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1. Introduction

A subset X C R" is said to be basic semialgebraic if it can be written as
X:={zeR": f()=0, g1(xz) >0,...,ge(x) >0}

for some polynomials f,g1,...,9¢ € R[xy,...,%,]. The finite unions of basic semialgebraic sets are called
semialgebraic sets.

A continuous function f : X — R is said to be semialgebraic if its graph is a semialgebraic subset of
R™*!. Usually, semialgebraic function just means a function, non necessarily continuous, whose graph is
semialgebraic. However, since all semialgebraic functions occurring in this article are continuous we will
omit for simplicity the continuity condition when we refer to them.

The sum and product of functions, defined pointwise, endow the set S(X) of semialgebraic functions on
X with a natural structure of commutative ring whose unity is the semialgebraic function 1,; with constant
value 1. In fact S(X) is an R-algebra, if we identify each real number r with the constant function which
just attains this value. The most simple examples of semialgebraic functions on X are the restrictions to
X of polynomials in n variables. Other relevant ones are the absolute value of a semialgebraic function,
the distance function to a given semialgebraic set, the maximum and the minimum of a finite family of
semialgebraic functions, the inverse and the k-root of a semialgebraic function whenever these operations
are well-defined.

Let S*(X) be the subring of bounded semialgebraic functions on X. It is indeed an R-algebra and we
will identify each real number r € R with the constant function of value r.

The study of rings of continuous functions has deserved a lot of attention from specialists in analysis,
topology and algebra. The history of this theory is long and rich and its main development goes back to
the 1950’s and 1960’s. This subject contributed in an important way to the appearance and evolution of
well-known tools in Mathematics like the Stone-Cech compactification, the theory of nets and filters, the
spectrum and the maximal spectrum of a commutative ring, .... We refer the reader to [11] for a very
detailed study of rings of continuous functions.

This article is inspired by the work [6], where the authors studied intermediate algebras between the
R-algebra C(X) of continuous real valued functions on a topological space X and its sub-algebra C*(X)
of bounded functions, which has a precedent in the paper [13]. To work with continuous functions (on a
completely regular topological space X) presents an advantage over the semialgebraic setting: the Stone-
Cech compactification 5,X is a topological space containing X as a dense subspace, and so it makes sense
to consider the R-algebra C(5;X). This is not so in the semialgebraic context. The so called semialgebraic
Stone-Cech compactification ﬂ: X of a semialgebraic set X introduced in [10] enjoys most of the properties
of the classical Stone-Cech compactification; namely, it is a compact and Hausdorff topological space one
of whose models is the set . X := Max(S*(X)) of maximal ideals of the ring S*(X), the map

X=X, 2wl i={feSX): f(z)=0}

is continuous, and j(X) is a dense subspace of 5. X. This is why we identify X with j(X). In addition, it
is proved in [10, 4.4] that for every f € §*(X) there exists a continuous function e BiX — R such that
fo j = f. But, in spite of its name, 8, X is very rarely a semialgebraic set, so it has no sense to consider
the ring S(B. X). Indeed, it was proved in [10] that 3. X is homeomorphic to a semialgebraic set if and only
if 87X \ X is finite.

On the other hand, the topology of semialgebraic sets is more friendly, which allows to achieve sharper
results by using specific techniques of semialgebraic geometry. Although they are neither Noetherian nor
enjoy primary decomposition properties, rings of semialgebraic functions are closer to polynomial rings than
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to classical rings of continuous functions. For example, the Lebesgue dimension of R is 1, see Problem 16F
in [11], whereas the Krull dimension of the ring C(R) of real valued continuous functions on R is infinite,
see Problem 141 [11], and the Krull dimension of the ring S(R) equals one, see [9, Thm 1.1 and Thm. 1.2].
Another simple but crucial example is the following. It was proved in [2, 2.2.8] that the function

[ X >R z—dist(z, 2) :=inf {||lz— 2| : z€ Z}

is semialgebraic and so each closed semialgebraic subset Z of X satisfies Z = f~1(0). Thus, in the semi-
algebraic context, to be closed and to be the zeroset of a continuous semialgebraic function are the same
thing.

Indeed many tools of semialgebraic geometry have been successfully employed in [7], [8], [9], [10] and [3]
to obtain a lot of information about rings of semialgebraic functions. We will use the results obtained in
these previous works.

Along this article we fix a semialgebraic set X C R™ and an intermediate R-algebra A containing S*(X)
and contained in S(X), and it is organized as follows. In Section 2, we collect most of the preliminary
definitions, notations and results that will be used freely in the sequel. Next, in Section 3 we construct in
Theorem 3.2 a natural bijection between the intermediate R-algebras containing S*(X) and contained in
S(X) and the family of saturated multiplicatively closed subsets D of S*(X) such that f~1(0) = @ for every
f € D. As a first consequence we prove in Corollary 3.3 that if x, := qf(A/p) denotes the field of fractions
of A/p, where p is a prime ideal of A, then the transcendence degree over R of &, is finite and upperly
bounded by dim(X). To finish Subsection 3.1 we deduce from Theorem 3.2 that the Krull dimension dim(A)
of A equals dim(X) in Proposition 3.4. In Subsection 3.2 we show that the set of prime ideals containing a
prime ideal of A is a totally ordered set. This implies that A is a Gelfand ring, that is, every prime ideal is
contained in a unique maximal ideal of A. The main result is Theorem 3.6, where we prove that Max(A)
is a model of the semialgebraic Stone-Cech compactification of X. In Subsection 3.3 we study fixed and
free ideals of A. We characterize fixed maximal ideals of A in Theorem 3.10. Next we introduce an unusual
terminology. In Definition 3.11 we say that a maximal ideal m of A is archimedean if the natural inmersion
R < A/m is surjective. These ideals have been called frequently real in the literature. But the adjective
real has a different meaning in Real Algebraic Geometry: an ideal a of an unitary and commutative ring R
is said to be real if whenever the elements fi,..., f, € R satisfy fZ +---+ f? € a, then each f; € a. The
main results of this subsection are a L.ojasiewicz inequality 3.13 and a Nullstellensatz 3.16 for intermediate
R-algebras whose maximal ideals are archimedean.

In Section 4 we study intermediate algebras generated by proper ideals. We prove first that we may
assume that they are generated by z-ideals. Secondly, we prove in Theorem 4.11 an extension result for
functions in such R-algebras.

2. Preliminaries
2.1. Localization and Zariski spectrum

A subset D of a commutative and unitary ring R is said to be multiplicatively closed if the unit element
1r belongs to D, the zero element Or ¢ D and given d,e € D then ed € D. We denote U(R) the subset
consisting on the units of R, that is, the invertible elements in R. The map ¢p : R — Rp, r +— r- 11;1 is
a homomorphism of unitary rings whose kernel is the intersection of D with the set of zero divisors of R.
Thus ¢p is injective if and only if D does not contain zero divisors of R. In addition, ¢p is an isomorphism
if and only if D C U(R).

The multiplicatively closed subset D of R is said to be saturated if whenever x,y € R satisfy zy € D
then z,y € D.
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Let a be an ideal of R. Then, the extended ideal a® of Rp, that is, the smallest ideal of Rp containing
a, is the set a® := {ad™! : a € a, d € D}. Hence, a® is a proper ideal of Rp, that is, a® # Rp, if and only if
anN D = @. On the other hand, let b be a proper ideal of Rp. Then, its contraction b° := apBl(b) is an ideal
of R satisfying b N D = &. In addition, (b°)¢ = b.

