is Nash on S × [0, 1], we conclude that �∗ = ϕ + (t − 1
2 )

m−1� is an Sμ map, as
required. ��

Proof of Corollary 1.6 By Theorem 5.7 there exists a Nash map

σ : Q × [0, 1
2 ] → Q, (x, t) 
→ σt (x) := σ(x, t)

such that σ0 = idQ and σt (Q) ⊂ Int(Q) for each t ∈ (0, 1
2 ]. Let (�, ν) be a Nash tubular

neighborhood of Int(Q) in R
n and denote h := σ 1

2
◦ f . As R

n \ � is closed and h(S) ⊂
Int(Q) ⊂ �, the continuous semialgebraic function

ε : S → R, x 
→ 1
2 dist(h(x),R

n\�)
is by [14, Prop.2.2.8] strictly positive.ByTheorem1.1 there exists aNashmap g : S → Int(Q)
that is ε-close to h with respect to the Sμ topology. Consider the continuous semialgebraic
homotopy

� : S × [ 12 , 1] → R
n, (x, t) 
→ (2 − 2t)h(x) + (2t − 1)g(x).

As ‖h(x) − g(x)‖ < ε(x) for each x ∈ S, we have

‖h(x) − �t (x)‖ = ‖h(x) − (2 − 2t)h(x) − (2t − 1)g(x)‖
= |2t − 1|‖h(x) − g(x)‖ ≤ ‖h(x) − g(x)‖ < ε(x) = 1

2 dist(h(x),R
n \ �),
(7.4)

so �t (x) ∈ � for each (x, t) ∈ S × [ 12 , 1]. As ν : � → Int(Q) is a Nash retraction,

� : S × [ 12 , 1] → Int(Q), (x, t) 
→ ν ◦ �(x, t)

is a well-defined Sμ homotopy between h and g. Let m > μ be an odd integer and let
ηm : [0, 1] → [0, 1], t 
→ (2t−1)m

2 + 1
2 , which is a Nash homeomorphism. By Lemma 7.2

� : S × [0, 1] → Q, (x, t) 
→
{
σ( f (x), ηm(t)), if 0 ≤ t ≤ 1

2 ,

�(x, ηm(t)), if 1
2 ≤ t ≤ 1

is the required Sμ homotopy between f and the Nash map g : S → Int(Q). ��
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7.2 Further developments

We next prove Lemmas 1.7 and 1.8 already stated in the Introduction.

Proof of Lemma 1.7 Suppose T is not locally connected by analytic paths. Then there exists a
point p ∈ T and an open semialgebraic neighborhood W0 ⊂ R

n of p such that for each open
semialgebraic neighborhoodW ⊂ W0 of p, the intersectionT∩W is not connected by analytic
paths. Observe that p is a non-isolated point of T. By [14, Thm.9.3.6] there exists ε > 0 such
that Bn(p, ε) ⊂ W0 and a semialgebraic homeomorphism ϕ : Bn(p, ε) → Bn(p, ε) such
that:

• ‖ϕ(x) − p‖ = ‖x − p‖ for every x ∈ Bn(p, ε).
• ϕ|Sn−1(p,ε) is the identity map.

• ϕ−1(T ∩ Bn(p, ε)) is the cone with vertex p and basis T ∩ S
n−1(p, ε).

Thus, T is locally connected by continuous semialgebraic maps at p. We claim: Tε :=
T ∩ Bn(p, ε) is pure dimensional.

Suppose Tε is not pure dimensional. As ϕ−1(Tε) is the cone with vertex p and basis
T ∩ S

n−1(p, ε), we deduce that Tε is not pure dimensional at p. Thus, there exist two closed
semialgebraic subsets R1 and R2 of Tε such that dim(R1) < dim(R2), R1 ∩ R2 = {p}
and R1 ∪ R2 = Tε. Let Y1 be the Zariski closure of R1, which has dimension dim(R1). In
particular,R1 \R2 = R1 \{p} andR2 \Y1 are semialgebraic sets adherent to p of dimensions
dim(R1) and dim(R2).

By the Nash curve selection lemma [14, Prop.8.1.13] there exist Nash arcs γ1 : [−1, 0] →
(R1 \R2)∪{p} and γ2 : [0, 1] → (R2 \Y1)∪{p} such that γi (0) = p, γ1([−1, 0)) ⊂ R1 and
γ2((0, 1]) ⊂ R2 \Y1. The semialgebraic map γ := γ1 ∗γ2 : [−1, 1] → R1 ∪ (R2 \Y1)∪{p}
is continuous. Letψ : [−1, 1] → [−1, 1] be a bijective Sμ map such thatψ(t) = sign(t)t2μ

around 0. The composition γ ◦ ψ : [−1, 1] → R1 ∪ (R2 \ Y1) ∪ {p} ⊂ T is an Sμ map.
Observe that γ does not admit a close Nash approximation η : [−1, 1] → T, because a part
of the image of η should be contained in Y1, so by the identity principle for Nash functions
the whole image should be contained in Y1, which is a contradiction, because another part of
the image of η should be contained in R2 \ Y1. Thus, Tε is pure dimensional, as claimed.

