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Introduction

Analytic case. Let Q C R" be an open set. A subset X C ) has the analytic extension property if each analytic function f : X — R extends to an analytic function on Q.

Main Problem I. Which sets X C {2 do have the analytic extension property?”

Nash case. Let QO C R" be an open semialgebraic set. A subset X C  has the Nash extension property if cach local Nash function f : X — R extends to a Nash function on Q.

Main Problem II. Which sets X C {2 do have the Nash extension property?

Necessary condition Main results

Examples of pure dimensional non-coherent ('-analytic sets
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Analytic case. X is the zero set of an analytic function (C-analytic set).
Nash case. X is the zero set of a Nash function (Nash set).

Classical example. The necessary condition is not sufficient. Consider Whitney’s
umbrella W := {y* — z2* = 0} C R’ and

-5 if (z,y,2) # (0,0,-1),
0 otherwise,

f: W =R, (:c,y,z)l—>{

which is analytic (and Nash) on W, but it does not extend analytically to R,

y

Obstructing set of a meromorphic function

Let ¢ := g € M(X) be a well-defined meromorphic function on a C-analytic set X.

g = —a|lx: a € OR") <= f, € .Oris + Z(X)Orny = §:Orn + Ix . Vr € X

Obstructing set: 0(¢) :={x € X : f; € 9.O0rn, + Zx.} (closed subset of X).

) [ | Main Theorem (FGh). Let X C Q be a C-analytic set with N(X) # @. Let

e Y C X be a C-analytic subset that contains no irreducible component of X

and meets T'(X),
9
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e h € H'(Uy, Jx) be such that h, € Jx, \ Zx, for each y € Y N T(X).
There exist ¢ € (M(X) N HYX, Orn/Jx)) \ O(R") such that 0(¢) =Y NT(X).

A sufficient condition is provided by coherence and Cartan’s Theorem B.

Coherence. A C-analytic set X is coherent if its local equations at each point x € X
are generated by its global equations. Remarks (1) Analogous result in the Nash case.

Txe ={fe € Opnp: X, C Z(f)} and Z(X):={f € OR"): X c Z(f)} 2) Y NNX) =@ ordim(Y) =0, 3h € H'(Uy, Tx) (where Uy := Q\ N(X)):

hy€ Ixy\Zx, Yy eY NT(X).
X is coherent <= Jx, =Zx, =Z(X)Opn, Ve € X

An application: Smooth semialgebraic functions vs Nash functions

Cartan’s Theorem B (1957) — If X C Q is a coherent C-analytic set, X has Let 5 be a semialgebraic set.
the analytic extension property. 5(00)( S) = ﬂ $7(S) : 87(S) := {semialgebraic + C” functions on S} ¥p >0
p=0

Theorem (FGh, 2025) X C Q has the analytic extension property <= X
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is a coherent analytic set. If X is not coherent, there are ‘many’ failing functions! N(S) = H(S, Nrn)|s) = hi{l N(V)|s = V' open semialgebraic neighborhood of 5

Problem IIIL For which semialgebraic sets 8(°°)(S) = N(S)?
Define

Js = {fi €Ngnp: S, C2(fy)} and T(S)={zxeS: T5%. 7 jS.x}

where X is the Nash closure of S in a ‘suitable’ semialgebraic neighborhood of .S in R".

Nash Theorem B (Coste-Ruiz-Shiota, 2000) — If X C Q is a coherent
Nash set, X has the Nash extension property:.

Theorem (FGh, 2025) X C Q has the Nash extension property <= X is a
coherent Nash set. If X is not coherent, there are ‘many’ failing functions!

Theorem (FGh, 2025) N(S) = 8§)(S) «— T(9) = 2.

Distinguished sets: Sets of ‘tails’ and points of non-coherence

Let X C €1 be a C-analytic set.
T(X) ={x € X : Ixs # Ix.} C Sing(X) is C-
semianalytic & dim(7(X)) < dim(X). Tails and non-coherence points

N(X) = {x € X : Jx is not of finite type at x} is
closed, C-semianalytic & dim(N (X)) < dim(X) — 2.
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(-semianalytic set: A locally finite union in € of ba-
sic C-semianalytic subsets {f =0,91 > 0,...,g, >
0} where r > 1 and f, g; € O(R").
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