The set Spec(R) consisting of all prime ideals of R is endowed with its Zariski topology, which has the
family of subsets

Dr(f) :={p € Spec(R) : f ¢ p}, where f € R,

as a basis of open subsets. It is a compact space, see e.g. [1, Ch. I, Ex. 17]. In particular, the map
{p € Spec(R) : pN D = &} — Spec(Rp), p — p°

is a homeomorphism whose inverse is the map
Spec(Rp) — {p € Spec(R) : pND =@}, q— q°.

The mazimal spectrum of R is the subset Max(R) C Spec(R) consisting of all maximal ideals of R. Indeed
Max(R) is compact too because every covering of Max(R) by subsets of the form Dg(f) is a covering of

Spec(R).
2.2. Dimension of semialgebraic sets

The dimension dim(X) of a semialgebraic set X C R™ is defined as the dimension of the smallest
algebraic set containing X. In other words, dim(X) is the Krull dimension of the quotient ring P(X) :=
Rlx1,...,%,]/T(X), where

J(X):={f €R[x1,...,x,] : X C f71(0)}.

It is proved in [2, 2.8.10] that given a semialgebraic set X C R™ and a point 2z € X there exists a semialgebraic
neighborhood U of x in X such that dim(U) = dim(V') for every semialgebraic neighborhood V' C U of z.
This common value is called the local dimension of X at x.

2.3. Semialgebraic Stone-Cech compactification of a semialgebraic set

For every real valued function f: X — R we denote Zx (f) := f~1(0).

(1) Recall that a compactification of a topological space Z is a pair (K, j), where j : Z — K is a
continuous map and j(Z) is a dense subset of the compact space K.

(2) Given two compactifications (K1, j1) and (K3, j2) of a topological space Z it is said that (K3, j2)
dominates (K1, j1), and we write (K7, j1) < (K2, j2), if there exists a continuous surjective map p : Ko —
K such that p o jo = j1. Note that since j;(Z) is dense in K; for ¢ = 1,2, the map p is unique satisfying
the equality above. We say that (K7, j1) is smaller that (Ko, ja).

(3) A compactification (K, j) of a semialgebraic set X is semialgebraically complete, see [10, 4.2], if for
each f € §*(X) there exists a continuous function F : K — R such that f = F o j. Notice that K is not
necessarily a semialgebraic set.

(4) It was introduced in [10] the so called semialgebraic Stone-Cech compactification of a semialgebraic set
X . It is a compact and Hausdorff topological space 8; X one of whose models is the set 8, X := Max(S*(X))
of maximal ideals of the ring S*(X). The map
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j:X s X, zemli={feSX): f(z) =0}

is continuous and j(X) is a dense subspace of 3. X. For simplicity we identify X with j(X).

In addition, it is proved in [10, 4.4] that for every f € S*(X) there exists a continuous function 7
BiX — R such that fo j = J. For every semialgebraic subset ¥ of X we denote Clg- x(Y) the closure in
B:X of Y and Intx (Y") the interior of Y in X.

(5) Tt was proved in [10, 4.4.3] that the semialgebraic Stone-Cech compactification 3. X of X is the
smallest among the semialgebraically complete compactifications of X.

3. Intermediate R-algebras as rings of fractions and consequences

As announced in the Introduction we construct first a bijection between the intermediate R-algebras
containing S*(X) and contained in S(X) and the family of saturated multiplicatively closed subsets D of
S*(X) such that Zx(f) = @ for every f € D.

3.1. Transcendence degree of the residual fields and Krull dimension

Let D C 8*(X) be a multiplicatively closed subset such that Zx(f) = @ for every f € D. Thus
D Cc U(S(X)) and

S*(X) € 8 (X)p € S(X),

ie. A:=8*(X)p is an intermediate R-algebra between S*(X) and S(X).

In particular it was proved in [7, 3.2] that S(X) = §*(X)p, where D denotes the multiplicatively closed
subset of $*(X) consisting on all f € §*(X) whose zeroset Zx (f) is empty, that is, all f € S*(X) that are
invertible in S(X).

Proposition 3.1. The following conditions hold:
(1) The set D4 :=U(A) NS*(X) is a saturated multiplicatively closed subset of S*(X).
(2) We have A=S8*(X)p,.

Proof. (1) The product of bounded semialgebraic functions is a bounded semialgebraic function too. In
addition, the product of invertible elements of a unitary commutative ring is invertible too. Hence, D 4 is a
multiplicatively closed subset of $*(X). To see that it is saturated, let f,g € $*(X) such that fg € D4. In
particular there exists h € A such that (fg) - h = 14. Therefore both f and g are units in A, so f,g € Da.

(2) The inclusion S*(X)p, C A follows at once since D4 C U(A). Conversely, each f € A can be written
as

F=( 0+ A/ 0+

and f-(1+f%)~! € 8*(X), because its absolute value is upperly bounded by 1/2, whereas 1-(1+f2)"! € D4
since its absolute value is upperly bounded by 1, so it belongs to $*(X) C A, and it is a unit in A whose
inverse is 1 + f2 € A. O

Recall that a subset D of a commutative and unitary ring R is said to be multiplicatively closed if the
unit element 1z belongs to D, the zero element 0g ¢ D and given d,e € D then ed € D. In addition, D is
said to be saturated if whenever z,y € R satisfy zy € D then =,y € D.
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Theorem 3.2. Let Sat(X) be the family of saturated multiplicatively closed subsets D of 8*(X) such that
2Zx(f) = @ for every f € D. Let Inter(X) be the family of intermediate R-algebras between S*(X) and
S(X). Then the maps

Sat(X) — Inter(X), D — S*(X)p & Inter(X) — Sat(X), A Dy :=U(A)NS*(X)
are mutually inverse.

Proof. The result is the immediate consequence of Proposition 3.1 and the fact that each multiplicatively
closed subset D of a unitary and commutative ring R admites a saturation, which is the smallest saturated
multiplicatively closed subset of R containing D. Indeed, see [1, Exercise 3.7], the complement D of the
union of those prime ideals of R not meeting D is a saturation of D and the map Rp — Ry, rd~' — rd~!
is a bijection. 0O

As a consequence of Theorem 3.2 we get an upper bound of the transcendence degree over R of the
residue fields x, for p a prime ideal of A.

Corollary 3.3. Let p be a prime ideal of A and let k, := qf(A/p) be the field of fractions of A/p. Then, the
transcendence degree over R of ky s finite and upperly bounded by dim X .

Proof. Let q := p N S*(X). It was proved in [9, Thm.1.3] that the transcendence degree over R of kg :=
qf (8*(X)/q) is finite and upperly bounded by dim X. Thus, all reduces to check that the field extension
Kyp|kq is algebraic. It suffices to see that each element of A/p is algebraic over kq. Let f € Aand § :=p+p.
With the notations in Theorem 3.2 there exist F,G € S*(X) such that f := F'/G where G ¢ Dy, i.e., G is
not a unit in A. Note that f is a root of the polynomial G-t — F € §*(X)[t]. Since p is a proper ideal of A
the intersection qNU(A) is empty, so G ¢ q and § is a root of the polynomial (G+q)-t—(f+q) € kq[t]. O

Next we apply Theorem 3.2 to compute the Krull dimension of A. For each point z € X we denote my4., =
{f € A: f(z) = 0}. It is a maximal ideal of A because it is the kernel of the surjective homomorphism
A — R. f+ f(z). We shall abreviate m* := mg«(x);,-.

