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Introduction

Let § be a category of subanalytic subsets of real analytic manifolds that is closed under elementary set-theoretical operations (locally finite unions, difference and product) and basic
topological operations (taking connected components and closures). Fix a real analytic manifold M and denote §(M) the family of the subsets of M that belong to §. Let f: X — R be
a subanalytic function on a subset X € §(M).

Main Problem. Under which conditions does the set Max(f) of local maxima of f belong to §(M)?

If § is an o-minimal structure (so we forget about locally finite unions), the answer is clearly affirmative as Max(f) is a definable set. The solution to the problem requires further work
for a category § of subanalytic sets that does not constitute an o-minimal structure.

Basic definitions

Let 90 be the class of real analytic manifolds. Let M € 91 and S, X C M.

Some relevant examples

, , o Lemma 1. Let & be an o-minimal structure. Let S C R" and f : S — R be
o Sis semianalytic it Sy = Uit/ = 0,91 > 0,0, 9, > 0}, f,90 € Onrgy € M. definable (w.r.t. &). Then Max(f) is definable and f(Max(f)) is a finite set.
e S is basic C-semianalytic if S :={f=0,91 >0,...,9,>0}: f, 9. € O(M).

Example 1 (o-minimal structure R,,: A main tool).
e S is C'-semianalytic if it is a locally finite union of basic C-semianalytic sets.

. e . . . . o f:[—1,1]" = R is a restricted analytic function if it admits an analytic contin-

e X is subanalytic if it is locally a project. of a relatively compact semianalytic set. hation o an open neighborhood of [—1, 1]" in R

A weak category § is a collection of families §( M) of subanalytic subsets of M satisfying; o X C R"is a global subanalytic subset of R if there exists a semialgebraic home-
o M < F(M). omorphism ¢ : R" — (—1,1)" such that g(X) is a subanalytic subset of R".
o If 51,5 € F(M), then 51\ Sy € F(M). The global subanalytic sets are the collection of definable sets in the o-minimal structure
o If {Si}icr C §(M) is a locally finite family in M, then |J,.; S; € F(M). R, generated by the restricted analytic functions.
e f SeF(M)and T € F(N), then S x T € F(M x N). Corollary 1. If X C R" s a global subanalytic set and f : X — R is a definable
o If S € (M), then its connected components and CI(.S) belong to §(M). function of Ran, then Max(f) € Ran(R") and f(Max(f)) s a finite set.

§ contains algebraic intersections if M N X € §F(M) VX C R" alg. set, VM € M. Example 2. Let X, .= {mx >y > (m —1)x > 0} and X = 1x > 0,y > 0} =

) i .. . . | |,,~1 X Consider the continuous function
Some weak categories that contain algebraic intersections: Subanalytic =

sets, Semianalytic sets and C-semianalytic sets.

g: X =] |(XopUXp1) = R, (2,y) —
k>1

% —k i (ZU,y) S X2/€7
k—1 it ([C,y) € Xop_1,

whose graph is I' := | |;~(I'2r U I'9—1), where

Main results lop 1= Xop 1 X {k—1} and T = {2kx>y> 2k —1)x > 0,xz =y — kx}.

, , , , , , Thus, g is C-semianalytic but Max(g) is not subanalytic.
Fix a weak category § (e.g, subanalytic sets, semianalytic sets or C-semianalytic sets).
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Definitions. Let f: X — R be a function on X € §(M). We say that: Example 3..Let.g - RT = R ) <$_1’x2> = (5131,;5'15132,331.6 ?) and X R g([=1, 1]) \
{(0,0,0)}, which is not a semianalytic subset of R*. Consider the continuous function

e fis an §-function if the graph I'(f) € F(M x R).

e . . f:X_>R7 <x17x27x3>|_>x2
e f behaves well on fibers if inverse images under f of intervals belong to §(M).

x_la

o fis M-compact if f(K N X) is bounded for each compact subset K C M. whose graph is a C-semianalytic subset of RY. Thus, f is a C-semianalytic function and
it does not behave well on fibers (even as a subanalytic function).
Remark. Max)(f) := Max(f) N{f = A} ={f =2 \Cl{f > A\}) e F(M) if 1 1
behaves well on fibers. In addition, Max(f) = |_|,.g Maxa(f). Example 4. Define Z; = {{[|x|| > 1}, Z,, == {;; < [[x| < ;=) for m > 2 and

Z =R"\ {0} =| |,~; Zk. Consider the non M-compact continuous function
Theorem 1. Let f : X — R be a continuous subanalytic function on X € (M) -

that behaves well on fibers. The following are equivalent:

(1) Max(f) € F(M).

(ii) The family of the connected components of Max(f) is locally finite in M. The graph of g is I'y :== | |;~1(I'ox U I'g5—1), where
(iii) The family {Maxy(f)}rer s locally finite in M. ‘
(iv) The family {Maxy(f)}rer is locally isolated in M.

k—1 it v € Z9k—1,
L k ifx c ng.

lzl

g:Z—>R,azl—>{

F2k:—1 = ZQk—l X {]{ — 1} and ng = {Qk > L > 2k — 1,2 — ﬁ — ]{}

— [l

The set I', is a C-semianalytic subset of R" because {I'a5_1, ok }>1 is locally finite in
R™. The set Max(g) = | |;~; Z2r—1 is not subanalytic because the family of its connected
components is not locally finite in R".

Theorem 2. Let f : X — R be an M-compact subanalytic function. Then f

behaves well on fibers and {Max(f)}rer is locally finite in M. Consequently, each
Maxy(f) and Max(f) are subanalytic subsets of M.

Lemma 2. Let f : X — R be a continuous suban-
alytic function on a closed subanalytic set. Then

{Max)(f)}rer s locally finite and each Max,(f)
and Max(f) are subanalytic sets. Related Results

Corollary 2. Let § be either the category of semi-
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