Let X ⊂ R
n be the Zariski closure of Tε in R

n . Let X̃ ⊂ C
n be the complexification of X

and let Sing(X) := Sing(X̃)∩R
n . Let Reg(Tε) be the interior of Tε \Sing(X) in X \Sing(X),

which is a Nash manifold of the same dimension as Tε. As Tε is pure dimensional, Reg(Tε)
is dense in Tε. Recall also that by [26, Main Thm.1.8 & Lem.7.4] any semialgebraic set
between a connected Nash manifold and its closure is connected by analytic paths. Thus, by
[26, Prop.7.8] there exist two connected components M1 and M2 of Reg(Tε) such that for
each pair of points y1 ∈ M1 and y2 ∈ M2 there exists no analytic path between y1 and y2.

Let α : [−1, 1] → Tε be a continuous semialgebraic path such that α(−1) = y1 and
α(1) = y2 (recall that Tε is connected by semialgebraic paths). By [27, §1.2.2] there exists
a finite set η(α) ⊂ [−1, 1] such that α|[−1,1]\η(α) is a Nash function. Let us ‘reparameterize’
α in order to transform it into an element of Sμ([−1, 1],T).

Pick a value t0 ∈ η(α). Assume t0 ∈ (−1, 1). The case of the extremes {−1, 1} of
the interval [−1, 1] is similar, but simpler and we leave the details to the reader. After the
translation t − t0, we may assume that t0 = 0. By [14, p.166] the ring lim−→δ>0

S0((0, δ],R) is
isomorphic to the field of algebraic Puiseux series R[[t∗]]alg. Let p be the smallest positive
integer such thatα(tp) ∈ R[[t]]alg. Let q be the smallest positive integer such thatα(−tq) ∈
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R[[t]]alg. We have to change t around t0 by

θt0 : t 
→
{

t0 − (t0 − t)q(μ+1) if t < t0,

t0 + (t − t0)p(μ+1) if t > t0.

We proceed analogously with all the values of η(α) and we construct, using an Sμ partition
of unity associated to a suitable open semialgebraic partition of the interval [−1, 1], an Sμ

function θ : [−1, 1] → [−1, 1] such that θ(−1) = −1, θ(1) = 1 and θ is around each
point t0 ∈ η(α) equal to θt0 . The composition α ◦ θ : [−1, 1] → Tε is an Sμ path such that
(α ◦ θ)(−1) = y1 and (α ◦ θ)(1) = y2.

As T is a (N , μ)-ats, there exist a Nash path β : [−1, 1] → T close to α in the Sμ-
topology of Sμ([−1, 1],T). Thus, β is a Nash path inside Tε that connects a point of M1

with a point of M2 (because M1 and M2 are open semialgebraic subsets of T), which is a
contradiction. Consequently, T is locally connected by analytic paths, as required. ��
Proof of Lemma 1.8 As T is locally connected by analytic paths, it is locally pure dimensional
[26, Lem.7.1], so the local dimension function on T is locally constant. As T is connected,
it is pure dimensional. Let X ⊂ R

n be the Zariski closure of T in R
n . Let X̃ ⊂ C

n be
the complexification of X and let Sing(X) := Sing(X̃) ∩ R

n . Let Reg(T) be the interior of
T \ Sing(X) in X \ Sing(X), which is a Nash manifold of the same dimension as T. Let
T1, . . . ,Tr be the connected components of Reg(T). As T is connected, we find inductively
(after reordering the indices i = 2, . . . , r ) points pi ∈ T ∩ Cl(Ti ) ∩ ⋃i−1

j=1 Cl(T j ) for
i = 2, . . . , r − 1. As T is locally pure dimensional, we deduce that all the Ti have the
same dimension. As T is locally connected by analytic paths at pi , there exists an open
semialgebraic neighborhood Wi of pi such that T ∩ Wi is connected by analytic paths. Let
xi ∈ Wi ∩ Ti and yi ∈ Wi ∩ ⋃i−1

j=1 T j . Let αi : [−1, 1] → Wi ∩ T be an analytic path such
that αi (−1) = xi and αi (1) = yi . By [26, Lem.2.9] we may assume that αi is a Nash path.