Proposition 3.4. The Krull dimension dim(A) of A equals dim(X).
Proof. By Theorem 3.2, A = §*(X)p, where Dy := U(A) N S*(X). In addition, the map
Spec(A) < Spec(S* (X)), p—=pNS*(X)

induced by the inclusion of $*(X) into A is a homeomorphism onto its image, that is the set of prime ideals
p of $*(X) such that pN Dy = &. Thus dim(A) < d := dim(S5*(X)) = dim(X), where the last equality was
proved in [9, Thm. 1.1].

To prove the equality notice that, by [2, 2.8.12] there exists a point © € X such that the local dimension
of X at x equals d. By [9, Thm.1.2] we have ht(m}) = d, where ht(a) means the height of an ideal a. Let

*

PoCp1 & S pgi=my

be a chain of prime ideals in S*(X). Notice that U(A) N m} = @. Otherwise pick f € U(A) N m’. Then
f(x) = 0 and there would exist g € A such that f-g = 14. Then 1 = f(x) - g(x) = 0, a contradiction. As
the map

{p € Spec(S§*(X)) : pN Dy = &} — Spec(4), p — p°
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is injective and inclusion-preserving we have p§ C p§ C --- C p§ := ma,,. Thus d < dim(A) and so
dim(A) =dim(X). O

3.2. Main properties of the spectra of intermediate R-algebras

“Convexity” is an ubiquitous condition in Real Geometry. This implies that the set of prime ideals
containing a given prime ideal of A form a chain and, in particular, A is a Gelfand ring. Let us collect now
the properties that will be useful in the sequel.

Corollary 3.5 (Convezity I). (1) Every radical ideal a € S*(X) is absolutely convex, i.e., given f,g € S*(X)
such that | f(z)| < |g(x)] for every x € X and g € a, then f € a.

(2) A prime ideal p of A is mazimal if and only if q :=pNS*(X) is a mazimal ideal of S*(X).

(3) Every prime ideal p € A is absolutely conver.

(4) The set of prime ideals of A containing a prime ideal p of A is a totally ordered set by inclusion. In
particular A is a Gelfand ring, i.e., each prime ideal of A is contained in a unique maximal ideal of A.

(5) The subspace Max(A) of Spec(A) consisting on the mazximal ideals of A endowed with the Zariski
topology is compact and Hausdorff. In addition, the map ¢ : X — Max(A), x — ma., s a bijection onto a
dense subspace of Max(A).

Proof. (1) Note that |g|> = g? € a because g € a. As f(x)? = |f(z)]? < |g(x)|? for every z € X it follows
from [7, 3.1.2] that f? € a. Since a is a radical ideal, it follows that f € a.
(2) Tt follows from [1, Exercise 3.21] that the map

ia : Spec(A) — Spec(S* (X)), g = qNS*(X)

is a homeomorphism onto its image i4(A), that is the set of prime ideals q € Spec(S*(X)) such that
qgN Dy = . Its inverse is the map

ia(Spec(A)) — Spec(A), p — p°.

Suppose that p is maximal but q is not maximal. Let m4 be a maximal ideal of A containing properly the
ideal g. Then p = (p°)® = q° C (m$)°® = my4, a contradiction. Conversely, suppose that q is maximal but p
is not maximal. Let m be a maximal ideal of §*(X') containing properly the ideal p. Then, g = pNS*(X) C
mNS*(X) and g is not maximal.

(3) Let f,g € A such that |f(x)] < |g(x)| for every z € X and g € p. Let q := p N S*(X). Note that the
semialgebraic functions (14 ¢%)7!, f-(1+g¢%)"!and g- (1 + ¢?)~! are bounded and

@) o)
T g(ef = T+ g(a)?

for every z € X.

In addition g- (14 ¢?)~! € q because g € p. As q is a radical ideal of $*(X) it is absolutely convex, by part
(1). Thus h:= f - (14 ¢?)~! € q. Therefore f = (14 ¢?)-h € p.

(4) Let p; and py be two prime ideals of A containing p. Let q; := p; N S*(X) for ¢ = 1,2 and let
q:=pNS*(X). Both q; and gz are prime ideals of S*(X) containing the prime ideal q of S*(X). Since the
set of prime ideals of $*(X) containing q is totally ordered, see [7, 3.1.4] we can assume that q; C g2, and
S0 p1 = qf C q3 = P2.

(5) It was proved in [12] that the maximal spectrum of a Gelfand ring is a Hausdorff space, whereas we
recalled in 2.1 that Max(A) is a compact space. To prove that ¢(X) is a dense subset of Max(A) let f € A
be such that the basic open subset D 4(f) is nonempty. Thus f # 0 and it exists a point € X such that
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f(z) # 0, that is, ma,, € Da(f), i-e., Da(f)N(X) # @. Notice that my4,, is a maximal ideal of A because
it is the kernel of the surjective homomorphism A — R, f +— f(z).
To finish we must show that ¢ is injective. Let z,y € X with z # y. The bounded semialgebraic function

Iz — =]

X SR,z 2T
f T4z~ a]?

satisfies f(z) =0 and f(y) # 0. Thus f € ma,; \ ma,y, S0 M4, # Ma,y. O

As a consequence we show now that Max(A) is a model of the semialgebraic Stone-Cech compactification
of X.

Theorem 3.6. Let X be a semialgebraic set and let A be an intermediate algebra between S*(X) and S(X).
The map pa : Max(A) — B. X that maps each mazimal ideal n of A to the unique mazimal ideal of S*(X)
containing the prime ideal n N S*(X) of S*(X) is a homeomorphism.

Proof. The map p4 is the composition of the inmersions
Max(A) < Spec(A) and Spec(A) < Spec(S*(X)), p—pNS*(X)

with the retraction p% : Spec(S*(X)) — 3. X that maps each prime ideal of $*(X) to the unique maximal
ideal of S*(X) containing it (recall that S*(X) is a Gelfand ring). Indeed it follows from [12, 1.2] that p% is
continuous and so p4 is continuous too. Consequently, since Max(A) and 6: X are compact and Hausdorff,
pa is a closed map, and this implies that it is surjective because its image is a closed subset of B: X that
contains the dense subspace {m} = pa(ma,;) : € X}, see 2.3 (4). Thus all we need to prove is that py is
injective. Let m; and msy be two distinct maximal ideals of A. Then m; + my = A and there exist f; € my
and fy € my such that fi + fo = 2. In particular Zx (fZ + f2) = Zx(f1) N Zx(f2) = . Let us see that

|fi(2)] : .

—————— <1 for i =1,2 and for every point =z € X. 3.1
Fi@) + Fale? = v )

It is enough to prove it for ¢ = 1. If |fi(z)] < 1 then fi(z) < 1 and fo(z) > 1 > |fi(x)]. If |fi(z)] > 1

then f1(z)? + fa(2)? > fi(x)? > |fi(2)]. In both cases the inequality (3.1) holds for i = 1. Consequently,

gi = |fil - (f2 + f2)7! € 8*(X) C A. In addition, |f;|> = f? € m;, so |f;| € m;. Hence the function

f?
F =
i+ 13

=|fil - g: € m;.

Thus F; and F» are bounded semialgebraic functions and F; € m; for ¢ = 1,2. Consequently F; € pa(m;),
which implies that pa(my) # pa(mz) since F1 + Fo =1. O

3.3. Fized and free ideals

Definition 3.7. An ideal a of A is said to be fized if all functions in a vanish simultaneously at some point
of X. Otherwise, the ideal a is free.

Our first goal is this subsection is to characterize the fixed maximal ideals of A. First we need some
preliminaries.

Proposition 3.8. Let f € A whose zeroset Zx(f) is not compact. Then f lies in some proper free ideal a of
A.
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Proof. Since Zx(f) is not compact, there exists a family {W; };c; of open semialgebraic subsets of R which
covers Zx(f) and admitting no finite subcovering. For each index i € I there exists g; € S*(R™) such that
Zrn(gi) = R™\ W,. Let us show that the ideal a of A generated by f and the restrictions f; := g;|x € 4 is
a proper free ideal. In case a = A we have an equality

L=gf+> fih (3:2)
JjeJ

for some finite subset J of I and some functions g, h; € A. Since the finite family {W}},c; does not cover
Zx(f) there exists a point x € Zx (f) \ U;c; Wj, which contradicts the equality (3.2). Thus, a is a proper
ideal of A, and we check now that it is free. Since Zx (f) C U,c; Wi we have

() 2x(h) = 2x(f) N () Zx(fi) = 2x (/) N[ (R"\ W) = 2,
hea iel iel
and so a is a proper free ideal of A. O
Remarks 3.9. (1) Let X C R™ be a semialgebraic set and let A be an intermediate R-algebra between S*(X)
and S(X). The semialgebraic homeomorphism
x

V1=l

induces an R-algebras isomorphism ¢ : S(X) — S(Y), f + f o ¢, where Y := ¢~(X) is bounded, that
maps S*(X) onto §*(Y). Thus, B := @(A) is an intermediate R-algebra between S*(Y') and S(Y'). Hence,
substituting X by Y and A by B if necessary, we may always assume that X is bounded.

¢ :B,(0,1):={z eR": |z <1} = R", z—

(2) If X is not compact then A has free maximal ideals. Indeed, we may assume, by part (1), that X
is bounded, and so there exists a point p € Clg»(X) \ X. Consider the bounded semialgebraic function
f: X =R, x— ||z — p|| whose zeroset is empty, so the ideal generated by f in A is free.

(3) The fixed maximal ideals of A are those of the form my., for some z € X. We noticed in the proof of
Corollary 3.5 (5) that mu4., is a maximal ideal. In addition it is fixed because x € Zx (f) for every f € my4,,.
Conversely, let n € Max(A) be a fixed ideal and let x € X be a point such that all functions in n vanish at
x. This means that n C my4., and, since n is maximal, the equality n = my4.; holds true.

(4) Let n be a maximal ideal of $*(X). The map R — S*(X)/n; r — r + n, is an isomorphism. It is
injective because R is a field, and it is surjective because R does not admit proper archimedean extensions
and §*(X)/n is an archimedean extension of R since given f € §*(X) there exists r € R such that |f(z)| < r
for every z € X. Thus, since R admits a unique automorphism, there is no ambiguity to refer f +n € R as
a real number for every f € §*(X). In particular, for each € X the isomorphism S*(X)/m} = R identifies
f+mE with f(z).

(5) It was proved in [10, Corollary 3.10] that the equality $*(X) = S(X) holds if and only if X is
compact. In this case there is no proper intermediate algebras between S*(X) and S(X).

(6) In the statement of Theorem 3.10 and the proof of Proposition 3.13 we will use [10, 3.6] that says that
for every maximal ideal m* of S*(X) there exists a unique maximal ideal m of §(X) such that mNS*(X) C

*

m-.

Theorem 3.10. Let m 4 be a maximal ideal of A, let p := maNS*(X) and let m* be the unique mazximal ideal
of §*(X) containing p. Let m be the unique mazimal ideal of S(X) such that q := mNS*(X) C m*. Then,
the following assertions are equivalent:

(1) ht(m,4) = ht(m*) = ht(m).

(2) p=m"=q.



10 E. Baro et al. / Topology and its Applications 375 (2025) 109547

(3) m is a fized ideal of S(X) and my is a fived ideal of A.
(4) m* is a fized ideal of S*(X).

Proof. The equivalence (1) <= (2) follows from Proposition 3.1 because A = §*(X)p, is the localization
of $*(X) at D4 and S(X) is the localization of S*(X) at the multiplicatively closed set W(X) := {f €
S*(X): 2Zx(f) = 2}.

(2) = (3) Since g = m* it follows from [10, 3.7] that m is a fixed ideal of S(X). Let « € X such that all
functions in m vanish at . As p = q C m, all functions in p vanish at 2. Let f € m4. Then f-(1+ f2)"! €p
vanish at z, and so f(z) = 0. Thus, m4 is a fixed ideal of A.

(3) = (4) Let « € X such that m := my4,,. All functions in p vanish at z, so p C m¥. Since S*(X) is a
Gelfand ring, m* = m, is a fixed ideal.

(4) = (2) The equality ¢ = m* follows from [10, 3.7]. To show that p = m* is equivalent to prove
that p is a maximal ideal. To that end note that since m* is a fixed ideal there exists a point x € X
such that each function in m* vanishes at z. Let f € m4. Since (1 + f2)~! € S*(X) C A the function
g:=f-(1+4f?)~t €pcm* Thus g(z) = 0 and so f(x) = 0. This shows that m4 = ma.,, which implies
p=maNS*(X)=my, NS*(X)=m* Hence p is a maximal ideal, as wanted. O

Proposition and Definition 3.11. (1) A maximal ideal m of A is said to be archimedean if the natural
inmersion R < A/m is surjective.
(2) All maximal ideals of S*(X) are archimedean.

(3) The ideal m is archimedean if and only if p :== m N S*(X) is a maximal ideal.

Proof. (2) This is part (4) in Remark 3.9.

(3) Notice that R ¢ S*(X)/p € A/m. Thus, if m is archimedean we have R C S§*(X)/p C R, so
S*(X)/p =R is a field. Hence p is a maximal ideal.

Conversely, suppose that p is a maximal ideal. Let D4 := U(A) N S*(X). The quotient A/m is the
ring of fractions of S*(X)/p with respect to the image Da(p) := m(D4) by the projection 7 : S*(X) —
S*(X)/p. As the ideal p is maximal the quotient S*(X)/p is a field. Hence it coincides with its localization
(S*(X)/P)DAp) = A/m. Therefore, using part (4) in Remark 3.9 again, A/m = S*(X)/p=R. O

We are in position to present a Lojasiewicz’s inequality for some intermediate R-algebras between S*(X)
and S(X). First we introduce new notations.

Notations 3.12. (1) Let f € A. We denote Zyjax(a)(f) := {m € Max(A) : f € m}.
(2) In the particular case that A := §*(X) we denote Z4-x (f) := {m* € BiX : f €m*}).