Using the previous Nash manifolds Ti and the Nash paths αi : [−1, 1] → Wi ∩T we find
(maybe repeated) Nash manifolds S1, . . . , Sm ∈ {T1, . . . ,Tr } and Nash arcs β j : [−1, 1] →
S j−1 ∪ {q j } ∪ S j where q j ∈ Cl(S j−1) ∩ Cl(S j ) for j = 2, . . . ,m such that S1 = T1,
Sm = Tr and {S1, . . . , Sm} = {T1, . . . ,Tr }. Pick two points x, y ∈ T. We may assume there
exists indices 1 ≤ k ≤ � ≤ m such that x ∈ Cl(Sk) and y ∈ Cl(S�). By [27, Main Thm.1.8]
there exist a Nash path α : [0, 1] → T such that α(0) = x and α(1) = y. Consequently,
T ⊂ R

n is connected by analytic paths, as required. ��
We next present an enlightening example of a semialgebraic set connected by analytic

paths that is not locally connected by analytic paths.

Example 7.3 Let

T := {(4x2 − y2)(4y2 − x2) ≥ 0,y ≥ 0,x2 + y2 ≤ 4}
∪ {(4x2 − y2) ≤ 0, (x2 + y2 − 1)(x2 + y2 − 4) ≤ 0,y ≥ 0} ⊂ R

2,

which is a (path) connected semialgebraic set, see Fig. 2. As we have seen in the proof of
Lemma 1.7, every semialgebraic set is locally connected by continuous semialgebraic paths.
The reader can check that the Sμ semialgebraic map α : [−1, 1] → T, t 
→ (t2μ+1, |t |t2μ)
admits no Nash approximation. We claim: The semialgebraic set T is connected by analytic
paths, but not locally connected by analytic paths at the origin.

Proof The semialgebraic T is connected by analytic paths, because its interior is a connected
Nash manifold (use [14, Thm.9.3.6]). Let us check that T is not locally connected by analytic
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Fig. 2 Semialgebraic set T ⊂ R
2

paths at the origin. Pick the points p1 := (−ε, ε), p2 := (ε, ε) ∈ T∩B2((0, 0), 2ε) for some
0 < ε < 1

4 and assume that there exists an analytic path α : [0, 1] → T ∩ B2((0, 0), 2ε)
such that α(0) = p1 and α(1) = p2. Consider the closed semialgebraic sets C1 := T ∩
B2((0, 0), 2ε) ∩ {x ≤ 0} and C2 := T ∩ B2((0, 0), 2ε) ∩ {x ≥ 0}, which satisfy T ∩
B2((0, 0), 2ε) = C1 ∪ C2. Both C1 and C2 are convex, so they are connected by analytic
paths (in fact, they are connected by segments) and C1 ∩ C2 = {(0, 0)}. Define C∗

i := {λw :
w ∈ Ci , λ ∈ R} for i = 1, 2. Note that T ∩ B2((0, 0), 2ε) ∩ {x < 0} = C1 \ {(0, 0)} and
T∩B2((0, 0), 2ε)∩{x > 0} = C2 \{(0, 0)} are pairwise disjoint open subsets of T. We have
0 ∈ α−1(C1 \ {(0, 0)}) and 1 ∈ α−1(C2 \ {(0, 0)}), so t0 := inf(α−1(C2 \ {(0, 0)})) > 0.
As α is a (non-constant) analytic path, t0 ∈ Cl(α−1(C1 \ {(0, 0)})) ∩ Cl(α−1(C2 \ {(0, 0)}))
and α(t0) = (0, 0). As α−1(C1 \ {(0, 0)}) and α−1(C2 \ {(0, 0)}) are pairwise disjoint open
subsets of [0, 1], there exists δ > 0 such that

α((t0 − δ, t0)) ⊂ C1\{(0, 0)} and α((t0, t0 + δ)) ⊂ C2\{(0, 0)}.
The tangent direction to Im(α|(t0−δ,t0+δ)) at α(t0) = (0, 0) is the line generated by the vector

w = lim
t→t0

α(t) − α(t0)

(t − t0)k
=

{
limt→t+0

α(t)−(0,0)
(t−t0)k

∈ C∗
1\{(0, 0)},

limt→t−0
α(t)−(0,0)
(t−t0)k

∈ C∗
2\{(0, 0)},

where k is the multiplicity of t0 as a root of ‖α‖. This is a contradiction (because C∗
1 ∩ C∗

2 =
{(0, 0)}), so T ∩B2((0, 0), 2ε) is not connected by analytic paths for each 0 < ε < 1

4 . Thus,
T is not locally connected by analytic paths at the origin. ��

Data availability No datasets were generated or analyzed during the preparation of this article.
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