Proposition 3.13 (Lojasiewicz’s inequality). Let A be an intermediate algebra whose mazimal ideals are
archimedean. Let f,g € A be such that Zyax(a)(f) C Zmax(a)(g). Then there exists h € A and a positive
integer £ such that ¢¢ = fh.

Proof. Consider the bounded semialgebraic functions

f
(1+/2)-(1+9%)

g

e 07 0+ )

and ¢; :=

Let us prove that Zg-x(f1) C Zg-x(g1). Let m* € Zg-x(f1). By [10, Thm. 3.5] there exists a unique
maximal ideal m of S(X) such that m N S*(X) C m*. As mN A is a prime ideal of A there exists, by
Corollary 3.5 (4) a unique maximal ideal m4 of A such that mNA C m4. By hypothesis m 4 is an archimedean
maximal ideal and, by 3.11, m4 NS*(X) is a maximal ideal. As p :=mNS*(X) CmNA Cmy we have p C
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my NS*(X). Thus, m* and my NS*(X) are maximal ideals of the Gelfand ring S*(X) containing the prime
ideal p of S*(X). Consequently, ms N S*(X) =m* and so my N S*(X) € Z5-x(f1). In particular fi € my
and so f € my. Hence g € my. Then g; € my N S*(X) = m*, that is, m* € Z5-x(g1)- Now, by [8, 3.10],
there exist hy € S*(X) C A and a positive integer £ such that gf = f1h;. denote F := (1+ f2)-(1+g?%) € A.
Then

g f
FC <F> ~h1, and so, g° = f- (F*"" - hy).

Therefore h := F*1 . hy does the job. O

Our next goal is to obtain a Nullstellensatz for functions in the intermediate algebra A. First we need to
introduce some terminology and basic results.

Definitions and Proposition 3.14. (1) The family of all sets Zypax(a)(f) for f € A is denoted by

ZMax(A) = {ZMax(A)(f> : f € A}
A subset F of P(Zniax(a)) is a za-filter on X if it satisfies the following properties:
(1.1) o ¢ F.
1.2) Given Z1,Zs € F then Z1 N Zy € F.

(
(1.3) Given Z € F and Z' € Zypax(a) such that Z C Z’ then Z' € J.
(2) Let F be a z4-filter on X. We denote

j(?) = {f S A: ZMax(A)(f) S 9:}7

which is a proper ideal of A satisfying Zytax(4)[J (F)] = F. Indeed, by condition (1.1) the set J(F) contains
no unit of A. Let f,g € J(F). Then

Zax(a) (f + 9) D Zmax(a)(f) N Zmax(a)(9) € T.

Hence, Zypax(a)(f + g) € F, and therefore f + g € J(F). Now, let f € J(F) and g € A. Then

ZMax(4)([9) = ZMax(a) (f) U ZMax(4)(9) O Zmax(a)(f) € F.

Thus, Zyaxca)(fg) € F, that is, fg € J(F). Finally, if Z € Zyax(a)[T (F)] there exists f € J(F) such that
Z = Z\tax(a)(f), hence, Z € F. Consequently, Zypax(a)[T (F)] = TF.

(3) An ideal a of A is said to be a z4-ideal if J(Z\1ax(4)[a]) = a. Note that each z4-ideal is radical because
Znax(a)(f) = ZMaX(A)(fk) for all f € A and all k > 1.

(4) Notice that the equality Zyiax(a)[J(F)] = F implies that J(JF) is a z4-ideal whenever F is a z4-filter.

Example 3.15. Let a be a proper ideal of A. Let us check that: The family

ZMax(A) [a} = {ZMax(A)(f) : f € Cl}

is a zx-filter on X. Indeed, if @ € Zyjax(a)la] there exists f € a such that Zyaxa)(f) = @, that is, f ¢ m
for each maximal ideal m of A. Hence, f is a unit in A, a contradiction. In addition, let f, g € a. Then,

ZMax(A) (f) N ZMaX(A) (g> = ZMax(A)(.f2 + 92) € ZMax(A) [Cl}
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The inclusion

Zax(a) () N Enax(a)(9) = ZEmax(a)(f* + 9°)

is evident. Conversely, let m € Zyjax(a)(f> +9%). Since 0 < f2(z) < f2(x) + g*(x) for every x € X it follows
from Corollary 3.5 (3) that f € m, and so f € m. Analogously, g € m. Thus m € Zpax(a)(f) N Zmax(a)(9)-
Finally, let Zyrax(a)(9) C Zmax(a)(f) and g € a. Then Zypaxa)(f) = Zmax(a)(f9) € Zmax(a)lal, because
fg € a.

We are ready to apply Lojasiewicz inequality, 3.13, to prove the following Nullstellensatz for intermediate
R-algebras between S*(X) and S(X).

Corollary 3.16 (Nullstellensatz). Let A be an intermediate algebra whose mazimal ideals are archimedean.
Let a be an ideal of A. Then,

(1) a is a za-ideal if and only if a is radical.

(2) T (Zmax(a)la]) = Va.

(3) In particular, if p is a prime ideal, then p is a z4-ideal.

Proof. (1) Let a be a radical ideal of A and let g € A such that Zyrax(a)(9) € Zmax(a)la). Then, there
exists f € a such that Zyraxa)(f) = Zmax(a)(g9). By Proposition 3.13 there exist £ > 1 and h € A such
that g* = fh € a. Since a is a radical ideal, g € a. Thus, radical ideals are z4-ideals, and the converse was
noticed above in 3.14 (3).

(2) For each g € J(Zmax(a)la]) there exists f € a such that Zyxa)(9) = Zmax(a)(f) and so, by
Proposition 3.13, g = fh € a for some integer ¢ > 1 and some function h € A. Hence, g € /a. Since the
argument is reversible we deduce J(Zyax(a)[a]) = va.

(3) Since prime ideals are radical we conclude that all prime ideals of A are z4-ideals. O

4. Intermediate algebras generated by proper ideals

As in the precedent sections, X C R"™ is a semialgebraic set and A is an intermediate R-algebra A between

S*(X) and S(X).

Definition 4.1. Let A C S(X) be a family of semialgebraic functions on X. Let S*(X)[xa] be the polynomial
ring with coefficients in $*(X) in the variables xy where f € A. Let

ev: S*(X)[x] = S(X)

be the homomorphism that fixes each function in S*(X) and maps each variable x¢ to f. We denote its
image S*(X)[A] and we call it the intermediate R-algebra generated by A over §*(X). Clearly it is the
smallest subring of S(X) containing S*(X)UA. In case A is finite we say that S*(X)[A] is finitely generated.

In particular, if A := {f} is a singleton we write S*(X)[A] := S*(X)[f], and we say that S*(X)[f] is a
simple extension of S*(X).

Proposition 4.2 (Convexity II). (1) The R-algebra A is absolutely convex, that is, whenever f,g € S(X)
satisfy |f(x)] < |g(x)| for every x € X, and g € A, then f € A.

(2) Let f € S(X). Then, f € A if and only if |f| € A.

(3) The intermediate R-algebras between S*(X) and S(X) are, exactly, the absolutely convex subrings of
S(X) containing the constant functions.
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Proof. (1) The product h := f- (1 + ¢*)~! € §*(X) because |f(z)| < |g(z)| for each point z € X. Thus
heAandso f=h-(1+g?) € A too.

(2) This is the immediate consequence of part (1).

(3) Let A be an absolutely convex subring of S(X) containing the constant functions. Let f € S§*(X)
and let r € R be such that |f(x)] < r for every z € X. As A is absolutely convex we deduce that f € A. O

Proposition 4.3. (1) Let A be a simple extension of S*(X). Then, for every real number r > 1 there exists
f € S8(X) such that f(x) > r for every point x € X and A = S*(X)[f].
(2) Let f € S(X) be such that there exists a real number r > 1 satisfying f(x) > r for each x € X. Then,

S*(X)[f] = {g € S(X) : there exists k € Z" such that |g(z)| < f(x)* for each point x € X}.
(3) Let g1,...,9n € S(X). Then,

S (X)g1, - 90] = ST (X)llgn| + - + lgnl]-
In particular, every finitely generated intermediate R-algebra between S*(X) and S(X) is simple.

Proof. (1) Let g € A such that A = S*(X)[g]. Since g € A it follows from Proposition 4.2 that |g| € A.
As the constant function r € S*(X) C A, the sum f := |g| + r € A. Consequently S*(X)[f] C A and
f(z) > r for every point & € X. To prove the converse inclusion note that since S*(X)[f] is an intermediate
R-algebra between S$*(X) and S(X) it follows from Proposition 4.2 that S*(X)[f] is absolutely convex.
In addition, |g(z)| < f(x) = |f(z)| for each z € X and f € S*(X)[f]. Therefore g € S*(X)[f]. Thus
A=8*(X)[g] c S*(X)[f] and the equality A = §*(X)[f] holds true.

(2) Since S*(X)[f] is an absolutely convex intermediate R-algebra between $*(X) and S(X) that contains
f¥ for every k € Z7, the inclusion D follows. Conversely, let g € S*(X)[f]. Then there exists a nonnegative
integer n and go, . .., gn € S*(X) such that

g(x) = Zgj (x)f(x)? for every x € X.
§=0

Let ¢ > 1 be a real number such that |g;(x)| < cfor every x € X and j =0, ..., n. Note that lim,, . {r™} =
+00, so there exists myp € N such that n + 1,¢ < r™0 < f(x)™0 for every x € X. Thus, the integer
k := 2my + n satisfies that for every x € X,

n

9(@)] <D lgi (@) - f@) < fa)™ > fl@)™ = (n+1)- f(@)™ - f(@)" < f(@)*™F = f(a).
j=0 =0
(3) Define f := |g1] + -+ + |gn| and A := S*(X)[g1,...,9n]. Note that for each point x € X and
each j = 1,...,n we have [g;(z)| < |g1(2)| + -+ + |gn(z)| = |f(z)|. Thus, by Proposition 4.2 (1), each
g; € S*(X)[f]. Hence, A C S§*(X)[f]. For the converse inclusion note that, by Proposition 4.2 (2), each
lgjl € A, s0 f e Aand S*(X)[f]CA. O

In 3.14 we studied filters of zerosets in the space of maximal ideals of an intermediate R-algebra between
S*(X) and S(X). Now we need similar results about filters of closed semialgebraic sets.

4.1. Filters of closed semialgebraic subsets

Let X C R™ be a semialgebraic set and let || - || be the euclidean norm of R™. Let Z be a closed
semialgebraic subset of X. It was proved in [2, 2.2.8] that the function
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f: X >R z—dist(x, Z2) =inf{||lz —z|: z€ Z}

is semialgebraic and, since Z is closed in X, we have Z = Zx (f). Thus every closed semialgebraic subset of
X is the zeroset of a continuous semialgebraic function defined on X.

(3) Let Zx be the collection of all closed semialgebraic subsets of X. Let P(Zx) be the set of all subsets of
Zx. A subset F of P(Zx) is a semialgebraic filter on X if it satisfies the following properties:

(31) o ¢7F.

(3.2) Given Zy,Z5 € F then Z1 N Zy € F.

(3.3) Given Z; € F and Z5 € Zx such that Z; C Z5 then Z; € F.

(4) Let F be a semialgebraic filter on X. We define the closure of F in 3. X as the set

Cly:x(F) := () Clgx(2).
ZeF

(5) Let a be a proper ideal of S(X). Then:
(5.1) The family Zx[a] ;== {Zx(f) : f € a} is a semialgebraic filter on X.

The units of S(X) are those semialgebraic functions f with empty zeroset since in such a case X —
R, z — 1/f(x) is a well defined semialgebraic function. Thus @ ¢ Zx[a] because a is a proper ideal of
S(X). In addition, if f,g € a satisfy Z; := Zx(f) and Zy := Zx(g) then f2 +¢? € aand Z, N Zy =
Zx(f? + g%) € Zx(a). Finally, let Z; € Zx(a) and Z € Zx be such that Z; C Z,. By (2) there exists
f € S(X) such that Zy = Zx(f). Since Z; € Zx(a) there exists g € a such that Z; = Zx(g). Thus,
h = fg €aand Zy = Zx(h) S Zx[a}.

(5.2) If ¥ is a semialgebraic filter on X, then J(F) := {f € S(X) : Zx(f) € F} is a proper ideal of S(X)
satisfying Zx [T (F)] = F.
Indeed, given f,g € J(F) their zero sets Z; := Zx(f) and Z5 := Zx(g) belong to F. Thus

2x(fP+9%) =2x(f)N2x(9)=Z1NZy €F

and Z1 N Zy C Zx(f —g), s0 Zx(f —g) € F, that is, f — g € J(F). Furthermore, given f € S(X) and
g € J(F) we have Zx(g) € F and Zx(g9) C Zx(fg). Thus Zx(fg) € F and so fg € J(F). This proves that
J(F) is an ideal of S(X), and it is proper because Zx (1) = @ ¢ F.

Let us check the equality Zx[J(F)] = F. Given Z € F there exists, by (2), f € S(X) such that
Z =2x(f). Hence f € J(F) and Z = Zx(f) € Zx[T(F)]. Conversely, let Z € Zx [T (F)]. Then there exists
f € J(F) such that Z = Zx(f) € F.

(6) An ideal a of S(X) is a z-ideal if J(Zx[a]) = a, that is, whenever there exist f € a and g € S(X)
satisfying Zx (f) C Zx(g), we have g € a.

Remark 4.4. Notice that the equality Zx[J(F)] = F implies that J(F) is a z-ideal whenever J is a semial-
gebraic filter, because given f € J(F) and g € S(X) satistying Zx (f) C Zx(g) it follows that Zx(g) € F

since JF is a semialgebraic filter and Zx(f) € F. Hence g € J(F). Thus, every semialgebraic filter F on X
has the form F = Zx|[a] for some z-ideal a of S(X).

4.2. Intermediate R-algebras generated by proper ideals

Definition 4.5. The intermediate R-algebra between S*(X) and S(X) generated by the proper ideal a of
S(X) is

A=8"X)+a:={f+g: feS(X),g€a}.
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We shall see in Proposition 4.8 that in the definition above we may assume that a is a z-ideal. First we
need two auxiliary lemmas.

Lemma 4.6. Let a be an ideal of S(X). The z-closure of a is the set
@ :={f €S(X): there exists g € a such that Zx(g) = Zx(f)},
which is the smallest z-ideal of S(X) containing a.

Proof. Let us see that a® is an ideal of S(X). First we prove that f := fi — fo € @° for every f1, fa € 0.
Let g1, 92 € a such that Zx(g;) = Zx(f;) for i = 1,2. Then g := ¢g? + g5 € a, so fg € a and

Zx(fg) = 2Zx(f)UZx(g9) = Zx(f) U (Zx(91) N Zx(g2)) = Zx(f) U (Zx(f1) N Zx(f2))
CZx(f)UZx(fi — f2) = Zx(f) C Zx(fg),

so Zx(f) = Zx(fg), which implies that f € @°. In addition, let £ € @° and h € S(X). There exists g € a
with Zx(g) = Zx(¢), so hg € a and

Zx(hg) = Zx(h) U Zx(g9) = Zx(h) UZx(€) = Zx (hl).

Thus hf € @®. To show that @° is a z-ideal note that given f,¢g € S(X) with f € a® and Zx(f) C Zx(9)
there exists h € a such that Zx(f) = Zx(h). Hence, hg € a and

Zx(hg) = Zx(h)UZx(g) = 2Zx(f)UZx(9) = Zx(g) C Zx(hg),

that is, Zx(g) = Zx(hg) and hg € a. Therefore, g € a°.

Finally, the inclusion a C @° is evident and, if b is a z-ideal containing a it also contains a*. In fact, for
every f € a” there exists g € a such that Zx(f) = Zx(g). Since b is a z-ideal containing g it follows that
feb. O

Lemma 4.7. Let f,g € S(X) with Zx(g9) C Intx(Zx(f)). Then, there exists h € S(X) with f = gh and
Zx(f) - Zx(h)

Proof. The open semialgebraic subsets U := X \Zx(g) and V := Intx (Zx(f)) of X cover X and f|yny = 0.
Thus,

@) ifrev
h:X 5 R, 2w 99 ’
0 ifzeV,

is a semialgebraic function satisfying f = gh and Zx(f) C Zx(h). O
Proposition 4.8. Let a be a proper ideal of S(X). Then
S*(X)+a=8"(X)+7a"
Hence the intermediate R-algebra generated by an ideal is also generated by a z-ideal.

Proof. The inclusion C follows because a C @°. Conversely, let f := g + h where g € S*(X) and h € @°.
Consider the disjoint closed semialgebraic subsets of X
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Cy:={zxeX:|h(x)]<1/2} and Cy:={z € X : |h(x)| > 1}.

By [10, Cor. 2.4] there exists f € §*(X) such that f|c, =0 and f|c, = 1. In addition, after substituting f
by the quotient

we may assume that 0 < f(x) < 1 for every point z € X. Define hy := f - h and let us show that the
semialgebraic function h — hy is bounded. Pick a point = € X. If |h(x)| > 1 then 2 € C3 and so f(z) = 1.
Thus h(z) = h(x) and (h — h1)(z) = 0. On the other hand, if |h(z)| <1 then

[(h = h1)(@)] = |h(2)] - |1 = fa)] <1

because 0 < f(x) < 1. Hence, h — h; € 8*(X), as wanted. In addition, as h € @° there exists ¢ € a such
that Zx(h) = Zx(¢). Consider the open semialgebraic subset

U:={xeX:|h(x) <1/2}.
Then,
Zx(0) =2Zx(h) cU C Cy C 2x(f) C Zx(hy),
which implies Zx (¢) C Intx (Zx(h1)). By Lemma 4.7 there exists hy € S(X) such that hy = hs - £. Finally,
f=(—h)+hy-l=(g+h—hi)+hy-£ES*(X)+a
because both g and h — hy are bounded and he - £ € a. O

Definition 4.9. Let F be a semialgebraic z-filter on the semialgebraic set X.
(1) Given a semialgebraic subset Y C X we define

S*(X|Y):={f € S(X) such that f|y is bounded}.
(2) We denote

S'(X|9) = |J s(x|2).
zZeF

Proposition 4.10. Let a be a proper ideal of S(X). Then S*(X) +a=8*(X|Zx]a]).

Proof. Let f € §*(X) + a. Then there exist g € S*(X) and h € a such that f = g + h. Thus f = g on
Zx(h), and so f is bounded on Zx (h) € Zx|a], i.e. f € S*(X |Zx][a]).

Conversely, let f € S(X) that is bounded on the set Zx(h) for some function h € a. Thus f|z, (a) :
Zx(h) — R is a bounded semialgebraic function on the closed semialgebraic subset Zx(h) of X. By
the semialgebraic version of the Tietze—Urysohn Lemma due to Delfs and Knebusch, see [5], there exists
f1 € 8*(X) such that fi|z,(n) = flzx(n)- Consequently, Zx(h) C Zx(f — f1). Hence p:= h-(f — f1) € a
and Zx(f — f1) = Zx(p), which implies that f — f; € @®. Therefore, by Proposition 4.8,

f=H+(f-f)eSX)+a*=8"(X)+a O
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Theorem 4.11. Let F be a semialgebraic filter on X. Then:

(1) There exists a z-ideal a of S(X) such that F = Zx|a].

(2) For every f € 8*(X) + a there exists a continuous function F': X U Clg-x (F) = R such that F|x = f.
(3) Let m be a mazimal ideal of S(X). Then, for every f € S*(X) + m there exists a continuous function
F:XU{m} — R such that F|x = f.

Proof. (1) This has been proved in 4.1 (5.2) and Remark 4.4.
(2) By part (1) and Proposition 4.10,

SHX|F) = S*(X | Zx[a]) = S*(X) + a.

Thus there exists Z € F such that the restriction f|z is bounded. Hence, by 2.3 (4), there exists a unique
continuous extension f : B;Z — R of f|z. Let ¢ : S*(X) — S*(Z), f ~ f|z. It was proved in [7, 6.3-5]
that the map

$: 0.2 = Clg:x(2), p = ' (p)

is a homeomorphism. Therefore, with an obvious abuse of notation, there exists a continuous extension
f:Clg:x(Z) = R of f|z. In addition X N Clg-x(Z) = Clx(Z) = Z and f|z = f|z. Thus the function

flz) ifzelX,
: fl@) ifweClyy(2),

is a well defined continuous function and F':= G|Xuclﬁ*x(3:) satisfies F'|x = f.

(3) It is enough to apply part (2) to the ideal a :=m. 0O

Comment 4.12. Tt is a natural question to ask if a given intermediate R-algebra A containing S*(X) and
contained in S(X) for some semialgebraic set X is isomorphic to S(Y) for some semialgebraic set Y. To
provide examples in which the answer is negative we introduce right now the notion of real closed ring, see
[4, Definition 1].

Definition 4.13. A commutative ordered ring A with unit that is not a field is said to be real closed if given
a,b € A with a < b and a polynomial p € A[t] such that p(a) - p(b) < 0 then there exists ¢ € A such that
a<c<banp(c)=0.

It was proved by N. Schwartz in [14, §III.1] that for every semialgebraic set X the rings S*(X) and S(X)
partially ordered by: f < g if f(x) < g(x) for every point € X, are real closed rings.

Examples 4.14. (1) Let f : R — R, 2 — [z|, which is a continuous semialgebraic function. Then, the
simple extension A := S*(R)[f] is not isomorphic to either S*(Y) or S(Y) for every semialgebraic set ¥
because A is not a real closed ring. Indeed the polynomial p(t) := t2 — f satisfies p(0) = —f < 0 and
p(1+ f) = f>+ f+1>0, but p has no root in A since the semialgebraic function g(x) := \/m does not
belong to A.

(2) Consider the continuous semialgebraic function

0 ifz<0,

fR=R, z—
r if x>0,
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and the ideal a := f - S(R). Then, the intermediate algebra A := S*(R) + a is not isomorphic to either
S*(Y) or S(Y) for every semialgebraic set Y because A is not a real closed ring. Indeed, the polynomial
p(t) := t2— f satisfies p(0) = —f < 0and p(1+f) = f2+f+1 > 0, but p has no root in A. Suppose, by way
of contradiction that there exists g € S*(R) and h € S(R) such that p(g+ fh) = 0. Thus, g(t) +t-h(t) = Vt
for every real number ¢ > 0, that is,

g(t) =Vt-(14+t-h(t)) for every real number t > 0,

which is a contradiction since g is bounded.

(3) In the setting of classical rings of continuous functions it is known that if m is a non-real maximal ideal
in C(X), then C(X) cannot be obtained by adjoining countably many elements to the subalgebra R +m. We
have not been able to prove or disprove this result in the semialgebraic setting. One of the reasons is that
semialgebraic algebra has a finitary flavor and known strategies do not adapt well to infinitary statements.

(4) Tt is easier to find a semialgebraic set X and an ideal a of S(X) such that R + a does not contain
S*(X). To that end it suffices to choose X := R and the ideal a in (2). The continuous semialgebraic
function

1
R->Rz— ——
g y T 1122

is bounded but it does not belong to R + a. Otherwise there would exist » € R and h € S(R) such that

1

o = 9@) =7+ f(@) - h(@)

Evaluating in « := 0 it follows r = 1. Therefore,

f@) b = g 1= T
. R = 14 a2
and we get a contradiction evaluating at = := —1 because f(—1) = 0.

Acknowledgements

The authors are grateful to the anonymous referee for pointing out many interesting remarks and com-
ments and, in particular, for encourage us to find the last examples in the paper.

References

[1] M.F. Atiyah, I.G. Macdonald, Introduction to Commutative Algebra, Addison-Wesley Publishing Company, Inc., Mas-
sachussets, 1969.

[2] J. Bochnak, M. Coste, M.F. Roy, Real Algebraic Geometry, Ergeb. Math., vol. 36, Springer-Verlag, Berlin, 1998.

[3] E. Baro, J.F. Fernando, J.M. Gamboa, Rings of differentiable semialgebraic functions, Sel. Math. New Ser. 30 (4) (2024)
71.

[4] G. Cherlin, M. Dickmann, Real closed rings. I. Residue rings of rings of continuous functions, Fundam. Math. 126 (2)
(1986) 147-183.

[5] H. Delfs, M. Knebusch, Separation, retractions and homotopy extension in semialgebraic spaces, Pac. J. Math. 114 (1)
(1984) 47-71.

[6] J.M. Dominguez, J. Gémez, M.A. Mulero, Intermediate algebras between C*(X) and C(X) as ring of fractions of C*(X),
Topol. Appl. 77 (1997) 115-130.

[7] J.F. Fernando, J.M. Gamboa, On the spectra of rings of semialgebraic functions, Collect. Math. 63 (3) (2012) 299-331.

[8] J.F. Fernando, J.M. Gamboa, On Lojasiewicz’s inequality and the Nullstellensatz for rings of semialgebraic functions, J.
Algebra 399 (2014) 475-488.

[9] J.F. Fernando, J.M. Gamboa, On the Krull dimension of rings of semialgebraic functions, Rev. Mat. Iberoam. 31 (3)
(2015) 753-766.


http://refhub.elsevier.com/S0166-8641(25)00345-1/bibC04CD38AEB30F3AD1F8AB4E64A0DED7Bs1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bibC04CD38AEB30F3AD1F8AB4E64A0DED7Bs1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bib19C5284143464E91FDEC74A078005500s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bibCD0A03F9E556D3329C99880672F5F691s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bibCD0A03F9E556D3329C99880672F5F691s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bib6865AEB3A9ED28F9A79EC454B259E5D0s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bib6865AEB3A9ED28F9A79EC454B259E5D0s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bib0ECBF9426BCFBD9A086DED5FC8C4ECA8s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bib0ECBF9426BCFBD9A086DED5FC8C4ECA8s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bibEB62C9B3F211E864EF49097B917B4C92s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bibEB62C9B3F211E864EF49097B917B4C92s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bib0F0E9BE28DBC14ED10D9573EE3607B20s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bib5EB250CCCBC1A12F584281322CBFCD8Es1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bib5EB250CCCBC1A12F584281322CBFCD8Es1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bibDD9BB38688A6EF38E71EB163F9F23D73s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bibDD9BB38688A6EF38E71EB163F9F23D73s1

E. Baro et al. / Topology and its Applications 375 (2025) 109547 19

[10] J.F. Fernando, J.M. Gamboa, On the semialgebraic Stone-Cech compactification of a semialgebraic set, Trans. Am. Math.
Soc. 364 (7) (2012) 3479-3511.

[11] L. Gillman, M. Jerison, Rings of Continuous Functions, The Univ. Series in Higher Nathematics, vol. 1, D. Van Nostrand
Company, Inc., 1960.

[12] G. De Marco, A. Orsatti, Commutative rings in which every prime ideal is contained in a unique maximal ideal, Proc.
Am. Math. Soc. 30 (3) (1971) 459-466.

[13] B. Requejo, J.B. Sancho, Localizations in the rings of continuous functions, Topol. Appl. 57 (1994) 87-93.

[14] N. Schwartz, The basic theory of real closed spaces, Mem. Am. Math. Soc. 77 (397) (1989).


http://refhub.elsevier.com/S0166-8641(25)00345-1/bib9FB9313A91ED613BECAB11AD8AE496A3s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bib9FB9313A91ED613BECAB11AD8AE496A3s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bibD7BC3C1C6285D1B988BD8DDFC55F75BCs1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bibD7BC3C1C6285D1B988BD8DDFC55F75BCs1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bib8B0D3B8F28A96C53B65B5F7E97973540s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bib8B0D3B8F28A96C53B65B5F7E97973540s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bib3A2D7564BAEE79182EBC7B65084AABD1s1
http://refhub.elsevier.com/S0166-8641(25)00345-1/bib03C7C0ACE395D80182DB07AE2C30F034s1

	Intermediate algebras of semialgebraic functions
	1 Introduction
	2 Preliminaries
	2.1 Localization and Zariski spectrum
	2.2 Dimension of semialgebraic sets
	2.3 Semialgebraic Stone-Čech compactification of a semialgebraic set

	3 Intermediate R-algebras as rings of fractions and consequences
	3.1 Transcendence degree of the residual fields and Krull dimension
	3.2 Main properties of the spectra of intermediate R-algebras
	3.3 Fixed and free ideals

	4 Intermediate algebras generated by proper ideals
	4.1 Filters of closed semialgebraic subsets
	4.2 Intermediate R-algebras generated by proper ideals

	Acknowledgements
	References


